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Abstract

This thesis consists of two parts. The ﬁfst part deals with existence and approximation tech-
niques for finding solutions of operator equations or fixed points of operators belonging to certain
classes of mappings. The classes of mappings studied include the K-positive definite operators,
the suppressive mappings and accretive-type mappings. In particular, it is proved that for a real
Banach space X, the equation Au = f, f € X, where A is a K'pd operator with the same domain
as K, has a unique solution. An iteration process is constricted and shown to converge strongly
to the unique solution of this equation. Furthermore, an asymptotic version of Kpd operators is
introduced and studied and a convergence result is proved. Drawing from the ideas of Alber [1],
Alber and Guerre-Delabriere [2, 3], suppressive and accretive-type mappings are studied in more
general settings. In particular, it is proved that it K is a closed convex nonexpansive retract of
a real uniformly smooth Banach space E, T : K — E, a d—weakly contractive map such that a
fixed point z* € intK of T exists theﬁ a descent-like approximation sequence converges strongly
to =*. A related result deals with the approximation of a fixed point of T, when K is a subset of
an arbitrary real Banach space .E. anclwE{F) := {x € E : Tz = x} # (. Moreover, asymptotically
d—weakly contractive mappings are introduced and studied and convergence results are proved.
The second part of the thesis deals with mathematical modelling of infectious diseases. Models for
drug-resistant malaria parasites are presented both for single populations of humans and vectors
and also for muléigroup populations. Eacl of t’hé models results in a ‘system of nonlinear ordinary
differential equations, which under suitable conditions leads to a locally stable equilibrium. The
ecological significance of these ecuilibrium points efnerges as a by-product. For the compartmen-
tal models, attention is devoted to the question of quantitative agreement with published field
observations by the application of new nonlinear least squares techniques. A time dependent
immunity model is formulated and used as a baseline study to investigate pararheter behaviour.

Furthermore, the multigroup models are studied in £™. The ultimate intention is to extend to

v
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infinite diinension, thereby providing a link between the analysis of these models and some well

known and developed Hilbert/Banach space theory.
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Chapter 1

GENERAL INTRODUCTION AND
PRELIMINARIES

This thesis is divided into two parts. The contributions of the first part fall within the general
area of operator theory while the second part is concerned with applications to mathematical
modelling of communicable diseases, in particular, malaria models. For the first part, we shall,
* in particular, devote attention to ezistence and approrimation methods for finding solutions of
operator equations or fixed points of certain nonlinear mappings defined in a subset of a Banach
space. The classes of mappings studied Tnclide: the K — positive definite operators, the suppressive

operators and certain accretive-type operators.

It is well known that many physically significant problems can be modelled in terms of an

initial value problem of the form

d
(1.0) d—;b + Au =0, u(0) = ug

where A is an accetive-type operator defined in an appropriate Banach space. It is clear that if
the solution of equation (1.0) is independent of ¢, then Au = 0 and the solutions of this equation
correspond to the equilibrium poi‘nts of the system (1.0). Consequently, considerable research

efforts have been devoted within the past half a century to finding techniques for the determina-



tion of zeros of accretive-type operators (see, for e.g., [17, 18, 19, 22, 52, 54, 58]). The study of
operator equations is partly linked with fixed point theory for; u is a fixed point of the operator
A if and only if u is the solution of the operator equation (I — A)u = 0, where [ is the identity
operator. The classical importance and application of fixed point theory can be seen largely in
the theory of ordinary differential equations. The existence or construction of a solution to a
differential equation is often reduced to the existence or location of a fixed point for an operator
defined on a subset of a space of functions. In this thesis we shall -employ fixed point techniques

where appropriate.

Direct and iterative methods for finding solutions of operator equations or fixed points of an
operator defined in an appropriate Banach space have been studied by many authors. These stud-
les have given rise to the development of results and techniques which are now widely available

in the literature.

Petryshyn [54] considered the bperator equation Au = f, in a Hilbert space, when A is K-
positive definite. Let H| be a dense subspace of a Hilbert space, H. An operator T with domain
D(T) 2 H; is called continuously Hy invertible if the range of T', R(T), with T' considered as
an operator restricted to H; is dense in H and T has a bounded inverse on R(7T). Let H be a
complex and separable Hilbert space*and” A be a linear unbounded operator defined on a dense
domain D(A) in H with the property that there exist a continuously D(A)~—invertible closed
linear operator K with D(A4) C D(K), and a constant ¢ > 0 such that

(10) | (Au, Ku) > ol|Kull’,  uwe D(4),

then A is called I{—positive definite (Kpd) (see e.g., Petryshyn [54]). If K = I (the identity op-
erator) inequality (1.0) reduces to (Au,u) > c||u||?, and in this case, A is called positive definite.
If in addition ¢ = 0, A is a positive operator (or accretive operator). Positive definite operators
have been studied by several authors (see e.g.[15, 17, 18, 19, 28, 38, 38]). It is clear that the
class of K —pd operators contains among others, the class of positive definite operators, and also

contains the class of invertible operators (when K = A) as its subclasses. Furthermore, Petryshyn




[54] remarked that for a proper choice of K, the ordinary differential operators of odd order, the
weakly elliptic partial differential operators of odd order, are members of the class of K-pd op-
erators. Moreover, if the operators are bounded, the class of Kpd operators forms a subclass of

symmetrizable operators studied by Reid [58].
In [54], Petryshyn proved the following theorem.

Theorem P If A is a Kpd operator and D(A) = D(K), then there exists a constant o« > 0 such
that for all u € D(K),
([Aull < af|Kul].

Furthermore, the operator A is closed, R(A) = H and the equation Au = f, f € H, has a

unique solution.

In the case that K is bounded and 4 is closed, F. E. Browder[19] otained a result similar to

the second part of Theorem P.

In chapter two of this thesis, we extend the definition of a Kpd operator to real Banach spaces,
X. In particular, if X is a real sepgca‘élclganach space with a strictly convez dual, we prove that
the equation Au = f, f € X, where A is a Kpd operator with the same domain as K has a unique
solution. Furthermwore, if X = Lp (or l,), p > 2, and is separable, we construct an iteration
process which converges strongly to this solution.

In chapter three, we continue with the study of Kpd operators. We prove convergence of a
simplified iteration sequence to the solution of a Kpd operator in real uniformly smooth Banach
spaces. We extend the notion of a Kpd operator to Fréchet differentiable operators, and in this
case, prove convergence of an iteration scheme to the unique solution of a Kpd operator equation

in arbitrary Banach space. This result is also derived directly from the inverse function theorem.



Let, E be a real normed linear space with dual E*. We denote by J the normalized duality mapping

from E to 28" defined by

Jr={f €E": (x,f) =]zl = [IFII*},

where (.,.) denotes the generalized duality pairing. It is well known that if E* is strictly convex
then J is single—valued and if E* is uniformly convex then J is uniformly continuous on bounded

subsets of E (see e.g., [6]). We shall denote the single-valued duality mapping by j.

Let K be a subset of a real Banach space £. A map T : K — K is called a strict contraction
if there exists k € [0,1) such that ||[Tz — Ty|| < k||z — y||, and it is called nonezpansive if, for
arbitrary z,y € K, ||[Tx — Ty|| < ||z — y||. The map T is called pseudocontractive if, for each
z,y € K, there exists j(z — y) € J(z — y) such that

(Ta ~ Ty, j(z ~y)) < |lz—yl*.

Let K be a nonempty convez subset of a real normed linear space E. For strict contraction
mappings, nonexpansive and pseudocontractive self-mappings T of K with a fixed point in K,
three well known iterative methods,the-eelebrated Picard method, the Mann iteration method (see,
for exafnple [48]) and the Ishikawa iteration method (see, for example [41]) have been successfully
employed to approximate such fixed points. If, however the domain of T, D(T), is a proper subset
of E (and this is the case in several applications), and T maps K into E, these iteration methods
may not be well defined. Under this situatibﬁ, for I;Iilbert spaces, this problem has been overcome
by the introduction of the metric projectioﬁ (see, for e.g. [20, 26]). The advantage of this is
that if K is a nonempty closed convex subset of a Hilbert space H and Py : H — K is the
metric brojection of H onto K, then Py is ﬁonexpansive. This fact which is central in most of the
proofs actually characterizes Hilbert spaces and consequently, it is not available in general Banach
spaces. In this connection, Alber [1] recently introduced a generalized projection operator Ik in

an arbitrary Banach space F which is an analogue of the metric projection in Hilbert spaces.
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We recall the definition of the metric projection operator Px : E — K, K C E. The operator
Px 1 E — K is called a metric projection operator if it assigns to each x € F its nearest point

Z € K i.e, T is the solution for the minimization problem

— #|| = inf ||z = ¢]|.
=il = inf [le = ||

Now let E be a real normed linear space and K C E. Consider the operator Ilg : E — K defined
by

Iz =1z; T:V{z,z)= inf V
K2 Z; T (.’JS,.’L‘) CISK (.’L‘, )a

where

(L.1) Vi, Q) = ||zl = 2(z, 5 () + I[KIF, =€ E,(€K,j() e J(Q).

Observe that in a Hilbert space H, (1.1) reduces to V(z,¢) = ||z — (||%,z € H,( € K.
Existence and uniqueness of the operator IIx follow from the properties of the functional
V{(z,() and the strict monotonicity of the mapping J (see for e.g. [4]). In a Hilbert space, IIg

becomes Py .

Using the Lyapunov functional defined in (1.1), Alber and Guerre-Delabriere [2] introduced
the following classes of non-self mappings.
Let K be a nonempty subset of a Banach space E. A map T : K — FE is called strongly

suppressive on K if there exists 0 < ¢ < 1 such that for all z,y € K,

(1.2) _ V(Tz,Ty) < qV(z,y).

T is called weakly suppressive of class Cgyy if there exists a continuous and nondecreasing function

®(t) defined on R such that @ is positive on R\ {0}, ®(0) = 0, tlé_lgloo ®(t) = 00 and Vz,y € K,
(1.3). V(Tz,Ty) < Viz,y) — 2(V(z,y)).

The map T is called nonextensive if

(1.4). V(Tz,Ty) < V(z,y), Ve,y € K.

9



It is easy to see that each weakly suppressive mapping is nonextensive, and each strongly sup-
pressive opcrator is weakly suppresive with ®(¢) = (1 — ¢)¢. In Hilbert spaces, nonextensive
operators are nonexpansive and vice versa and strongly suppressive operators coincide with strict

contractions.

Assuming the existence of fixed points for the above classes of operators, Alber and Guerre-

Delabriere [4] proved convergence theorems with the help of generalized projection maps. They
also introduced the following classes of operators.
A mapping T with domain D(T) and range R(T) in E is called weakly contractive (see e.g.,
[2, 3, 4] ) if there exists a continuous and nondecreasing function @ : [0,00) := Rt — R* such
that @ is positive on R7 \ {0}, ®(0) = 0, limy_o ®(t) = oo and for z,y € D(T) there exists
j(z —y) € J(z — y) such that

(1.5) 1Tz = Tyl < [l — yl| = 2(l= - yl])-

It is called d—weakly contractive if for all z,y € D(T) there exist j(z —y) € J(z — y) and &(¢) as

above such that

(1.6). (T — Py gt=y)| < [z - yll® = @(llz ~ i)

.The d—weakly contractive operators include several important classes of nonlinear operators.

In particular, they include the weakly contractive operators.

In [4], Alber and Guerre-Delabriere proved, interalia, the following theorem.

Theorem AG LetT : G — H be a d—weakly contractive map, G a closed convex bounded subset

of a Hilbert space H and suppose that a fized point x* € int(G) of T exzists. Then the sequence
{zn} defined by

21 € G xpq1 = Pglay —ap(x, —~Txy)), n=12,..,

6




where Pg is the metric projection onto the set G, {an} is a sequence of positive numbers such
that 5°7° ap = 00 and lim, gy, = 0 converges strongly to x*. Moreover, there ezist a constant

C > 0 and a bounded sequence {xn,} C {z,}, I=1,2,... such that

_ 1
lln, = 2*|]” < ¢ 1(”—57 + Czan,),

1 m

Furthermore,

_ 1
21 — 2" < ¢ 1(—ﬂ— + Cganz) +Clag,,
1 m
n—Il
e — 2|17 < flenr — 2|12 = D

> ut1<n<n+1,
n;+1 Zl a]

n
o
lzns = 2*|? < flog =21 = 30 i — < llen = 2|’ 1<n<m - 1,
T2
8§
1<n1 < Smag =max{s: %m < |lz1 — ¥}
1 Zl ]

For a Banach space E, the modulus of smoothness of E is the function pg : [0,00) — [0, 00)

defined by

lz +yll +llz =yl _

PR -;i"2w" e

pi(r) = sup{ izl =1, )|yl =7}, =>0.

FE is said to be uniformly smooth if Ti%l+ p—ET(Q = 0. Typical examples of such spaces are the
Lebesque Ly, the sequence lp, and the Sobolev W™ spaces, 1 < p < o0.

It is known (see, e.g. [38, 39, 63]) that pg(0) = 0. Moreover, hg(r) = 7~ !pg(7) is continuous,
nondecreasing and hz(0) = 0. o :

In chapter four of this thesis, we exfend Theorem AG in various directions. In particular,
we prove that Theorem AG remains true in real uniformly smooth Banach spaces and without
the boundedness condition irnposed on the domain. Furthermore, we prove a related convergent
theorem in our general setting when the fixed point z* of T" exists but is not necessarily in the in-

terior of G. Finally we prove a convergent theorem for approximating a fixed point of a uniformly

continuous d—weakly contractive and bounded self-map T of G with F(T) # 0, tn arbitrary real



Banach spaces.

In 1972, Goebel and Kirk [39] introduced a class of mappings generalizing the class of nonex-
pansive operators. Let K be a nonempty subset of a normed space E. A mappingT : K — K is
called asymptotically nonezpansive if there exists a sequence {k,}, kr > 1, such that lim,_, kn =
1, and ||T"x — T™y|| < knllx — y|| for each z, y in K and for each integer n > 1.

Later in 1993, Bruck et al introduced and studied another class of asymptotic nonexpansive maps.
A mapping T : K — K is called asymptotically nonezpansive in the intermediate sense (see e.g.,

Bruck et al [22]) provided T is uniformly continuous and

lim sup { sup (||T"z - T"y|| — ||z — yll)} <0.
n—oo | z,yeK

Asymptotic pseudocontractive operators have also been introduced and studied, first by Schu (see

e.g., [59]) and then by a host of other authors, as a generalization of asymptotic nonexpansive

maps. T : K — K is called asymptotically pseudocontractive if there exists a sequence {ky},

kn > 1, lim k, = 1 such that
(T"z — Ty, j(z — )} < knllz — yl[?

for each z, y € K.
It is easy to see that asympt,otical'f)}' ﬁééddbéontfactive maps include the asymptotic nonexpansive

ones. These classes of maps have been studied by various authors.

Motivated by Goebel and Kirk [39], Bruck et-al [22] and Schu [59] , we introduce and study,
in chapter five, the class of asymptoticaliy d—weakly contractive maps.
A map T with domain D(T) and range R(T) in E will be called asymptotically d—weakly con-
tractive if there exists a continuous and nondecreasing function ®: [0,00) := Rt — Rt such
that ® is positive on RT\{0}, ®(0) = 0, lim;,00®(t) = co and for z, y € D(T), there exists
j(z —y) € J(z — y) such that

() TP e~ T(PT)* 'y, j(z - y))| < kalle =yl = (| = 9lI?),V n > 1,

8



where {k,} is a real sequence such that k, > 1,limp_c0ks = 1 and P is a retraction from R(T)
to D(T).

Clearly, if T' is a self-map, then condition (*) reduces to the following one:

(T 2 = Ty, j(x = y))| < knllz = yll® = 2(le ~ yl).

With the help of the d—weakly contractive maps, we prove a version of Theorem AG in real
uniformly smooth Banach spaces. A corollary of our theorem extends Theorem AG from Hilbert
spaces to real uniformly smooth Banach spaces. Furthermore, the boundednes requirement on the
domain in Theorem AG is dispensed with in our more general setting. A related result deals with
the approximation of fixed points of uniformly continuous asymptotically d—weakly contractive

self-maps with nonempty fixed point sets, in arbitrary real Banach spaces.



Part two

Malaria is a mosquito-borne infection caused by protozoa of the genus plasmodium. Four
species of the parasite, namely: P. falciparuin, P. vivax, P. ovale, and P. malariae infect humans.
Malaria remains the most important of the tropical diseases, being widespread throughout the
tropics, but also occurring in many temperate regions.

The parasites are transmitted by the bite of infected female mosquitoes of the genus Anophe-
les. Mosquitoes become infected by feeding on the blood of infected people, and the parasites
then undergo another phase of reproduction in the infected mosquito. Clinical symptoms such as

fever, pains, and sweats may develop a few days after an infected mosquito bite.

In many parts of Africa, where malaria has long been highly endemic, people are infected so
frequently that they develop a degree of acquired immunity, and may become asymptomatic car-
riers of the infection [36]. Treatment and control have become more difficult in recent years with
the spread of drug resistant strains of malaria parasites [14, 36, 62]. Drugs such as chloroquine,
nivaquine, quinine, and fansidar are used for treatment. More recent and more powerful drugs

sinclude mefloquine, and halofantrine.

It is estimated that 267 million’ Pebple ste presently infected, with 107 million clinical cases

annually; the number of countries affected is put at 103 [62].

The biology of the four species of plésmodium‘is generally similar and consists of two discrete
phases-sexual and asexual . The parasite m“igraﬁe‘sﬂto the liver where it remains latent for several
days while replicating. The latent period is followed by penetration of red blood cells and asex-
ual rgplication within them. Asexual parasites in the blood, after surviving some developmental
period, give rise to sexual stages called gametocytes. Gametocytes can remain in the blood for

more than two years [36].

10



The emergence of drug-resistant strains of malaria parasite has become a significant health
problem. Recent pronouncements by the World Health Organisation indicate the availability of

strains that are resistant to virtually all known drugs.

Among the four species of plasmodium, P. falciparum causes the most serious illness and it is
the most widespread in the tropics. This paper therefore focuses on the dynamics of P. falciparum

malaria, although the analysis is similar for all forms of malaria infections.

An early fundamental model in the art of mathematical modelling of malaria, due to Ross-
Macdonald describes the basic features of the interaction between infected humans (y) and infected

mosquito vectors (g). The model is defined as follows:
y = aq(l-y)—ry,
¢ = Byl—9) —ng
where a = bﬁ%, B, r, p are some constants defined as follows (see for e.g. [12]):
N is the size of the human population;

M is the size of the female mosquito population;

% is the number of female mosquitoes per human host;

3 is the rate of biting on man by a single mosquito (number of bites per unit time);

b is the propottion of infected bites on man that produce an infection;

r is the per capita rate of recovery for humans ( % is the average duration of infection in the

human host);
i is the per capita mortality rate for mosquitoes (ﬁ is the average lifetime of a mosquito).

In this simple model, the total population of both humans and vectors is assumed fixed, so that the

dynamical variables (y and ¢) are the proportion infected in each population. The first equation

11



describes changes in the proportion of humans infected. New infections are acquired at a rate

that depends on the following factors:
(i) the number of mosquito bites per person per unit time (3 %)
(ii) the probability that the biting mosquito is infected (g)
(iii) the probability that a bitten human is uninfected (1 — y)
(iv) the probability that an uninfected person thus bitten will actually become infected (b).

Infections are lost by infected people returning to the uninfected class, at a characteristic recovery
rate r. Similarly, the second equation describes changes in the proportion of mosquitoes infected.

Population changes are determined by the following factors:
(i) the number of bites per mosquito per unit time (3)
(ii) the probability that the biting mosquito is uninfected (1 — gq)
(iii) the probability that the bitten human is infected (y).

The loss term (ug) arises from the death of infected mosquitoes. The loss terms for the infected
humans and infected vectors both involve death and recovery. For human hosts the recovery rate
is typically faster than the death raté, “whéreas for vectors the opposite is the case. The origin is
a local asymptotic equilibrium for this model if yr > af. Thus infection dies out if the product
of the death rates (i and r) for the two populations is large in the sense that ur > «af. Thus the
above formulation is a sensible approkimation. ‘

However, this model is highly simplified. The model simply assumes that an infected individ-
ual either recovers to join the susceptible group N(1 — y) or dies. It fails to distinguish between
the various infected categories of human and vector hosts. Thus it cannot describe accurately the

recent trend in malaria infection.

12



This basic model has been studied, modified and generalized in different directions by various
authors (see for e.g., [12, 13, 14, 47]). Aron and May [12] extended this model by introducing
another population group z— the latent infected humans (infected but not yet infectious). They
conjectured that if the incubation interval in the mosquito has duration 7 the second equation in

the basic model could be replaced by the two dynamical systems:

2= ay(l—gq—2z)—ag(l—-q4—2)e™" — pz,

¢ = ajg(l—q—2)e " — g,

where the circumflex denotes evaluation at time 7 in the past: § = y(t — 7); etc. Here, the two
categories of mosquito (uninfected and infected-and-infectious) are now replaced by three cate-
gories: a proportion, 1 — ¢ — z, that are uninfected; a proportion ¢ that are infected and infectious;

and a third, new proportion z that are latent (infected but not yet infectious).

Bailey [13] considered two interacting populations—human hosts and mosquito vectors with
each group consisting of three subgroups, viz susceptibles, infectives, and isolated (recovered and
immune). These are designated by z, y, and z respectively for the human populations and 2/,
¢ ¢/, and 2’ respectively for the vector populations. It follows that the number of new infections
occurring in the human population in time interval ¢ is Sxy’dt, where § is the infection rate.
Since the converse arrangement -is Tqiiréd to hold for vectors, namely that susceptible vectors
are infected by human infectives, the number of new infections occurring in susceptible vectors
in time interval 4t is therefore given by f'z'ydt. If in addition the overall removal rates for the
two populations are assumed to be 7y and 7', respectively, then the numbers of removals occurring
in'time 6t are yydt and ~'y'dt for humané and vectors, respectively. The system of differential

equations for the dynamic process involved is given as

& = —pry, ¥ ==pry++y,
y = Pxy -y, y  =pry -+,
2 = vy,

where 3, 3, v, 7' are some constants. Due to its relatively short life-cycle, isolation by immunity
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is negligible in the mosquito vectors, and hence the only isolation process is by death which is

assumed to occur equally in all groups. Hence z' = 0 (see [14], pp. 61-68).

Let the initial states at ¢t = 0 be (x5, 0, 0) and (7, y,,0). It is clear from the above equations

that for a proper epidemic outbreak to occur, y, > 0 and y,’ > 0. That is

Broyh > 1y and B'zhy, > 4yl

Let N and N’ be the populations of humans and vectors respectively, so that N = z + y and
N' =z’ +y'. It follows that if both y, and y/, are small, then z, ~ N and z, = N'. Thus

BNy! > ~y, and B'N'y, > ~'y..

Eliminating y, we have
Y Yo
B/ N! :

BNy, >

Thus for an epidemic build-up to occur we must have the condition

!

Y
BB

This model, like the first, also describes the basic interaction between the infected human host

NN’ >

population and the mosquito vector population but with an additional group in each population.

Proposition PS [55] Consider the system

il = ‘.f(xl,l?)

2 = g(x2)

with f(.,.) and g(.) continuous throughout a compact subset E of R?. Define P(E) as the projec-

tion of E onto the xo azis. Assume

1. E is positwvely invariant for the system,

and

14



2. xa = &y 5 an equilibrium point that is globally asymptotically stable on a subset A of P(E).

Then every trajectory starting in A’ = {(v1,22) : 22 € A} tends asymptotically to a point of the

form (&1, 22), where &y is an equilibrium of T, = f(xy, &2).

Consider the system

n
(L.7) vi = (Z wiy; (Ni — yi)) ~ 9i¥%
=1

where w;;, N;, g; are constants and w;; > 0, N; > 0, g; > 0, y; > 0. Let y be the vector whose
components are y;, i=1, ... ,n; A the matrix of linear terms, and Q(y) the vector of quadratic

terms in (1.7). Then the vector form of the system is

(1.8) v = Ay - Q).

Lajmanovich and Yorke (see [44]) proved that solutions to system (1.8) are globally asymptotically
stable with limiting value determined by the stability modulus s(A) of the matrix A. This is

defined as the maximum real part of the eigenvalues of A4, i.e.,
8(A) = max{Re A : X an eigenvalue of A}.

Precisely, the following theorem was. prqved, by Lajmanovich and Yorke.

THEOREM LY The solutions to system (1.8) approach the origin if s(A) < 0 and approach a
unique positive equilibrium g if s(A) > 0, provided y;(0) > 0 for some i. Furthermore in this case

0 < 4;(0) < N; for each i=1, 2, ... ,n. v

Throughout this part, we shall adopt the following notations where applicable.

e N denotes the total human population;
e 1z denotes susceptibles (the number of people that are uninfected);
e y denotes infectives (the number of people that are severely infected);

15
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e v denotes infected vectors (the population of vectors that can transmit the disease).

Where y and Y occur simultaneously, we designate y as the number of individuals infected
with parasites that are sensitive to drugs and Y as the number of individuals that are infected
with the resistant parasites with or without the sensitive parasites. Also where applicable, v and
V' denote respectively the population of vectors carrying sensitive strains and resistant strains,

with or without the sensitive strains of the parasite.

In chapter six, models describing recent trend in malaria infection are formulated. The first
model deals with single strain infection while the second incorporates resistant strains. Each of
the models results in a system of nonlinear ordinary differential equations. A version of Propo-
sition PS is proved in ®*. Our major theorem, Theorem 3 gives conditions for the existence of
different endemic states. Since major health efforts should be geared towards the elimination
of resistant parasites (and hence resistant infection) our findings and conclusions enable us to

forecast the trend in resistant infection.

In chapter seven, we formulate models treating both sensitive and resistant infections in single
and multigroup populations. We consider a case of a homogenous interacting population groups.
Theorem LY plays a major role in ‘ghef analysis of our models. Results which forecast the trend

of resistant infection are established.
Finally in chapter eight we consider the more general multigroup population in R™. Local

asymptotic equilibrium are obtained in R™. A.general extension theorem is proved. The main

tool in this direction is the Poincaré-Bendizson theorem.
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Chapter 2

Existence, Uniqueness and
Approximation of a Solution for a
K-Positive Definite Operator

Equation

4

2.1  Introduction

Recall the definition of a K —positive definite operator, which is contained in our general introduc-
tion: Let H; be a dense subspace of a Hilbert‘ space, H. An operator T with domain D(T) 2 H;
is called continuously Hy invertible if the range of T, R(T), with T considered as an operator
restricted to Hi, is dense in H and T has a bounded inverse on R(T'). Suppose H is a complex and
seﬁarable Hilbert space and A is a linear unbounded operator defined on a dense domain D(A)
in H with the property that there exists a continuously D(A)-invertible closed linear operator K
with D(A) C D(K), and a constant ¢ > 0 such that

(Au, Ku) > ¢||Kul||?,u € D(A) (2.1)

17
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Then A is called K —positive definite (Kpd) (see e.g. [54]). Recall also the following theorem
which was proved in [54}):

Theorem P If A is a Kpd operator and D(A) = D(K), then there exists a constant a > 0 such
that for all u € D(K),
| Aul] < of | Kul|.

Furthermore, the operator A is closed, R(4) = H and the equation Au = f, f € H, has a unique
solution.

In the case that K is bounded and A is closed, F.E. Browder[19] obtained a result similar to
the second part of Theorem P.

It is our purpose in this chapter to extend the notion of a Kpd operator to real separable
Banach spaces, X. For such an X we shall prove that the equation Au = f, f € X, where A is a
Kpd operator with the same domain as K, has a unique solution. This result extends Theorem P
to the general Banach spaces, X. Furthermore, if X = Lp (or lp, p > 2) and is separable, we

shall construct an iteration process which converges strongly to this solution.

' Definition 2.1.1 Let X be a Banach space and let A be a linear unbounded operator defined on a
dense domain, D(A4), in X. An oper'atf_)rwaiH‘be called K—positive definite (Kpd) if there exist
a continuously D(A)— invertible"c'io;e;i‘ i;ﬁear operator K with D(A) C D(K), and a constant
¢ > 0 such that for j € J(Ku),

(Au,j) > cHKu||2,’ u € D(A). (2.2)

2.2 Main Results

We prove the following results:

Lemma 2.1 Let X be a Banach space with a strictly convex dual and let 4: D(A) C X = X

be a K pd operator with range denoted by R(A). Then A has a bounded inverse on R(A).
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Proof From inequality (2.2) we obtain, for z € D(4),
Al < (A, j(K2)) < [| A2l (2| = | sl ||| K o] (23)

K is continuously D(A)—invertible implies there exists a constant m > 0 such that for every

z € R(A), z #0, ||K~'z|| < m||z|| so that
Yzl < || Kz, where y=mL (2.4)
Furthermore, z # 0 implies Kz # 0 and so inequality (2.3) reduces to
o[ K|l < || Azl (2.5)

This inequality also trivially holds if £ = 0. Thus, the inequality holds for all z € R(A). From

inequalities (2.4) and (2.5) we obtain,

eyllzll < 1) Azl
which implies that A is invertible and
|A 5l <allz]l,  with  a= ()7 >0,

establishing that A has a bounded inverse.

Lemma 2.2 Let X be a Banach space with a strictly convex dual and let A: D(A) C X —» X
be a Kpd operator. Suppose for all z, y € D(A),

(Az,j(Ky)) = (Kz,j(Ay)). (2.6)

Then A is closeable.

Proof We shall prove that if {z,} >, is a sequence in D(A) and h is an element of X such

that z, — 0 and Az, — h as n — oo then h = 0. From c||Kz|| < ||Az|| we observe that the
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00
n=

convergence of {Az,} ., implies that of {Kz,},., and since z, — 0 and K is closed we have

Kux, — 0 asn — oo. Let y be an arbitrary element in D(A). Then, in view of Eq. (2.6), we have,

(h,j(Ky)) = (Azn, j(Ky))

(Kzn,j(Ay)) =0,

lim
n—,oe

lim
n—o
and so, (h,j(Ky)) = 0 for each y € D(A). Since K is continuously D(A)-invertible, K is not

identically zero. This implies & = 0, and so A is closeable.

Remark 2.3 If X = H- a complex Hilbert space, the hypothesis that for all z,y € D(A),
(Az,j(Ky)) = (K, j(Ay))

in Lemma 2.2 can be dispensed with since it can be shown that in this case, the condition is
authomatically satisfied, when 7 is replaced with the identity operator. If, however, X = H- a
real Hilbert space, Fq. (2.6) does not necessarily hold (with j replaced by the identity operator)
and so the hypothesis that; it should hold must be imposed (see e.g. [54])

Lemma 2.4 Let X be a real Banach space and let D be a dense subset of X. Then D is of second
category.
Proof It suffices to show that if D = UX, F;, where , for each i, F; is a closed set in D, then

there exists some ig > 1 such that Fjg D U, where U # () is an open set in D. But F; closed in D

implies F; = D N A;, where, for each i, A;, is a closed set in X. So,

D =UX,F; = U, (4; N D). (2.7)

Claim X = U2 A;. To verify this claim, it obviously suffices to show that X C U2, A;. So,
let x € X. Then, there exists a sequence {z, }52, in D such that z, — z asn — co. But , € D
implies z,, € A;, for some ig > 1, and since 4; is closed for each ¢, x € A;g. Hence z € U2, 4; so
that X C U2, A;, completing the proof of the claim. Since X is complete and hence is of second

category, there exists 7, > 1 such that A;, D U # 0, where U is some open set in X. This implies
AxNDCUND#0.
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Observe that U N D # § because D is dense in X and U is open in X. Hence,
Fi*=Ai*ﬁD2UﬁD7é@,

where I/ N D is an open set in D. Hence D is of second category. This completes the proof of the

lemma.

Theorem 2.5 Let X be a real separable Banach space with a strictly convex dual and let A be

a Kpd operator with D(A) = D(K). Then there exists a constant w > 0 such that for z € D(A),
||Az]| < w[|Kz]|.

Furthermore, the operator A is closed, R(4) = X and the equation Az = h, for each h € X, has

a unique solution.

Proof Introduce in D(K) a duality pairing and norm defined respectively by

(z,5(y)) = (Kz,5(Ky))

and

|zlo = [|Kz]|. (2.8)

g

Since K is closed, R(K) is dense, and K~! : R(K) — X is a bounded linear map, it follows
from Lemma 2.3 and the bounded inverse Theorem, that R(K) = X. Moreover, D(K) becomes a
Banach space with respect to the new norm defined in (2.8). We shall denote this Banach space
by Xy. Furthermore, A considered as a linear operator on Xy to X is closed. To see this observe
that since A is defined on all of X (D(A) = D(K)), it is sufficient to prove that if {zn}2, is
a sequence in X such that |z, — z¢lo — 0 as n — oo and Az, — h as n — oo then h = Axy.
But |z, — z|p — 0 as n — oo implies ||K(z, — 2)|| = 0 as n = oo. Since K is continuously
D(K)—invertible, || K (z, — 2)|| = 0 implies ||z, — z|| = 0 as n — oo, and since A is closeable in
X (Lemma 2.2) we have , ||A(z, — 2)|| = 0 as n = oo, i.e., Az, — Az in X as n — oo. Hence

Az = h and so A is closed in Xy, and being defined everywhere in Xy, it follows from the Closed
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Graph Theorem that A is bounded in Xy. Hence there exists a constant w > 0 such that
| Azl| < wlzlo = wl|Kzl], (2.9)

for each z € X;. Next, to prove that A : D(A) € X — R(A) C X is closed, let {z,} 2, bea
sequence in D(A) such that z,, & « and Az, — h as n — oo. Inequality (2.5) then yields that
{Kz,}52; converges. But since K is closed, it follows that € D(K) and Kz, -+ Kz as n — 0.

From inequality (2.9) and the fact that D(A) = D(K), we have
|A(zn — 2)|| £ w||K (2 — )],

and since Kz, — Kz, we obtain Az, — Ax as n — oo. This yields Az = h, so that A is a closed
operator.

To prove that R(A) = X and that the equation Az = h has a unique solution, it now suffices
to prove (since D(A) = D(K) = X) that A is one-to-one. So, assume that x; # x5 are two

solutions of the equation Az = h. Then
Axl =Azo=h or A(z; —x2) = 0.
Using inequality (2.5), we have,
c|| K (21 — z2)]| < [|A(z1 — 22)]| =0,

so that ||K(z1 — x2)|| = 0 or z3 =,&2.=-&0) = 0 so that z; = z». Contradiction. Thus,
R(A) = X and the equation Az = h has a unique solution for each h € X. This completes the
proof of Theorem 2.5.

In the next theorem we prove that -an' iteration process which has been extensively studied
(see e.g. [21, 27, 52, 57]) under suitable conditions, converges strongly in Lp spaces, p > 2, to the

solution of Au = f, where A is a Kpd operator. We shall need the following lemma:

Lemma 2.6 (W.L. Bynum, [23]) Let X = Lp or Ip(p > 2). Then for all z, y in X, the following
inequality holds:
lle +yl1* < (0 = Dlll® + llyl* + 2(z, (). (2.10)

22



Proof The proof follows immediately from the following inequality which is proved in [23]: for
all 2z, yin X,

(0 = Dlle +yllP 2 2l + [lyl* +2(y, j(2))-
Replace x by y and y by (z — y) in this inequality to get,

lle = yll® < (o = Dl + ||yll* + 2{~z, i (v))-

Now, replace z by (—z) to obtain the desired result. We now prove the following theorem:

Theorem 2.7 Suppose X = Lp or lp, p > 2, and X is separable and suppose A : D(A) C
X — X is a Kpd operator with D(A) = D(K) = R(K). Define the sequence {z,}52; iteratively

b, .

xg € DK y . 2.11
0 ( ) qﬁ“ﬂﬁ\ ( )
Tpt1 = Tp+ tn K, n >0, (2.12)
(Brnaj(KTn)) -1
ty, = ————= where B=KAK
" (p — 1)||Bry||?
and

Th = f — Az, f € R(K). (2.13)

If A and K commute, then {z, }%4. converges strongly to the unique solution of Az = f in X.

‘Remark Equations (2.12) and (2.13) jointly imply

= (1—tp)in+tolon + K1 f — K71 Axy).
Thus, Equations (2.11)-(2.13) can be written compactly as g € D(K), and
Xo1 =1 =tp)zn +ta K7 f 4+ (T = K71 A)zy]

where t,, is as defined above.
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Proof of Theorem 2.7 The existence of a unique solution to Az = f follows from Theo-

rem 2.5. Using Equations (2.12) and (2.13) and the linearity of 4 and K we obtain:

Tn+l = f - A-Tn—f—l
= f—Alzg+to ) = (f — Azp) — th, AK 1y

= 1, —th AK Iy,

so that,
Krpy1 = Krp —t,KAK 'r, = Kr,, — t,Bry.

Using inequality (2.10), we have,

||K7‘n+1||2 = ||K7‘n_tnB"“n||2

IA

||K'7'n||2 — 2tn(Bra, j(Krn)) + (p — 1)1‘/;‘ZL||B7'n||2
((Brn, j(Kra)))* | ((Bra, j(Kra)))?

= ||Kr,||* -2
Kl = 2 B T 5 = DB

ie.,
((Bra, j(Krn)))*
(p = DIIBrall*

Hence, the sequence {||Kr,||{}5%, is monotonically decreasing and so converges to some real

K12 < Kl = (2.14)
number § > 0. Inequality (2.14) now implies

lim ((Bij(Krn)))Z
n=oo (p — 1)||Bryl|?

=0. (2.15)

Since A and K commute, then B = KAK~' = AKK~! = A, and so (2.15) yields

. '(<A7'na ](I("n»)z
1
nooo || Arall?

= 0. (2.16)

Since K is continuously D(A)—invertible, there exists § > 0 such that for each z € D(K),
Bllz|| < ||Kz||.- Thus, from the definition of the Kpd operator A, we obtain

(Arm J(Kr)))? Kl
A 2 AmE
Bt 2Bl
= > 0. 217
2 AR~ T TAE = (217)
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Equation (2.16) and inequality (2.17) now imply that r, = 0 asn = oo, i.e,, Az = fasn — oo

Since A has a bounded inverse, this implies z,, — A~! f, the unique solution of Au = f in X.

Remarks

1. If K = A, then obviously the commutativity requirement in Theorem 2.7 can be dispensed

with since, in this case, B = A.

2. If K = I, the identity operator, then A and K obviously commute, and the commutativity

requirement will again not be needed.

3. Tt is of interest to obtain a convergence result for Lp {or lp) similar to Theorem 2.7 where

l1<p<2
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Chapter 3

A Local Approximation Methods for
the Solution of K —Positive Definite

Operator Equations

. 3.1 Introduction

In chapter 2 , we extended the notlon of a K— p081t1ve definite (Kpd) operator to real separable
Banach spaces, X. In particular, ‘1f X is a réal separable Banach space with a strictly convez dual,
we proved that the equation Au = f, f € X, where A is a Kpd operator with the same domain as
K has a unique solution. Furthermore, if X = Lp (or Ip), p > 2, and is separable, we constructed

an iteration process which converges strongly to this solution.

C. E. Chidume and M. O. Osilike [33], extended the above result to a larger space, the ¢-

uniformly Banach spaces.

Definition 3.1.1 Let X be a Banach space and let A be a linear unbounded operator defined on a
dense domain, D(A), in X. The operator A will be called asymptotically K —positive definite Kpd

26



if there exist a continuously D(A)—invertible closed linear operator K with D(K) 2 D(A) 2 R(A),

and a constant ¢ > 0 such that for j(Ku) € J(Ku),
(K™ ' Au, j(K™)) > ek, ||K™ul]?,  u e D(A), (3.1)

where {kn} ts a real sequence such that ky > 1,limy 00k = 1.

Lemma 3.1.2(see, e¢.g., [56]) Let E be a real uniformly smooth Banach space and let J be the

normalized duality map on E. Then for any given xz,y € E, the following inequality holds:

e+ ylI* < flall® + 2y, j(2)) + max{||z]], LHIyllb(lyl), Yi(z) € J(w).

where b is a continuous nondecreasing function satisfying the conditions: b(0) = 0, b(ct) <
eb(t), Ve > L.
It is our purpose in this chapter to extend the notion of a kpd operator to Fréchet differentiable
operators. Under this setting, a local existence theorem and an iterative scheme which converges
to the unique solution of the Kpd operator equation in an arbitrary Banach spaces, are derived
from the inverse function theorem. Moreover, we introduce and study a new notion-asymptotically

" K-positive definite operators (see Definition 3.1.1).

D F PTT AR

3.2 Main Results

Now, we state the inverse function theorem and sketch its proof. We derive from the proof of
the theorem that the iteration scheme in Theorem 2 of [29] converges to the unique solution of

Az = f in an arbitrary real Banach spalce,“ provided ||f — Axo|| is sufficiently small.

Theorem 3.1 (The inverse function Theorem) Suppose X, Y are Banach spaces and
A X =Y is such that A has uniformly continuous Fréchet derivatives in a neighborhood of
some point g of X. Then if A'(xg) s a linear homeomorphism of X onto Y, then A 1is a local

homeomorphism of a neighborhood U{xgy) of xy to a neighborhood of A(xg).
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Proof Let A(xp) = yo. We first determine p so that A(zg+p) = y provided ||y —wol] is sulficiently

small, or equivalently

Azo +p) ~ Alzo) = ¥ — yo. (3.2)
Since A4 is C'! at xp and A’(xg) is invertible, then (3.2) and Taylor’s Theorem imply that A’ (xq)p+
R(xo,p) =y — vo, i-e,

p = [A"(z0)] [y = yo) — Rlzo,p)],

where the remainder
R(zo,p) = A(zo + p) — Alza) — A'(z0)p = o{|}pl]).

We show that (3.2) has one and only one solution for ||p|| sufficiently small, by proving that the

operator
Tp = [A'(20)] " {y — yo — R(zo, p)}
is a contraction mapping of a sphere S(0, ¢) in X into itself, for some ¢ sufficiently small. For any

P1, P2 € 5(076)’,

A(zo)(Tp2 ~Tp1) = Rlzo,p1) — R(xo,p2)
= A(zo +p1) — A(zo + p2) — A'(z0) (01 — p2)

= /01{;1,(930;— t:”l + (1 —t)p2) — A'(wo) Hpy — pa2)dt.

Hence

WTp2 — Tpull £ /IHAICEO)]’IHHAI(Q?O Ttor+ (1= t)p2) — A'zo)llller — p2lldt. (3.3)

Since A is a C' mapping, the middle term of the last integral can be made arbitrarily small by
choosing ||p1]], ||p2|| sufficiently small; and hence for some constant 0 < o < 1 (and independent
of y — yo) and sufficiently small € > 0, ||Tp2 — Tpil| < allpe — p1f] for all py, p2 € S(0,€). Fur-
thermore, T' maps S(0, ¢) into itself. For, |Tp|| = [|Tp — T(0)|| + ||T(0)]| < allpll + |T(0)]] and
T ()11 = [4"(z0)] ™ (v = yo)ll < (1~ a)e provided |ly—yoll < (1—a)ell[A'(zg)] Y|~ Hence T is

a contraction map of S(0, €) into itself. By the contraction mapping theorem, T has a unique fixed
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point p* in 5(0, §) where & < ¢ is chosen so small that A(S(0,8) C Sy, (1 — a)e]][A" (x0)] H|71).
Reversing the steps in the argument, one finds that A(xp + p) = v has one and only one solution
when ||y — yo|| and ||p|| are sufficiently small. Also, A~*(y) = z is a well-defined and continuous

mapping from a sphere S(yg,n) in Y to X.

Corollary 3.2 Under the conditions of Theorem 3.1, the iteration sequence
Tp-t1 = T + [A’('lfo)]_lrm Tn = [y - A(x’n)]a

converges to the unique solution of A(x) =1y in U(xg).

Proof Since the operator T in the proof of Theorem 3.1 1s a contraction map, the sequence
pn = Tpp-1 converges to the unique fixed point of T. From Theorem 3.1, for ||y — A(xp)]|
sufficiently small, A(z) = y has a unique solution z = x¢ 1 p*, where p* is the limit of the
sequence py = 0, pnt| = Tpn. It then follows that the sequence x, = z¢ + p,, converges to xg+ p*,

the unique solution of A(z) = y in U(xy). Now,

Tn =70+ pn = To+ Tpn-1

=z +[A4'(z0)] ¥ — Alzo)] — R(zo, pn-1)]

= oy {ANE)] "y + A’ (20)pu-1 — A(zo + pn_1)]

= To+ pn1 + [A(z0)] My — A(zn1)]

= Tn_1 + [A(20)] "y — Alzn-i).
Henceforth, an operator A defined on a dense doxﬁain D(A) of a real Banach space will be called
K —positive definite if A is Fréchet differentiable and there exist a continuously D(A)—invertible
closed linear operator K with D(A) C D(K), and a constant ¢ > 0 such that for j € J(Ku), we

have

(Au,jy > |]I\’u]|2, u€ D(A).

Corollary 3.3 Suppose A is a Kpd operator defined on a dense domain D(A) of a real Ba-

nach space, X with range R(T) in X. If for some 2o € X, A'(2g) 18 a linear homeomorphism of
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X onto Y, then A is a linear homeomorphisin of a neighborhood U(xy) of xg to a neighborhood of
A(zg). Furthermore, if ||y — A(zo)ll is sufficiently small, the sequence T, 11 = Ty + K ~ry, where

rn = [y — A(x,)] converges to the unique solution of A(x) =y in U(xo).

Proof A'(zg) satisfies the condition for K in the definition of a Kpd operator. Hence setting

K = A'(zg) in Theorem 3.1, we are done.

Remark 3.4 If X is a separable Banach space, with a strictly conver dual and the operator A 1s

linear, a global existence result was obtained in the domain of A, D(A) in Theorem 1 of [29].

Remark 3.5 The iteration scheme {x,} in Corollary 3.8 above corresponds to the one of Theo-
rem 21in [29] by setting t, = 1. In Theorem 2 of [29], the scheme Tny1 = Tn + tn K ! converges
globally to the unique solution of A(x) =y in Lp (or lp), p > 2, while in Corollary 3.2 above the
corresponding scheme converges locally to the unigue solution of A(x) =y in some neighborhood
of a point o in a real Banach space X. Furthermore, under this setting, the operator A need not

be linear but Fréchet differentiable.

By writing our iteration scheme in the form of Theorem CO {33], we prove the following The-

orem for asymptotically K’—po’s"i’c'i"\;éﬂc‘i‘éﬁﬁfte operators in a uniformly smooth Banach space.

Theorem 3.6 Suppose X is ¢ real uniformly smooth Banach space. Suppose A is an asymptot-

Banach space, X. Define the sequence {zn} by To € U(Z0), Tnyi = Tn+7n, n >0, = K1y —

K'A(z,), v € R(A). Then {x,} converges strongly to the unique solution of A(x) =y € U(zg).

Proof By the linearity of K we obtain Kr,;1 = Kry - Az,. Using Lemma 3.1.2 and Defini-

tion 3.1.1, we obtain the following estimates:
WK™ rnnll? < K rn — K™ Arg||?

30



IA

a2 — 20K Ary, 1K) + mascd LK™ ], K™ Ara 161 Ar )

IA

WK™ ]2 = 2eka Ll + max (| K™ ra]], THIE™ L Arn (1K Aral)  (3.4)

Since A is Fréchet differentiable and by the properties of the function b, the quantity || A™r,,|[b(|] A’
can be made as small as possible in a small neighborhood U(zg) of X. Infact there exists ¢ such

that

K" Arg)|b(||[ K™ Aral]) < cha 1K ra] % (3:5)

[ Arg (]

K" Y Ar,||) € ckn|| K™ry). (3.6)

Inequalities (3.5) and (3.6) imply that the sequence ||K"ry||S%, is monotone decreasing and hence

converges to some real number 3 > 0. Inequalities (3.4), (3.5) and (3.6) imply that
lim ||K™rn|| =0.
n—oo

Since K is continuously D(A)—invertible, this implies that r, — 0. Since A has a bounded

inverse, this implies z, — A~ly, the unique solution of Az =y in U(zp).
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Chapter 4

Approximations of Fixed points of
weakly contractive Non—self Maps in

Banach Spaces

4.1 Introduction

Let K C E be closed convex and let_P. he.a-mapping of F onto K. Then P is said to be sunny if
P(Pz+t{(z—Pzx)) = Pz forallz € Fand t > 0. A mapping P of E to E is said to be a retraction
if P2 = P. If a mapping P is a retraction, then Pz = z for every z € R(P), range of P. A subset I
of E is said to be a sunny noneapnsive retract of E if there exists a sunny nonexpansive retraction
of E outo K. If E ='H, the metric projection Py is o sunny nonczpansive retraction from H to
any closed convex subset of H.

A mapping T with domain D(T) and range R(T) in E is called d-weakly contractive if there
exists a continuous and nondecreasing function @ : [0, 00) := Rt — R such that P is positive on
R\ {0}, ©(0) =0, limiyoo B(t) = 00 and for z,y € D(T) there exists j(x — y) € J(z —y) such
that

Tz — Ty, j(z =) < llz = yl* — 2z — yI*). (4.1)
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1t is called weakly contractive (sec e.g., [3, 4, 3]) if for all x, y € D(T) there exist j(z—y) € J(z—y)

and @(¢) as above such that
Tz = Tyl| < [lz —yll — S({lz — yl)- (4.2)

If F(T) # 0 and inequalities (4.1) and (4.2) hold for z € D(T') and z* € F(T), then the operators
will be called d—weakly hemi-contractive and weakly hemi-contractive, respectively. Note that, if
we set ®(t2) = 1)(t), then 1 is a continuous and nondecreasing function from R+ to ®* such that
¥ is positive on R\ {0}, ¥(0) =0, limy—e ¥(t) = 00. Thus, the above definition of d—weakly
contractive map can be restated as follows: for all z,y € D(T), there exist j(x —y) € J(z — y)

and ¥(t) as above such that

(Tx =Ty, j(e =) < lle =yl = ¢z =yl (4.3)

The d—weakly contractive operators were first introduced and studied by Alber and Guerre-
Delabriere [4] and include several important classes of nonlinear operators. In particular, they

include the weakly contractive operators.
*Recall the following theorem [4] (see our General Introduction).

Theorem AG LetT: G — H be"d‘dfﬁ'}é&i‘k’fy contractive map, G a closed convez bounded subset
of a Hilbert space H and suppose that a fized point x* € int(G) of T emzists. Then the sequence
{2z} defined by

11 € G; Tny1:= Polan ~ anlzn — Tan)), n=1,2.., s (4.4)

where Pg 1s the metric projection onto the set G, {an} is a sequence of positive numbers such
that 3°7° oy = 00 and lim,_y0 o, = 0 converges strongly to x*. Moreover, there ezist a constant

K >0 and a bounded sequence {xn,} C {xp}, {=1,2,... such that

x - 1 .
l|£E1L, - ||2 <o 1( e +K2C¥nl), (45)

1 ®m

33



Furthermore,

1
.2 -1 2 2.9
o1 =" < & (m + K am) + Koy, (4.6)
n—l| o
[y — SL‘*H2 < |@n41 — .CU*||2 — Z %, my+1<n<n+1, (4.7
ng+1 2 &)
n
ons =2 |P <l = 2" IP = 3 mg— <l 2| 1<n<m =1, (48)
DY
k)
o
1 € ny < Smgr = max{s: Z < | — x*||2}. (4.9)
1 El aj

From theorem AG, two questions arise quite naturally.
Question 1. Can the boundedness condition on G in theoremn AG be dropped 7
Question 2. Can theorem AG be extended to Banach spaces more general than Hilbert spaces ?

It is our purpose in this chapter to give affirmative answers to these questions. In particular,
we*prove that Theorem AG rernains true in real uniformly smooth Banach spaces and without the

boundedness condition imposed on (. Furthermore, we prove a related convergent theorem in our

,,,,,,

more general setting when the fixed ﬁb'i’r‘i’tw"g:":ﬂ of T eS;ists but is not necessarily in the interior of G.
Finally, we prove a convergence theorem for approximating a fixed point of a uniformly continuous

d—weakyly contractive and bounded self map T of G with F(T) # 0, in arbitrary Banach spaces.

4.2 Preliminaries

In the sequel we shall use the following well known Lemmas.
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Lemma 4.2.1 (see e.g., [34, 65]). Let E be a real Banach space and J the normalized duality

map on . Then for any given 2,y € F, the following incquality holds:
lz + ol < 2l + 2@y, j(z + v)), iz + ) € J(z +v).

Lemma AG ([3]) Let {\x} and {~x} be sequences of nonnegative numbers and {ay} be a sequence
of positive numbers satisfying the conditions > 3° o, = oo and ;h:: — 0, as n — oo. Let the

recursive inequality
Al < Ay — and(An) +vn,m = 1,2, ., (4.10)

be given where ¢()\) is a continuous and nondecreasing function from Rt to R such that it is
positive on RT\ {0}, ¢(0) =0, limy_,00 ¢(t) = 00. Then
(a) \p — 0, as n = oo;

(b) there exists a subsequence {\n,} C {A\,}. I=1,2,..., such that

1 Yn
A, < 071 Y, 4.11
<67 (S o) (4.11)
_ 1
Mot <67 (mm— + 2L + (4.12)
1 @m  Qp
n—| o m—1
Ap < )“n1+1 - Z A_m7 mtlsn< m+ I, Am = Z Qy, (413)
mtl T -1
)\n+1S/\1—ZgﬂS)\l, 1<n<n;—1, (4.14)
1 Am
R

1 <n1 < $pag = maX{S : Z
1

<) (4.15)

-
Ap

We shall also need the following Lemma whose proof is identical with the proof of Lemma 5.6 of

[4]. However, for completeness, we give a sketch of the proof.

Lemina 4.2.2 Let E be an arbitrary real Banach space and let T': D(T') C E — E be a d—weakly
contractive map, and suppose that a fixed point z* € int(K) of T exists. Then A =1 ~-T is

bounded.
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Proof Clearly A is accretive. Then by Lemma 5.5 of [4](see also [53]) there exists a constant

ro > 0 and a closed ball S(rg, z*) C D(A) such that for all x € D(4) we have

(Az — Ax", j(z — x™)) > ro||Az]| — co([]z — || + o), (4.16)
where ¢cg = sup ||A(n)|| < co. On the other hand, for some j(z — 2*) € J(z — 2*) we have
nes(ro,a*)
that
(Ax — Az*,j(z — 2")) = (z—a"jlz—2"))— Tz —Tz", j(z —z*))
< Jlz =P+ Tz —Tz*,j(z —z*))| <2l|lz — 2™, (4.17)

Thus from (4.16) and (4.17) we get that
[ Az|| < 75t (22 = 2*|7 + collle = 2*|| + 7o) ). (4.18)

Hence the conclusion holds.

4.3 Main Results

Now, we state and prove the following Theorems.

Theorem 4.1 Let E be a real iffiifofiiily smooth Banach space. Suppose K is a closed
convex subset of £ which is a sunny nonexpansive retract of £ with P as the sunny nonexpansive
retraction. Suppose T : K — F is a d—weakly contractive map such that a fixed point z* € int(K)

of T exists. For arbitrary x; € K, define the sequence {x,} iteratively by

Ty 1= P(a:n — on(a:n - Ta:n)), n>1, (4.19)

where lima, = 0 and 3 ap, = co. Then, there exists a constant dg > 0 such that if 0 < «,, < dp,
{z,} converges strongly to z* € F(T). Moreover, there exist a constant d > 0 and a subsequence

{zn,} C {zn} such that

1

Ny
1 %m

[l = 2*|F < ¢7( + AT, ) (4.20)
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where J,, := ||7{pn — 2*) — j{z, — 2*)|| and p,, 1= 2p — anAx,.

Furthermore,
12 -1 1 — =
len+1 — 2" < @ ( n + d'Ym) +dan17n,v (4.21)
1 Qm
n—I a
o = 212 < lanpr —2*|P = Y. r— i+ 1<n<n+1, (4.22)
ny+1 El 27
n
* Q,
llenr =2l < floey =l = 3ot <Ml = ol LS a1, (429)
1 1 J
8
1<y < Smap = max{s: 3 = < |2y — 2%} (4.24)
] El aj

Proof Observe that the recursion formula (3.1} can be written as follows:
Tn+1 = Pz, — apAxy), n>0, where A:=(I-T). (4.25)

Moreover, we have that (Ax — Ax*,j(z — 2*)) > ®(||z — y||?), where ®(¢) is as in (1.1). Now,

choose r sufficiently large such that z; € B,(z*). Let G := B,(2*) N K, then since by Lemma

4:2.2 A is bounded we have that A(G) is bounded. Let diam.A(G) = o. As j is uniformly
o(5)%)

continuous on bounded subsets of E, for e = —32— there exists a § > 0 such that 2,y € D(T),

llz = y|| < & implies ||j(z) — j(y)|| < e. Set dy = min{l, &, =}.

Claim {z,} is bounded. Suffices to show that x, is in G for all n > 1. The proof is by induction.
By our assumption z; € G. Suppose z,, € G. We prove that 2,1 € G. Assume for contradiction
that 41 ¢ G. Then, since z,4; € K Vn > 1, we have that ||z,41 — 2*|| > r. Thus we have the
following estimates:

|Zne1 = 2™ = |IP(zn — andzn) — Pz*||
< oy — ¥ — ap(Az, — Az™)||
and hence

lon = 2¥|l 2 llen1 — 27| — on||Azn — Az™||

r T
> T=Qp0 27— - = -,

2 2
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Set py, == xp — apAx,. Then from (4.19), Lemma 4.2.1 and the above estimates we have that

Il

[E— ||P(2y, — cn(Axy, — Ax®)) — Pz*||?

< lzn = 2" — an(Az, — Az™)|)?

< lzp — 2% = 200 (A, — AZ*, §(py — %))

= lzn —2*|]* = 200 (Azy — Az", j(z, — 2%))
—20on(Azn — Az”, j(pn — 27) — j(zn — 77))

< Az = 2|1 = 200 (|0 — 2*]?)

+20n || Azl |5 (pn — 2*) = j{zn — 27)| (4.26)

ry2
Since ||pr — za|| < ap||Azy|| < (o < & we have that || (p, — z*) — j(zn — 2%)]| < ?(_(2%)_2, Thus
(4.26) gives that

o =2 < Jlea = 2" = 20,8((5)?) + 2000 @2)
= lon = "l = 20,8((5)%) + 0n@((5)?
= ||93n—:n*|}2~a” ((%)2) r2. (4.27)

ie. ||zny1 — 2*|] < 7. a contr adlCtIOI’l Therefore x,41 € G. Thus by induction {z,} is bounded.
. Y ARSI

Now we show that z, — z*. 7\Iote that Pn— Tn — 0 as n — oo and hence by the uniform

continuity of j on bounded subsets of E we have that

V= [1i(pn —2*) = (20 — 2*)]| = 0 as n — oo, (4.28)

.

Let A, := ||z, — 2*||? and v, := 20,07, then from inequality (4.26) we obtain that

/\n-H <A - 2a’nq)()\n) + Tn, (429)

where g% — 0 as n = oo. Thus, the conclusions of the theorem follow from Lemma AG,

completing the proof of the theorem.
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If z* € F(T) is an arbitrary point of D(T') then we have the following theorem.

Theorem 4.2 Let K be a closed convex subset of a real uniformly smooth Banach space.
Suppose K is a sunny nonexpansive retract of F with P as the sunny nonexpansive retraction.
Let T : K — E be a d—weakly contractive bounded map with F(T) := {z € G : Tz = z} # 0.

For arbitrary z; € K, define the sequence {a:,} iteratively by
Tpg1 1= P(xn —ap(xy — Txn)), n>1. (4.30)

where lima, = 0 and 3" o, = 0o. Then, there exists a constant dy > 0 such that if 0 < «,, < dg,
then, {z,} converges strongly to z* € F(T). Moreover, there exist a constant d > 0 and a
subsequence {z,,} C {z,} such that

NPV S
len = "I < 67 (s + 40, )- (4.31)

1 %¥m
where 7, is as defined in (4.28).

Furthermore,

a1 — 211 < 67 + AT, ) + o, T, | (4.32)

ny
1 %m
n—I{

lzn — 2*|° < ||znsr — [P = D ﬁ,m +1<n<n+1, (4.33)
n+l &~ J

n
(87
Hxnl+1_x*||2SH1'1 _1x*|2_z m_ﬂi S]|$1—$*||271§nfn1—1, (4.34)
PR e | “Zl Qy

S
1 <ny < 800 = max{s: am'g z, — z*||*). 4.35)
m
121 Qy

Proof Since we have by hypothesis that A is bounded, the proof follows as in the proof of

Theorem 4.1 without the use of Lemma 4,2.2. .j’
I T is a self-map and 0 < o, < 1, the use of the operator P will not be necessary. To present
our next Theorem, we shall need the following Lemma.

Lemma 4.3.1 Let {4} and {yx} be sequences of nonnegative numbers and {oy} a sequence
of positive numbers satisfying the conditions->{° an, = oo and g% — 0, as n — o00. Let the

recursive inequality
/\n+1 < /\n - 2an¢(/\n+1) + Y, 10 = ]-a 2a ey (436)
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be given where ¢()) is a continuous and nondecreasing function from R to R such that it is

positive on BT\ {0}, ¢(0) =0, limyeo ¢(t) = o0. Then A, — 0, as n —» 0.

Proof Let liminf A, = ¢ > 0. Claim: o = 0. Suppose not. Then there exists N1 > 0 such
that A, > % Vn > Ni. Since —gﬁ — 0, there exists Ny > 0 such that ;Lz < ¢(%) which implies

Yo L 0n@(5) Vn > Ny. Then for n > N = max{/N;, N2} we have from (4.36) that
a a a
Angr < A — 2an¢(§) + an@s(i) = Ap — an¢(§),Vn > N,

which implies that ¢(%) 3" o, < oo, a contradiction. Therefore, a = 0. Thus, there exists a
subsequence {An;} C {A\,} such that limA,;, = 0. For arbitrary ¢ > 0 let N3 > 0 such that
An; < § Vj > N3 and Ng > 0 such that v, < 20,¢(5). Let Ny := max{Nz, N4} and fix j. > N,.
Then we show that A, +x < § Yk € NU{0}. For k& = 0 the result clearly holds. Suppose it holds
for any k > 0. Then we show that it holds for ¥ + 1. Suppose not. Then we have An; 1411 > §
and hence from (4.36) we get that

IA

€ €
1 < /\nj,+1c+1 /\n]-,+lc - 2an¢(An]‘*+k+l) + 2an¢(z)

€ €
< /\n]‘* +k 2anj. +k¢(1) + 2an]‘* +k¢(1) = /\n]-, +k>

a contradiction. Therefore, Ay, Ak < 4 Vk eENU {0} and hence A\, — 0 as n — oo.
Theorem 4.2 Let K be a closed convex subset of a real Banach space. Suppose T: K = K
is a uniformly continuous d—weakly contractive and bounded map with F(T) :={z € K : Tz =

z} # 0. For arbitrary z; € K, define the sequence {z,} iteratively by
Tpil i= Ty — ap Ty — Txy), n > 1, (4.37)

where lima, = 0 and 3" o, = 0o. Then, there exists a constant dy > 0 such that if 0 < ay, < d,
then, {z,} converges strongly to z* € F(T). Moreover, there exist a constant d > 0 and a

subsequence {z,,} C {z,} such that

[, — 272 < &7 + ). (4.38)

1 m
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where 7, .= [{(I — T)apst —

e =2l <67

llzn — =

len1 = 2| < oy — 2| ~ Z

*||2

(I - TYaull. Furthermore,

1 -
ET,-{—I O + d’)/m) + dﬁnl:

n—I|

X,
<||a'n+1—$*||2 Z ,m+l<n<m+l

m
TLl+1 Z

<|]r1—”cH2 1<n<n —1,

1 <1y < $mgz = max{s: Z Zm - < |z — |}

(4.39)

(4.40)

(4.41)

(4.42)

Proof Let z* € F(T) and let G,r and ¢ be as in the proof of Theorem 4.1. By uniform

continuity of A, for ¢ = M there exists 4, > 0 such that ||z — y|| < d. implies ||Az — Ay|| < ¢

for all «,y € D(T). Choose any 0 < § < &, and set dg := min{l, 2

Claim : z, € G Vn > 1.

’20’0’

We show this by induction. By our choice z; € G. Suppose

Tn € G. We show that z,41 € G. Suppose not, then ||z,4+1 — «*|| > r and from (4.37) we have

l|Tne1 — 2| < |Jxn — 2| + on|| Az, || < 7+ doo < 2r

Now, by Lemma 4.2.1 and the above estimates we have that

llens1 = 2*|f?

IN

IN

IA

IA

IA

[l ¥t 200, (Az), — Az, j(zns1 — %))
|z — 2*[] = 205 (ATn 1, §(Tng1 — %))
+2an<Axn+1 Azp, j(Zny1 — %))

l|en — ||2 - 2a,, (||xn-+1 - || )

+20p|| ATy — Axn”Han - ||

2) |1 — |

[z — 2*||* = 200, (|| Tppr — z¥| o

— Azpl|||Ttpntr — x*H

. (r?

i = 11 = 200 (5  1Ass = Azl s - 7]
A d(r? .

o — 2112~ 202~ Gmin - 27

41

(4.43)



@ (r )
[ Q’n_’(? )’Hﬂfn+1 —z*||, sincee= 2%’;_22

2r

TAY

< o — 2t <,

and hence ||zn41 — 2¥]| < r, a contradiction. Therefore, the claim holds. Now we show that

T, = &%, Since 11 — xn — 0, by the uniform continuity of A we have that
Ty = |Aznp1 — Azp|| 0 as n — oo.
Le>t An = || — ¥, yn := 20,07, Then, (4.43) gives
Ant1 € An =200, ®(A\i1) + T

Thus, the conclusion follows from Lemma 4.2.2.

Remark 4.3.1 Theoremn 4.1 extends Theorem AG from real Hilbert spaces to the more
general real uniformly smooth Banach spaces. Furthermore, the boundedness assumption imposed
on K in theorem AG is not needed in our more general setting.

Remark 4.3.2 Theorems 4.1 and 4.2 also hold, without any modification in the proofs, for
d—weakly hemi—contractive maps.

Remark 4.3.3 Observe that if T is weakly contractive then clearly it is uniformly continuous
and bounded. Moreover, it is d—weakly contractive and in Hilbert spaces, F(T) # § (see e.g.,
(2, 5]). Therefore, theorem 4.2 extends THeorem 6.1 of [4] from the class of weakly contractive

maps to the class of d—weakly contractive maps.
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Chapter 5

Iterative Methods for Fixed points of
Asymptotically weakly contractive

Maps

. 5.1 Introduction

A subset K of a Banach space E is said to be a retract of E if there exists a continuous map
P . E — K such that Pr ==z f(;f allirlnfz in other words, K is a retract of E if the identity
restricted to K has a continuous extension to E. Every closed convex set of a normed linear space
is a retract (see for e.g. [35]). A map P: E — FE is said to be a retraction if P2 = P. It follows
that if a map P is a retraction, then Py =y for every y in the range of P.

If F = H, a Hilbert space, the metri¢ projection P : H — K defined by Pxx = Z where

7 € K is the solution to the minimization problem
—Z|| = inf ||z — n||.
[le =zl = inf ||z — ]

is a nonexpansive retraction from H to K.
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Definition 5.1.1 A map T with domain D(T) and range R(7T) in F will be called asymptotically
d—weakly contractive if there exists a continuous and nondecreasing function ® : [0, 00) := Rt — R
such that ® is positive on RT\{0}, ®(0) = 0, limn; 4 ®(t) = 00 and for z, y € D(T), there exists
J(x —y) € J(x — y) such that

(T(PT)" 'z = T(PT)" 'y, j(z - y))| < kalle —yl* = @(lz =9I,V n 21  (5.1)

where {k,} is a real sequence such that k, > 1,limy,_,cokn = 1.

Clearly, if T is a self-map, then condition (5.1) reduces to the following one:

(T"z = Ty, j(x ~ y))| < knlla =yl — 2(|le = yI*).

Example 5.1.2 Let B denote the unit ball in the Hilbert space /2 and let T : B — (2 be
defined as follows:
T(x1,22,23,...) = (0,27, agry, azzs, .. .),
where {a;} is a sequence of numbers such that az >0, 0 < q; <1, i # 2 and [[}2,a; = % Then

~ for all z,yin B,

APTPIIRRRTEUE i
(T'z - Ty, =31 < 2 [T aglle -yl Vi=2,3,...
j=2

3 H ajl|le — va2 - H ajllz — 9“2
j=2 Jj=2

< 3 T aglle— ol = 31z
i=2

Thus, if we define ki = 3az, kn = 3[[jpq;, n = 2,3,... and ®(t) = %t. Then nli_}rgokn = 1.
Hence
(T"a = Ty, (= y))| < knlle = ylI* — @(lz — y|?),

implying that T is asymptotically d—weakly contractive. Clearly, T is not d—weakly contractive.

1

To see this, take for example: az =3, 2 = (1,1, 1,0,0,...) and y = 0 to get [(Tz — Ty,z — y)| >
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{]x — y]|*. This example is a modification of the one given by Goebel and Kirk [39] for a different

class of operators.

It is our purpose in this chapter to prove a version of Theorem AG (see chapter 4) in real
uniformly smooth Banach spaces. A corollary of our theorem (Theorem 5.1) extends Theorem AG
from Hilbert spaces to real uniformly smooth Banach spaces. Furthermore, the boundedness re-
quirement on the domain is dispensed with in our more general setting. A related result deals with
the approximation of fixed points of uniformly continuous asymptotically d—weakly contractive

self-maps with nonempty fixed point sets, in arbitrary real Banach spaces.

5.2 Preliminaries

The following Lemmas will be needed in the sequel.

Lemma 5.2.1(see, e.g., [31, 34, 65]). Let E be a normed linear space and J the normalized duality
map on E. Then for any given x,y € E, the following inequality holds:

llz +yl|* <|l2|* +2(y, j(x +y)),Yi(z +y) € J(x +y).

i

wr g et e

Lemma 5.2.2 ([3]) Let {\¢} and {y} be sequences of nonnegative numbers and {ax} be a
sequence of positive numbers satisfying the conditions Y 1° a, = 00 and g% — 0, as n = oo, Let

the recursive inequality
At €A = andA)+ Yn,n = 1,2, ..., ©(5.2)

be given where ¢(\) is a continuous an.d nondecreasing function from Rt to RT such that it is
positive on RT \ {0}, #(0) =0, limy_ oo ¢{t) = co. Then

(a) Ap = 0, as n — oo;

(b) there exists a subsequence {An, } C {An}. I=1,2,.... such that

1
A’!ll S </)_1( ny + h)7 (53)

1 Om an,
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1 n '
)\mﬂ < qul( ny + L) + Yngs (54)

1 G iy

n—I m—1
Ap < An41 — Z am’ m+1<n< m+1l, An= Z a;, (5.5)
n+1 2T 1
"
/\n+1§/\1—ZAmS/\u 1<n<m -1, (5.6)
1 m
8
«
1 €1y < Sypgx = max{s: Z ;171:— < A} (5.7)

1

Lemma 5.2.3 ([53]) Let E be an arbitrary Banach space, F': D(F) C E — E be an accretive
operator, x° € int D(F). Then there exist a constant ro > 0 and a closed ball S(ry,z°) C D(F)
such that for all x € D(F) the estimate

(F(z),J(x —2°) 2 rol|[F(z)|| = colllz — 2°|] + 7o),

co= sup [|[F(§)] <o
£€S(ro,mo)

18 satisfied.

Let K be a subset of a real Banach space E and let {z, } be any sequence in K satisfying the

condition

o(|lz —y[I*) > (ka = Dllz = yI?, @, y € G = {za} U {z} (5.8)

for arbitrary z° € nt(K) and ® and k, are as defined earlier. With this we state and prove the

following lemma.

Lemma 5.2.4 Let E be an arbitrary real Banach space and let T : D(T) C E — E be an asymp-
totically d—weakly contractive map, and suppose that a fized point x* € intD(T) of T exists. Then
the operator Fy, : G — E, where F, ;= I-T(PT)""! is bounded on G if condition (5.8) is satisfied.
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Proof For any 2,y € G, we have

(Fpx — Fpy, jlz =) = (@ -y iz —y) = (T(PT)"'a — T(PT)" 'y)

v

Iz = yl” = (TPT)" e = T(PT)* 'y, j(w — 2))]
[z =yl = [knlle — I = (I} - yI*)]

—(kn — V]| = y|]) + ®({|z — y||>) >0 (by condition (5.8)).

v

fi

Hence F,, is accretive on .

Since z* € intD(F,,), we have by Lemma (5.2.3) that
(Fox, j(@ — z7)) 2 ro||[Fnx|| — colllx — &™) +ro). - (5.9)
Also, for j{z — 2*) € J(z — 2*) we have
(Faz,j(z —2")) = (Faz— Fpz®,j(z — 7))

= (o—a"jlz—2") — (TP e = T(PT)""'a", j(z — "))

IA

[l = 2|17 + kallz — ¥ ~ @(J — 2*[%)

IN

k.|l — ¥ : , (5.10)
From this and (5.9), we get the following estiinate:

1Fnall < v (2halle 2|12 + coflf — ] + 7o) ). (5.11)

A TR RS

Hence, for each integer n > 1, F,, is bounded on &.

5.3 Main Results

Theorem 5.1 Suppose E is a real uniformly smooth Banach space. Suppose K is a closed convez
subset of E which is a nonezpansive retract of E with P as the nonezpansive retraction. Suppose
T : K — E is an asymptotically d—weakly contractive map, with strictly increasing function ®
and with the sequence ky, > 1 limky = 1, such that a fized point z* € int(K) of T ewists. For

arbitrary x, € K, suppose the sequence {xn} is defined wteratively by
Tpil 1= P((l — knap )z, + knanT(,PT)"_I:cn), n>1, (5.12)
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where ima, = 0 and Y. o, = oo, Suppese further that {xn} satisfies condition (5.8). Let
F, = I —T(PT)*\. Then there erists a constant dy such that if 0 < apn < do, {2n} converges
strongly to a fized point x* of T. Moreover, there exist a constant b > 0 and a subsequence

{zn, } € {zn} such that

L ax[12 —1 —
lony =21 < 67 (S + 7)) (5.13)
where 7, = ||j(ry, — 2*) — j(zy, — ¥)|| and rp := 2y — kpanFray.
Furthermore,
2041 = 2" < 07 (o + 0 + hmnToyy (5.14)
1 FmOn
n—l E a
len — 2] < Hlepp = 2P = ) o e—m+1<n<n+1, (5.15)
mn
* || * | k 15 *
lzn 1 — | <l —2*|P = ) mme— <lzr —2*|;,1<n<my =1, (5.16)
X1 kg
2 kmoty, - 112 ’
1 <1y < $mgz = max{s: Z_"T— < ||z — «*|)*}. (5.17)
) 1 Z] ki :

Proof We first show that the sequence {x,} is bounded. The iteration sequence (5.12) can be

written in the form

FERTIE K P AT

Zpit = Pty = knon Fpzy), n > L. (5.18)

There exists an r; > 0 such that a1 € B(ry,z*). Fix r > r;. Let B = B(r,z*) N K. Since F,

is bounded on {z,} U {z*}, there exists a d* such that
| Epnl] < d* Va, € B. (5.19)

Let a d* satisfying (5.19) be fixed.
Claim {z,} is bounded. Suffices to show that 2, is in ‘B for all n > 1. By our choice =1 € B.
Assume x, € B. We show that z,41 € B. Assume for contradiction that r,+1 ¢ B. Then we

2
must have [|zp41 — 2*|| > r. Let e = ?%5.)—).
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Ag j is uniformly continuous on bounded subsets of I, there exists a § > 0 such that z,y €

T), llz — y|| < & implies ||j(z) — j(¥)|| < ¢. Let do := min{l, 55—, 37 1 Where m = sup &y,

n>t
Now,
l[Zne1 — 2| = ||P(xn — knanFprs) — P2¥||
< Hxn —z* - knanannH
< lzn = 2| + may| | Frzn||
Thus,
o ="l 2 fleuss — 71| = mal Fuzl
> r—ma d*>r—£—c
"= 2 2
Let r, := 2, — ko Frz,,. Now,
lonr = |2 = nP(wn ~ kptn(n — T(PT)"—lwn>) ~ Pz*||?
< an = & = kpon(wn — T(PT)" 1ay,)||? (5.20)
= ||lzp — 2" — knan(Frzp — n.J;*)H2
< Nan — 2¥)|% = 2knon (Fozy, j(ry — z*))  (using Lemma 2.1)
= ||lzn — 2*|]2 = 2knan(Frzy — Foz®,j(zn — %))
~ 2k (B, 3 (1 — 2%) = (2 — %))
< lzn — ¥ — 2kpan®(l|an, — )
+2knan||Fuznl|li(rn — 27) = j(zn — 27)||- (5.21)
) " . .i Y2
Since ||, — zn|| < knon||Frzal| < mand® < § we have that ||j(r, — z*) — j(z, — 2*)|| < 2(2%;)—).
Thus (5.21) gives the following estimate:
O((L)2
lon =2l < llon — 21~ 2k00,@((5)2) + Zhnarna 202
r r
= |lon—2 H2 - 2knan ((5)2) + knan@((g)z)
. r
= |lzpn—z H2 = kna, ®(( )2)
< 7 (5.22)
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ie. ||2ni1 — 2| < r, a contradiction. Thercfore wpyy € B. Thus by induction {z,} is bounded.
Next we show that z, — x* Note that », — 2, — 0 as n = o0 and hence by the uniform

continuity of j on bounded subsets of ¥ we have that
T = lilrn —2*) —j(en — )| = 0as n— co. (5.23)

Let Ap := ||zn — z*||? and 7, := 2k, a,d*¥,,, then from inequality (5.21) we obtain that

Mt < An = 2knan®(n) + Y. (5.24)

The conclusions of the theorem now follow from Lemma AG, completing the proof of the

theorem.
If a fixed point z* is an arbitrary point of D(T') then we have the following corollary.

Corollary 5.2. Suppose K is a closed convex subset of a real uniformly smooth Banach space.
Suppose K 1is a nonexpansive retract of E with P as the nonexpansive retraction. Suppose T :
+ K — E is an asymptotically d—weakly contractive and bounded map with nonempty fized point

set. For arbitrary x, € K, define the sequence {x,} iteratively by

Tpal = P((l — kptn)2n + knanT(PT)""_lxn)>, n>1, (5.25)

where limay, = 0, > an = co. Then, there exists a constant dg > 0 such that if 0 < an < dp,
then, {x,} converges strongly to a fived point a:* of T. Moreover, there exist a constant d > 0 and

a subsequence {z,,} C {zn} such that

. - 1 _
g, — |2 < ¢ 1(271” P T ) (5.26)

where 7, is as defined in (5.23).
Furthermore,

[[2ns1 = 2** < 67 + A7, ) + dhiny O, T, (5.27)
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n—i{
kpm

Ny — ,r*Hg < l#Ensr — m*H? _ Z m,m +1l<n<<n+1, (5.28)
ny+1 ¥
n
Kon Oton
lan1 — 211 < lloy —2'|)F - Z Z’”ml k <z —a*lF1<n<ni—1, (5.29)
2 ko
1< 1y < Smap = max{s : Z 27,1‘ T <oy - 2P} (5.30)
J J

Proof Since we have by hypothesis that T' (and hence F,, for each integer n > 1) is bounded,

the proof follows as in the proof of Theorem 5.1 without the use of Lemma, 5.2.4.
The following corollary is an explicit generalization of Theorem AG.

Corollary 5.3 Let T : K = E be a d—weakly contractive map, K a closed conver subset of a real
uniformly smooth Banach space E and suppose that a fized point x* € intK of T exists. Then

the sequence {xn} defined by
1 €K, zyy1 =P (xy, —an(zy, —Tay)),c=1,2,...,

where P is the generalized projection onto the set K, {ay,} is a sequence of positive numbers such
that Y o, = 00, limay, =0, converges strongly to x*.

Moreover, there exist a constant b > 0 and a subsequence {zn,} C {zn} such that

1
X2 -1 —
[l — 2|2 < ¢ (z;" — + 7). (5.31)
where Fn = 17 (pn — &%) = j(@n — 2%)|| and pn =7y — n(I = T)zy
Furthermore,
e gt L
H‘anl—l -z ||2 < @ 1(_— + brYn,) + ba?llvnp (532)
1 Om

n—1

llen = 2|* < llapr — ¥ =

Zm 1 n;+1 <n<n+1, (5.33)
n1~|—1

" (87
[Zn,+1 — 2*[|* < ||y —z*|]* = Z-i-m—_q <z —z*{1<n<n -1, (5.34)
1 1 J
8
«
lgnlgsmam:max{szzz i <Hr1—w*H }. (5.35)
1



Proof By setting n = 1, by = 1 and hence F,, = F' = I — T for all integers n in Lemma 2.4,
it follows that F is bounded on {x,} U {°}. Following the method of proof of Theorem 5.1, we
obtain that {x,} is bounded. The rest of the argument now follows exactly as in the proof of

Theorem 3.1 to complete proof of Corollary 5.3.
Corollary 5.3 was also obtained independently in [31].

If T is a self—map, the use of the operator P will not be necessary. In this case the operator F,

reduces to F, = 1 —1T".

The following Lemma which will be needed for our next theorem was proved in [31). For

completeness, we sketch the proof.

Lemma 5.4 [31] Let {\x} and {7} be sequences of nonnegative numbers and {ax} a sequence of
positive numbers satisfying the conditions 3.7° an = oo and gin — 0, as n — 00, Let the recursive

inequality

Ang1 < Ap f%‘%n‘fﬁ()‘nﬁ—l) +v,n=12,.., (536)

R L

be given where ()\) is a continuous and nondecreasing function from R to RY such that it is

positive on R1 \ {0}, ¢(0) =0, limy_,00 #(t) =o00. Then N\, = 0, as n — oo.

I+

Proof Let iminf A\, = a > 0.
Claim: a = 0. Suppose not. Then there exists N > 0 such that An 2 3 ¥Yn > Ni. Since
22 — 0, there exists Ny > 0 such that % < #(§) which implies v, < a,¢(3) ¥n > Na. Then for
n > N = max{Ny, N2} we have from (5.36) that

a a a
Ant1 < Ap— 2a,,,¢(§) + a,t¢(§) =\p — an¢(-2—),Vn > N,
which implies that ¢(§)3" o, < oo, a contradiction. Therefore, a = 0. Thus, there exists a
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subsequence {An;} C {\n} such that lim A,

€
An, < g

Vi > N3 and Ny > 0 such that v, < 2a¢(§). Let N, =

= 0. For arbitrary ¢ > 0 let N3 > 0 such that
max{N3, Na} and fix j. > N..

Then we show that A, 41 < § Vk € NU{0}. For k = 0 the result clearly holds. Suppose it holds

for any k& > 0. Then we show that it holds for £ + 1. Suppose not. Then we have Ap, (k41 > §

and hence from (5.36) we get that

€
1 < Anj, +k+1

IA

)

Mg, +k = 2000(Any, 4k41) + 208(

IN
>

—

) = /\nj*—HC)

€ €
)\nj*-Hc - 201’:1]-* _HCd)(Z) + 2a77’jt +kP Z

a contradiction. Therefore, A, 4 < § Yk € N U{0} and hence A\, — 0 as n — oo.

Theorem 5.5 Let K be a closed convex subset of a real Banach space. Suppose T : K — K is a

uniformly continuous asymptotically d—weakly contractive map with a nonempty fixed point set.

For arbitrary x1 € K, define the sequence {x,} iteratively by

n
Tp41 = Tn — knau('rn =T x'n,)a n>1,

(5.37)

where imay, = 0 and Y ap = 0. Then, there exists a constant dg > 0 such that if 0 < an < dy,

then, {zn} converges strongly to a point x* of T. Moreover, there exist a constant b > 0 and a

subsequence {xn,} C {zn} such that

wr g e AW

llam, = 2|12 < 67" (

1
o T )

where 5, :=||({ = T)xpny1 — (I — T)InH Furthermore,

) . ]_ . " . .1
*112 — — —
Hen41 — 2" < ¢ 1(_—_—Zm+1k " +b7m) + Vs
m-tm
n—l
QY
|zn — 2*|* < Jlenr — 2P = Z,Z e nl+1<n<n1+1
ni+1

n
: k o
241 = 2] < ||z — 2*|]* - E = < ||z —2*||51<n<ny - 1,

m J

1 <ny < $mag = mMax{s: Zfﬁnl—\|]zl—xll }.
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Proof We first show that the operator F,, : K — K, wheve F,, := I —T™ is uniformly continuous.
Suffices to show that T™ is nniformly continuous. Given e > 0, there exists 4; > 0 such that
||z — y|| < &, implies ||Tx — Ty|| < e. There exists 6y > 0 such that ||[77~ 1z — T ly|| < &
implies ||T"z — T"y|| < e. Let § = min{dq,d2}. Then ||z —y|| < § = ||T"z — T"y|| < e. Thus T

and hence F,, is uniformly continuous for each integer n > 1.

Let z* be a fixed point of T and let B, r and d* be as in the proof of theorem 5.1.

Claim : z, € B Vn > 1. By our choice 2y € B. Assume x, € B. We show that z,41 € B.
. 2

Suppose not, then ||z,4+1 — 2*|| > r. By the uniform continuity of F, for ¢ = %:—2, there exists

d1 > 0 such that ||z — y|| < 61 implies ||Fpz — Fry|| < e for all z,y € D(T). Fix 6,0 < § < &

1 r )

and set d(] = m1n{ﬁ, T*m adem !

Now, ||znt1 — 2¥|| < lzn — 2*|| + map||Fpz,a|| < 7+ dod* < 2r.

Using this and Lemma 5.1 we have

llzn41 — x*”z < ”xn - x*Hz = 2knon(Fazn, j(Tn+1 — 7))

= eno@l = 2knon(Fazngy — Faz®, j(zng1 — 2¥))
+2k7;dn(Fn.1:n+1 — Fozp,j(zny1 — 2%))

< lon — 272 = Zkpand(|feass — 2°|%)
+2knanl| Fon st = Fugnllllznty — 2] (5.43)

From inequality (5.43) we havey
Engr — 2% < lzn — 2¥]|2 = 2kna, ®(r?) + anan—qi%z—)
< lzn = 2¥|f? = kpan®(r?) < r? (5.44)

and hence ||zp4+1 — 2*|| < r, a contradiction. Thus {z,} is bounded. Now we show that z,, — z*.
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Since Tp41 — Ty — U, by the uniform continuity of F' we have that
¥ = || Fa®nsr — Fran]l = 0 as n = .
Let Ay = [|zn — 2*|%, 0 1= 2k ¥,,. Then, (5.43) gives

Ant1 < An — 2knanq)(/\n+l> + Yn.

Thus, the conclusion follows from Lemma 5.3.3.
Remark 5.6 Prototype of ® satisfying condition (5.8) is ¢(t) = t.
Remark 5.7 Corollary 5.3 extends Theorem AG from real Hilbert spaces to the more general

real uniformly smooth Banach spaces. Furthermore, the boundedness assumption imposed on K

in theorem AG is not needed in our more general setting.



Chapter 6

Mathematical Modelling of Drug
Resistant Malaria Parasites and

Vector Populations

.6.1 Introduction

Recall the following fundamental mathematical model for malaria, due to Ross-Macdonald. This

SEPPIRRPRNE I LR

model describes the basic features of the interaction between infected humans (y) and infected

mosquito vectors (¢). The model is defined as follows:

i o= oag(t—y) -y,

¢ = By(l-a) - na,
where a = b3, B, r, u are some constants defined as follows (see for e.g. [12]):
N is the size of the human population;
M is the size of the female mosquito population;

%— is the number of female mosquitoes per huinan host;
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4 1s the rate of biting on 1nan by a single mosquito (number of bites per unit time);
b is the proportion of infected bites on man that produce an infection;

r is the per capita rate of recovery for humans (]; is the average duration of infection in the

human host);

(t 1s the per capita mortality rate for inosquitoes (ﬁ is the average lifetime of a mosquito);

(the constants have their usual meanings, see our General Introduction).

In this chapter, we describe the phenomenon of drug resistant malaria infection in a hyperen-
demic region by a system of ordinary differential equations models. Different situations on both
vectors and humans are described. The first presentations deal with single population each for
both humans and vectors (with the human population fixed). These models are without resis-
tant strains. The second group of models deal with both resistant and sensitive strains. Our
focus in analysing the models is on establishing a unique positive asymptotic equilibrium for each
of them. Tt is shown that (under suitable conditions in most cases) the equilibrium points are
(locally) asymptotically stable. The biological significance of each of these points emerges as a

by-product. Throughout this paper, we shall adopt the following notations (where applicable):
N denotes the total human populatién size which is assumed to be fixed,
x denotes susceptibles (the nurilberoJf p“eople that are uninfected),
y denotes infectives (the number of people that are severely infected).

Where y, and Y occur simultaneously, we designate y as the number of individuals infected
with parasites that are sensitive to drugs and ¥, the number of individuals that are infected with

resistant parasites with or without the sensitive parasites.

6.2 Simple host—vector model

We start by assuming that all parasites are sensitive to the drug (chloroquine or other 4-aminoquinoline

derivatives). This can be a case of some acute malaria caused by single or mixed infections of P.
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falciparum and P. vivax. Let g be the population of infected mosquitoes, r the cure rate, and c,

the unit contact rate between infected mosquitoes and susceptibles. We have (using x+y=N),

§=cxg—ry=c(N —y)g—ry.

If all infectives are treated initially and respond to treatment, then there are no gametocytes.

This is also on the assumption that all infectives become ‘immediately’ symptomatic. This kind of

infection is most common in infants. So, we could assume that this model depicts infant infection,

where the mosquitoes become infected from infected adult humans. In this case, we assume that

the infected mosquitoes grow by an influx v. Then , ¢ = v — g (where ¢ is the death rate of the

mosquitoes). So, we have the following nonlinear system:

y = -—-ry+cNg—cyq,

q = U_5q7

The equilibrium point of this system is given by

09 = (5.

ve+r6' 6
Differential equation (6.2) is easily solved for g, giving

v

q(t) = 5 (1 —'6'“) +q(0)e™

which approaches § as t — co. With this limit for ¢,

"

) ‘ cv eNv
ut) = —(r+ =y + —,
) 0
which solves to give
velN —t(ré+cv)
— — [
y(t) - (1 e ) +y(0)e

veN
ve4rd

y(t) approaches

(6.1)

(6.2)

as t = 00; hence the equilibrium point is locally asymptotically stable.




The following proposition provides a rationale for this approach.
PROPOSITION PS ( [55]).

Consider the system

;= f(z1,22)
3 = g(x2)

with f(.,.) and g(.) continuous throughout a compact subset E of R%2. Define P(E) as the

projection of E onto the z2 axis. Assume

1. E is positively invariant for the system,

and

2. x9 = &9 is an equilibrium point that is globally asymptotically stable on a subset A of

P(E).

Then every trajectory starting in A" = {(z1,22)} : x2 € A} tends asymptotically to a point of

the form (&, &2), where 2 is an equilibrium of

@1 = flay,82) ()

PPRTIENE R YT LS

!

Proof

By assumption.(Z) the w limit sét of evety traj“ectory starting in A’ must lie on the line z9 = 7.
By Poincaré-Bendixon theory and the continuity of the functions f and g, the w limit set must
consist of a single point (see for e.g. [40], p. 155), say, (Z1,Z2). Clearly this point must be an

equilibrium of the system. Hence Z; must also be an equilibrium of (*). This completes the proof.

Now if we take E = {(y,¢)| 0 <y <N, 0< ¢ < (27”), then E is a compact subset of R? and

is positively invariant for the system (6.1) and (6.2).
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It is seen from this model that the vector population, and infection growth are controlled more

or less by the parameter §. As § — 0, ¢ becomes unbounded and y(t) — N.

A more appropriate situation (in considering the entire human population) within a given
region is to assume that the population of infected mosquitoes grow by a factor proportional to

the number of infectives, so that ¢ = vy — dq. Thus, we consider the following

y = —ry+cNg—cyg, (6.3)

—rétveN —ré—}—ch)
ve ’ cd '

The system (6.3) and (6.4) has two equilibrium points given by (y,q) = (0,0) or (
Both eigenvalues of the associated matrix of the linearized system near the origin have negative
real parts provided N < % Thus, stability of the origin is dependent on the magnitudes of the
parameters. Let X = (y,q)T, X = f(X), and X = (yo,q0)", where

—rd + veN —rd +veN
Yo = Ve » qo = o5 . (65)
Then,
—r—cqo cN —cyp
Vf(Xo) = ‘ (6.6)

v -6
Tt is easy to see by Routh-Hurwitz.canditions that both eigenvalues of the matrix in (6.6) have
negative real parts provided that N < yo + QQ’LL—CC—(I—(’) This inequality simplifies to 0 < yq, (since
Ve ve

Srteqo) N). Now, N < I implies veN < rd, which implies yo < 0. Thus, the point (o, qo)

is not feasible if N < % All these prove the following theorem, which we state formally as follows:

"

THEOREM 6.1

The origin is a locally asymptotically stable equilibrium point of the system (6.3) and (6.4)
provided that N < % when it is the only equilibriuin point. If N > Z—i then the origin is unstable

and there is a unique endemic equilibrium (yo, ¢o) which is locally stable.
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6.3 Resistant parasites

We consider infections with both sensitive and resistant strains of the parasite. Let r and K be
the cure rates for the sensitive and resistant infectives respectively; ¢ and @ the populations of
mosquitoes carrying sensitive and resistant parasites respectively. Note that it is possible for some
mosquitoes of the class @ to be carrying both strains of the parasite. If a human susceptible is
infected with both strains of the parasite, we simply call it resistant infection since the sensitive
infection is absorbed in the resistant. Let u be the probability that a susceptible coming into
infective contact with the mosquito class () is infected with a resistant strain, given that the
susceptible is infected and 1 — u the complementary probability, that is the probability that the
susceptible is infected with a sensitive strain of the parasite. As in the single class sensitive case,
we first assume that the population of infected mosquitoes grow by a certain influx. We then

have the following mosquito-sensitive-resistant model

g = cxq+c(l —u)xQ — cuy@ — ry, (6.7)
Y = cuzQ + cuyQ — RY, (6.8)
¢ = v—dg, (6.9)
O = V-AQ, (6.10)
%, Fae €Ty +Y) + 1y + RY, (6.11)

where as before ¢ is the unit contact rate between susceptibles and infected mosquitoes with
which new cases occur, § and A are the death or removal rates of sensitive and resistant type
mosquitoes respectively. The contribution cuy(Q is a case of superinfection. Such a phenomenon
has been known to occur in reality (sele for (;.g. (12, 14]). Eliminating z from (6.7) and (6.8)

(usingz +y+Y = N) we get:

y = —ry+cNg+cN1—u)Q —cyqg—cYqg—cyQ —c(1 —u)YQ, (6.12)
Y = —RY +aNQ - cwYQ, (6.13)
i = v—4dq (6.14)
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Q = V-AQ, | (6.15)

Equations (6.13) and (6.15) can be identified with equations (6.1) and (6.2) with cu as the contact
parameter. It follows that the equation for resistant infection in the double strain model can be
identified with that of the sensitive infection in the single strain model. Equations (6.14) and

(6.15) have solutions

To proceed with the stability analysis of the system (6.12)—(6.15) we shall prove a more gen-
eral version of Proposition PS with (z;,z3) € R* and 25 € R3. Clearly ¢ — 5 Q — % as

t — o0.

By application of Proposition PS with-z3 € R? to the equations (6.13) and (6.15) we deduce

Y - VX;ICX%A. Hence equation (6.13) has the form

J=—(r+ecg+e@Qy+cNg+eN(1—u)Q—cYg—c(l-u)YQ

or

il ‘?..,‘—A(i)y + B(t)

whereA(t)—)v*+%+%>0ast—)oo,‘

ast — oo.

_ cuN | ¢VN _ cuVN Auw VN A(1—uw)VIuN
B(t) = B =5~ + S5 — K~ — 5VestRA) ~ A(VeutRA)

Also B > 0 since,

coN AuwVN VN  cuVN 02(1—u)V2uN

B = o T iWatrA T A T A A(Veu+ RA)
_ ﬂ(l— Veu >+CVN(1_ )<1_ Veu >
-3 (Veu+ RA) A “ (Veu + RA)

> 0.

Hence B(t) = B >0 as t = oo.

As ﬁfi—)%asa:—)O,givene>0,3n>Os.t. if |z <n %—%e<ﬁf£<%+%e
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Ft, 8.t for t > 1,

Atn > A >A—5>0
B+n > Bt)2B-n>0

w.lo.g. let n < 3 min(4, B), e<1

—(A+ny—(B-n)<y<—(A-ny+(B+n)

As
7 < —(A-ny+(B+n) fort>1,
B+n}
= —(A- y— ———
( n){y g
g'g —(A—n)¢ for t >t, where ( =y — B+77,
A-n
So
() < ((to)em ATl
B 1
< - _ —(A=n)(t—to)
< (N 2 + 26) e
< _ - 4= (t—to)
< (N — 2) ;
1
< 7€ if t>t, where t; does not depend on e
y < A—_%+%6£z+6 if t>1;.

Silllilarly Jto >tyst. if t>t y> % —€ Soy — % as t — oo which is the required result.
Thus, we conclude that as in the single strain case, the double strain counterpart has a unique

positive asymptotic equilibrium.

G

We now consider a two strain model equivalence of equations (6.3) and (6.4).  Since the
sensitive vectors grow by factors proportional to both itself and the resistant type, equations

(6.14) and (6.15) are replaced by

q = ay+ Oth — 5q, (616)
QO = Y —AQ. (6.17)
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The system (6.12), (6.13), (6.16), and (6.17) has four equilibrium points in which the origin is
one. By considering the linearized system near the origin, it is easy to see that the origin is locally
asymptotically stable if
réd . RA
N < min {— —}

ajc’ cuy

and unstable if N > min {i %} .

aje’ cuy
The other equilibrium points are

Pl(y17Y1 (Jle) (Ncal ~1d 0 Ncal o 0) PZ(y%Y'Z)quQZ) = (yQa Cu’yN—RA,qZ’ CUPYN—RA)’

ca cuy culA

P3(y3,Y3,q3,Q3) = (y3, CWZL;RA ,q3, CWQZRA ); and each of (y2, ¢2), (3, ¢3) satisfies some quadratic
equations of the form

EX*+FX+G =0, (6.18)

where E, F, and G are some functions of the parameters. Let P = (y,Y, ¢, @)’ be any point in
R4, and let Py = (y;,Y;, ¢i, Q)T (i =0,1,2,3) be any of the equilibrium points. If P = g(P;), then

—r—cqi—cQ; —cqi—c(l—u)Q; cN —cy;—cY; cN(1—u)—cy; —c(l —u)Y;
0 —R - cu@; 0 culN — cuY;
Vg(P,) = Qs
@ e .nag [ SRR : —(5 O
0 Y 0 —A

(6.19)

By a classical theorem of Lyapunov, P, is asymptotlcally stable if and only if the real parts

I

of the eigenvalues of the matrix in (6.19) are negatwe. It is easy to see that all the eigenvalues of

the matrix (6.19) are negative provided

A §
9, ,m+Y+—w—@
v C’ i Q) co

N <min{Y; +

} (6.20)
Now we consider all the possible cases:

(1) IfN<m1n{ rd RA}

aic’ cuy
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(iii)

then the origin is locally asymptotically stable and none of the points Py, P and Ps are

biologically feasible.

If B8 5 N> 18

euy e

then the origin is biologically feasible and unstable. P; is feasible and

A AR AR
Qi AR _AR

Y1+ = > N,
¥ cuy  cwy
] Ncag —rd )
y1+}’+_+& — = 2(1—)_+__
ag cay ca coy
Ncog —rd
- MmO NS N
cQq

So P, is locally asymptotically stable. Neither P, nor Pj is biologically feasible in this case.

If == a1 - >N > R2 cuw
then the origin is unstable and P; is not biologically feasible. (y2,g2) and (ys3,q3) are the

roots (y, q) of the equations

—ry+ch+CN(1—u)Q—cyq—-ch—cyQ—c(l—@)YQ =0 (4)

ay+aY —dg = 0 (17)

where Y = Y2 = }/3 and Qua'._'.d‘.@ﬁ.n,-m_t_ Q3'

Substituting (ii) into (i) we have:

dg — Y
—(r+cqg+cQ) <C[_g2__

> +cNg—cYqg+ceN(1—-u)Q —cY(1 —u)@Q =0.
(03] 4

"

This is a quadratic in ¢ given by

@
a3}
5 cany
- [—('r+c62)—+ca2 +c(N—Y)]q
a1 (05}

+ [(r + CQ)% bV =Y)(1 - u)Q] ~0
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say Xoq? + X1g+ X2 =0. As X, < 0 and X2 > 0 the product of the roots gagy < 0, hence

exactly one of ¢g» and g3 is positive. Suppose that

— X — /X2 —4X, X,

= — >0

q2 2X,
—X14+/XE-4X, X,

g3 = 59X, < 0.

If h(q) = Xoq* + X1¢ + Xy then h (onl) > 0,50 g2 > %X
S0 Yo = % - % > 0. Hence the equilibriumn point P, is biologically feasible whereas P3

is biologically infeasible.

Moreover
A AR N - RA RA
Y, + 202 AR 2<CW—>+——
~ cuy cury cuy
N — RA
- Nl NS N
cuy
0gs 6 " 26 Y. é )
o+ Yy 4 2020Q2 70 202 as¥y 1O 0Qr
@] Qg CQyy (43} (24} cQq 1

Now g2 > —21% so —2X,q2 > X1.
20gy 5 b

(€3] (e73] ‘ aqc
24 agYs ré c

ﬁ _ _2__2+_+Y2+_CQ_2.>N.
X1 ) (03] ‘Oqc [84]

PR IR PO ARt

So Ps is locally asymptoticaHy stable.

(iV) IfN>maJx{ﬁ ﬁé}

a1c? cwy
then the origin, P and P, are biologically feasible. The origin is unstable. Also
' AQ, - AR AR
yo 80 AR AR
v cuy  cuy

So P is unstable. Py is locally stable (as in (iii)). Pj is infeasible (as in (iii)).

We now state the foregoing analysis in a theorem as follows:

THEOREM 6.2

The system (6.12), (6.13), (6.16), and (6.17) has the following stability analysis.
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g . y A
(i) f N < min {;‘—fc %}
then the origin is locally asymptotically stable and nonc of Py, P» and P5 are biologically

feasible.

(ii) If%>N>JTJC

then the origin is unstable, P; is biologically feasible and asymptotically stable and P, and

P; are biologically infeasble.

ré RA
(iii) If 7% >N > 2=
then the origin is unstable and P; is not biologically feasible, P, is biologically feasible and

asymptotically stable and Pj is infeasible.

(iv) U N > max{;—fc, ﬁ%—}

then the origin, P; and P are all biologically feasible. P> is locally asymptotically stable

whereas the origin and I’ are both unstable. Pj is infeasible.

6.4 Conclusion

This paper discusses malaria infection in an endemic region. The first two models treat sensitive

infections only. These models do not assume fixity of vector populations, thus making them more

PERPR TRRC AR

of reality than the fundamental model of Ross-Macdonald and most of its products.

’The first and third models are typical of a situation in which there is a sudden outbreak of
infections. In this case, infected vectors q‘rrive §t a constant rate from a region that is already
endemic. Each of the models has a unique positive endemic state. The first model indicates
that nearly everybody could be infected with the parasite if the death rate of vectors is small.
This is seen from the fact that the endemic state of y, 7 — N as 4 — 0. Similarly, in the third
model, resistant infectives persist and nearly everybody could be infected with resistant parasites
if the death rate is small. This is seen from the fact that the endemic state of Y, V o N as

A — 0. Thus, since resistant infectives are less sensitive to the drugs, major health efforts should
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be geared toward destroying the parasites.

The second and fourth models are typical of most African countries. In this case, the growth
of infected vectors is proportional to the nuinber of infectives. Under suitable conditions in each
case, the origin is locally asymptotically stable. The fourth model, in particular, describes more
accurately the current trend in malaria infection, especially in Nigeria for instance, where strains
that are resistant to virtually all known drugs have emerged. Since efforts should be directed
towards eliminating resistant parasites (and henée resistant infection), conditions (i) and (ii) of
theorem 2 are important eye-opener to health management board. They indicate when the origin
or P; is locally asymptotically stable. On the other hands, the conditions (iii) and (iv) of theorem
2 is not favourable to the elimination of resistant infection, since in these cases, the point P leads

to a positive endemic state for all infections.

Finally, each of the models can be adapted to describe the spread of other infectious diseases

whose biology is similar to that of malaria.
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Chapter 7

Some Malaria Models Treating both
Sensitive and Resistant Strains in

Single and Multigroup Populations

7.1 Introduction

In this chapter we continue our study of drug resistant strains of malaria parasites. We consider
a nonlinear model treating both sené1£1§ét&11d resistant strains, first in a single population and
secondly in a multigroup population. We assume in each case that all infected individuals receive
initial treatment. This consists in the administration of chloroquine or other 4-aminoquinoline
derivatives. Each of our models has orl_ly”two‘eguilibrjuln points—a trivial and a nontrivial equi-
libria. Our observation is that resistant parasites constitute the major health problems since
sensitive parasites are destroyed by drug action. It then follows that under this setting, sensitive
parasites grow by an influx, metamorphosis, and/or by evolution. However our model does not
recognise infected vector growth by influx. Our models reveal that either both infections die out

simultaneously or an endemic state is reached for both of them.

Throughout this chapter, we shall adopt the following notations (where applicable):

69



N denotes the total human population size which is assumed to be fixed,

a denotes susceptibles the number of people that are uninfected),

y denotes infectives (the number of people that are severely infected),

z denotes the immunes (the number with mild, asymptomatic infections).

Where y, and Y occur sirnultaneously, we designate y as the number of individuals infected with
parasites that are sensitive to drugs and Y, the number of individuals that are infected with

resistant parasites with or witliout the sensitive parasites.

7.2 Single population

We assume that all infected individuals receive certain popular drugs such as chloroquine or other
4-aminoquinoline derivatives as their initial and only treatment. We consider infections with
both drug sensitive and resistant strains of the parasite. Let r and R be the cure rates for the
sensitive and resistant infecteds respectively; ¢ and @ the populations of mosquitoes carrying
sensitive and resistant parasites respectively. Note that it is possible for some mosquitoes of the
class (} to be carrying both strains of the parasite. If a human susceptible is infected with both
strains of the parasite, we simply call it resistant infection since the sensitive infection is absorbed
in the resistant. Let u be the probability that é susceptible coming into infective contact with
the mosquito class @ is infected*with 4 resistant strain, given that the susceptible is infected
and 1 — u the complementary probability, that is the probability that the susceptible is infected
with a sensiti.ve strain of the parasite. Since infecteds are treated initially, sensitive infecteds
return directly to the susceptible grdup while resistant infecteds gradually acquire immunity and
pass onto the immune class. Thus, 'se}lsiti‘vé infecteds cannot (possibly) produce gametocytes
(matured strains) that are responsible for the transmission of the disease. Hence, the class of
(partial) immunes can only arise from the class of resistant infecteds. Thus, we have the following

mosquito-sensitive-resistant model:

= crq+c(l—wzQ — cuyQ —ry, (7.1)
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Y = cuzQ +cuyQ — RY, | (7.2)

5 = RY —~3 (7.3)
¢ = oz-—1q (7.4)
Q = B=—(Q. (7.5)
i = —cx(q+ Q) +ry+7z, (7.6)

where x +y + Y + 2z = N, v is the rate of loss of immunity, ¢ is the unit contact rate between
susceptibles and infected mosquitoes with which new cases occur, § is the death or removal rate
of sensitive/ resistant type mosquitoes. Recovery from resistant infection with per capita rate R
is simply a transition to the immune class. The contribution cuy@ is a case of superinfection.
Such phenomenon has been known to occur in reality (see for e.g. [12, 14]).

The principal evolutionary pressure favourable to the propagation of any of the strains is the
geographical distribution of the region under consideration.

Eliminating x from (7.1) and (7.2) (using z + y + X + 2 = N) we get:

gy = —ry+cNg+cN(1—u)Q —cyg—cYqg—czq—c(l —uw)yQ —c(l -uw)YQ
—c(1 —u)z@ — cuy@, (7.7)
Y = —RY +cuNQ —cu(Y +2)Q, (7.8)

2o E T T

Equations (7.3), (7.4) (7.5), (7.7) and (7.8) have two equilibrium points, out of which the

origin is one. The other equilibrium point is positive provided

¢ [eg(y 4 R) + (1 — w)By + (1 - u)BR]z
N > nl/aa’{c’uﬁ, . . aCR+77B(1—U,)/B | . }’ (7-9)
where, '
_ R(euBN =€) v y(euBN =)
20 = B+ R) Yo = 7= BT R) ~ (7.10)

Let Py = (yo, Y0, 20, G0, Qo) be the nontrivial equilibrium pbint of the system (7.3), (7.7), (7.8),
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(7.4) and (7.5). Then the Jacobian matrix of the system at P is

(o + Qo) —claot (1 —wQo) —clao+ (1 - WQo) s |
0 — (R + cuQo) —cullo 0 —Jjos
J(Po) = 0 R — o o0 |, (711
0 0 o /Y
_ 0 0 3 0 —¢
where, -

Juu =c(N —yo— Yo —20). j1s = c[(1 = uw)(N — Yy — 20) — wo], Jos = culN — cu(Yo + 29)

and Fy is given by

. R aR R
PO = (:I/Oa }/07 20,40, QO) = (?JO, Y07 ——)/07 _Y07 /8__)/0)7 (712)
S B

with Yj as in equation (7.10).

The eigenvalues of the matrix J(Fy) are
Al =—(r+cq+cQo) <0, A =-n<0,
and the three eigenvalues of the matrix

~(R+ cuQg) —cuQqo culN — cu(Yy + 2z0)
Ji = E T 0 ' (7.13)
0 B —¢

The characteristic polynomial of J; is

M4+ (R+cuQo+ v+ ON+([R + cuQoly + [R + cu@o]C + ¢ + cu@QoR) A

+ (R + cuQo)y¢ + cuQoR( + cufR(Yo + 20 — N).
Tlie Routh-Hurwitz condition for all eigenvalues of J; to have negative real parts is

(R + cuQo + v+ O)(Ry + cuQoy + RC + cuQoC + v¢ + cu@QoR)

> cuQoR( + (R + cuQo)v¢ + cuBR(Yy + z9) — BRculN > 0,
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which simplifies to
Qo | ¥ Qo Y6
N < =— :
<% "R "B

Since Qﬁﬁ + j-é—oR'—o + gﬁ; = N, (7.14) further simplifies to

+ Y5 + zo. (714)

0 < Yo+ 20. (7.15)

Thus the nontrivial equilibrium P, is asymptotically stable if and only if condition (7.15) holds.

By considering the linearized system ncar the origin it is easy to see that the origin is an
asymptotic equilibrium point if and only if

¢

N<C_u/§

(7.16)

It follows that the origin is an unstable equilibrium point if and only if
N > E’UEB‘ or cuBN > (. But if this is the case, equation (7.15) is satisfied since both Yy and

zo automatically assume positive values. We state the ongoing discussion in a theorem as follows.
THEOREM 7.1

The origin is a locally ELS}’I]IR'F?'E{(E%I}XVlﬁ’gable equilibrium point of the system (7.3), (7..7),
(7.8), (7.4) and (7.5) provided that N < E%% when it is the only equilibrium point. If N > %%—
then the origin is unstable and there is a unique endemic equilibrium (yo, Yo, 20, go, Qo) (where
{30, Y0, 20, o, Qo) is given by equations (7.10) aad (7.12)) which is locally stable.

Hence the issue of the existence and stability of the unique nontrivial endemic state is not
a global phenomenon; it is dependent on parameter variations. If there is no resistant infection

(u=0) the only equilibrium point is the trivial one and it is asymptotically stable for all parameter

values.



7.3  Multigroup population

In this section we consider a case of a kfint.c\racting human population groups: N, i =1,2,..,k,
with N = 3% | N;. We assume that infecteds in each gr‘dup receive initial treatment. Thus
as in the 2-strain model, sensitive infecteds cannot produce gametocytes since the parasites are
destroyed by drugs early enough before they get to the exoerythrocytic stage. The degree of
resistivity of parasites to a particular antimalaria drug is a function of geographical distribution.
Denote by v;, Y;, and z; respectively the numbers of sensitive, resistant and (partial) immunes
associated with group NN;; also denote by ¢; and Q; respectively sensitive and resistant vectors
associated with group V;. The emergence and propagation of resistant parasites in each group
depend on certain evolutionary pressure. For simplicity we shall assume that the growth of each
of the vector groups depends on the population of (partial) immunes in that group. Vectors from
group j infect susceptibles of group 7 at a rate of ¢;;. Let u; be the probability that a susceptible
in group ¢ ig infected by a resistant strain from group j; the complementary probability, 1 - u;, is
the “probabiiit’y that a suséef)tible is infected with sensitive strain only. Let r; and R; respectively
denote the cure rates for the sensitive and resistant infecteds. Note that resistant cure is just
a transition to the corresponding immune class. ’fhe model for this }{-population group is then

described by the following systein of differential equatiors:

Ui = i[céj(Ni — oy = Vi g (1 up) (N — i - Vi — 2) Q5 — cijuguiQ;] — raf.17)
lzl

Y= Y ueQ(Ni = Yi— z) - RiY;. | (7.18)

4Lo= E;Yl ~ YiZi, | : ‘ (7.19)

4 = iz — Nigi, - (7.20)

Qi = Bizi—GQi, | (7.21)

ci_j20,0<ui§1,r,->O,Ri>0b,ai>O,Bi>O,%>O,m>0,Ci>Oand0_<_yi+Yi+zi§Ni;

Let X=(y1, oy U, Y1, oy Yis Z1y coor 2y QL ooy Qs Q15 o, Qi )T . Then X is a 5k-dimensional vector

whose first, second, third, fourth, and fifth k components are respectively those of y; (i=1,....k), Y;
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(i=1,. k), z; (i=1,...,k), ¢ (i=1,...k), and @; (i=1,...,k). The analysis of the system (7.17)—(7.21)
is more complex than that of the correspouding 2-strain system. We begin with the following

definitions/preliminaries.

For vectors a and b, where a = (a1, ... ,ax)T, b= (by, ... ,bx)T, let a @ b be the vector whose

components are the products of the corresponding components of its arguments, i.e.

a®b=(arby, ... akbk)T.
It is easy to see that the operation ® is symmietric, bilinear, associative and commutative. If
diag(d) for a vector d means the diagonal matrix (of appropriate dimension) whose ith diagonal

entry is d; and 1 means the vector with all components equal to 1, then
a®b=diag(a)b and a.b=(a®@b).1
(where . means dot product). If B is a matrix, a ® B is a matrix with (a ® B);; = a;B;;.

In chapter 6 we extended Proposition PS to R* and thus obtained a unique globally asymp-

* totic equilibrium point for a system in R*.

T

Let vy = (y1, ... ,y)T, ¥ = (4Y1,,3k)T, 2= (21, )T, g = (q,  ,q)', Q=
(Q1, ... ,Qr)T. With these definitions, the vector form of system (7.17—(7.21) is

§ = rOyr(NoC)+IN&G)((1-w)®Q) - ((y+Y +2) ®C)q
(Y +2)00((1-0)8Q) - e C)ueQ), (7.22)
Y = —R®Y+(N®C)(u®Q)—((Y+z)®“C)(u®Q), (7.23)
i = RQY —y®z, | (7.24)
§ = a®z-n®q, (7.25)
Q = Bez-(2Q. (7.26)
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The set of feasible values is
1= {X = (317Y7Z7Q7Q)T = Rm‘; Y4 2 0,); 2 0,2%‘ > qui 2 O!Qi 2 0;3/«& + }/A + % < ]\/’z‘,\/i}.

THEOREM 7.2
The set Q2 is positively invariant for the system (7.17)—(7.21).

Proof. By Nagumo’s theorem [51], if the outward-pointing normal n at each point on the
boundary 992 of a set 2 when dot multiplied with the vector field ¢ at that point yields a
nonpositive result, then the set is positively invariant for the differential equation.

The boundary of 2 corresponding to the condition y; > 0 or —y; < 0 gives rise to the outward-

pointing 5k-dimensional normal vector
n={0,..,—1,...07%, —1 in the ith position.

We are to show that
| nX <0

when y; = 0. From equation (7.17), when y; = 0, —y; is
— (Vs e Z%[qi (1 —u5)@Qj] <
The boundary of € corresponding to —Y; <0 gives rise to the 5k-dimens?onal normal vector
n={(0,..—1,.. 0)7 .~ —Lin the (k +1)th position.
From equation (7.18), when Y; = 0,

nX = Y, =- Zujciij(Ni —2) <0
j#i

Similar results hold for the boundaries of corresponding to

-2 <0. —g <0, —@Q; L0.



The boundary of  corresponding to y; + ¥; + 2; < N, gives rise to the 5k-dimensional normal,
n=(0,...,1,.,1,..,1, ,.,O)T, 1's in the z'th', (k +1)th and (2k + i)th positions.

At boundary, y; + Yi + z; = N;, so that N; = Y; — z; = y;; hence, from equations (7.17), (7.18) and
(7.19)

nX = ;i + Yz + Z
= - Z(Cijujyin —riy; + Z(Cijujyin) - RY; + RY; — vz

= —(riyi +viz) <0

Hence (2 is positively invariant for the systemn (7.17)--(7.21).

Now, back to system (7.17)-—(7.21). We do not know a complete analytical solution to this
problem. However, with much restrictions as below, we obtain some reasonable results.
At equilibrium, 2; = 0, ¢; = 0, Q; = 0. This implies that

R.

o= —Yi=pY,  (p=—=) (7.27)
Vi Yi
o o; R
¢ = —zn=pmY; (u=-——), (7.28)
i ni%Yi
B BiR;
Q- e gm0 Y wp = —). 7.29
Gi ( Givi ) (7.29)
At this point, equation (7.18) becomes
k
Z Clju]w] §(Ni = Yi = pi¥i)] = RiYs. (7.30)

System (7.30) is amenable to the LY ‘System with matrix of linear terms given by
Ay = diag(N)Cdiag(u ® w) — diag(R), (7.31)
and the vector of quadratic terms given by

Ty = ((p+1) ®Y®C’)‘(u®w®Y). (7.32)
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Thus Y tends asymptotically to 0 if s(Ay) < 0 and to a fixed nonnegative vector Y* (say) if
s{dy) > 0.

Hence:

Q tends asymptotically to 0 if s(Ay) € 0 and to w® Y™ if s(4y) > 0;

z tends asymptotically to 0 if s(4y) <0 and to p@ Y™ if s(4y) > 0;

g tends asymptotically to 0 if s(Ay) <0 and to 4 ® Y* if s(Ay) > 0.

By substituting these values (in view of Proposition PS extended to R5*) into equation (7.22) we
also get

y tends asymptotically to 0 if s(Ay) <0 and to y* # 0 if s(Ay) > 0.

We state this in a theorem as follows:
THEOREM 7.3

The solutions to system (7.17)—(7.21) approach the origin if s(4y) < 0 and approach a unique
positive equilibrium (y*, Y*, 2%, ¢*, @*)T provided Y (0) # 0; where z* = p@Y*, ¢* = p®@Y"*,
Q* = w® Y™ and y* is obtained by setting the right hand side of equation (7.22) to zero and

substituting for the known vectors.

It follows that both infections' it &ut“if s(Ay) < 0 and that an endemic state is reached for
both infections if s(Ay) > 0. This result together with that of theorem 1 shows that both models
have similar results. These results should be a guide to health officials. Since major health efforts
should be geared towards eliminating the parasites {and hence the infection), conditions leading
to the origin being an asymptotic equilibf’ium‘p’;)int should be put in place.

Finally we remark that a complete analytical solution of the system (7.17)—(7.21) is desirable.
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Chapter 8

A Mathematical Model for Malaria
Treating both Sensitive and Resistant
Strains in a Spatially Distributed

Population

8.1 Introduction

The emergence of drug-resistant malaria parasites in recent years has become a significant public
health problem. Drawing from our ealier models (see chapters 6 and 7), a model for a spatially
distributed populatibn is hereby introduced. ‘Our fo'(“:us in analysing the models is on establishing
some positive asymptotic equilibria. It is shown that (under suitable conditions) the equilibrium
points are (globally) asymptotically stable. As a function of some interplay between the various
parameters, the equilibrium can lead to endemic infection with sensitive infection only, resistant

infection only, or both, or to elimination of both infections.
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8.2 Spatially Distributed Population Model

Now, we consider a case of a heterogeneous interacting population groups: Ny, ¢ = 1,2,..,k;
N = Y% | N;. This consideration becomes necessary in view of the fact that resistivity of parasites
to a particular antimalaria drug is a fu_nction of geographical distribution. We denote by y; and Y;
respectively sensitive and resistant infecteds associated with group V;; the corresponding vectors
are denoted by ¢; and Q; respectively. Vectors from group j infect susceptibles of group i at a
rate of ¢;;. The probability that a susceptible in group ¢ is infected by a resistant vector from
group j is denoted by u;; the complementary probability is 1 — u;. The model for this spatial

heterogeneity is then described by the following system of differential equations:

k
g o= > [eyNigs + ciyNi(l — uy)Qy — cijq5(yi + Yi) = ¢ijyiQ5 — cij(1 — uy)YiQ;] — riw8.1)

Jj=1
‘ k
Y; = > [uje;;Q;(N; - Yi)] — RYi, (8.2)
j=1
G = v — ;g (8.3)
Qi = Vi—AQi | (8.4)

If vectors grow by factors proportional to the number of infecteds then equations (8.3) and (8.4)

are replaced by e et e
G = o+ onYi — 0, .. (8.5)
Qi = 7Yi—AQi; (8.6)

.

c; > 0,0<u; <1, >0, Ry >0, oy, 00 >0, (5;>(), A;>0,v>0and 0<y; +Y; <N,
Let X = (yl’ "‘7ykaYla"',Yk7q17“‘)qkaQ]r"*Qk)T'

Then X is a 4k-dimensional vector whose first, second, third, and fourth k components are re-

spectively those of y;(i =1,...,k), V(i = 1,...,k), ¢;(i = 1,...,k), and Q;(s = 1, ..., k).
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For the stability analysis of the system (8.1)—(8.4) we shall generalize Proposition PS so that
(x1,22) € R¥ and 22 € R3. As can be seen from the system, both vector groups are each

disconnected from the system as a whole.

1

Clearly ¢; — %:, Qi — %L as t — co. By application of Proposition PS with z3 € R to
)

the equations (8.2) and (8.4) we deduce

k Vi
Ni Zj:l UjCij A

k \4
2o uscis g TR

Y — . Hence equation (8.1) has the form

k k

b= —(ri + Y leiza; + e Qv + (Vi = Y) D cijlay + (1 — uy) Q5]
j=1 7j=1
or g = —Ai({t)y + Bi(t)
where
k Vs ‘jﬁ
Aty > A=y +;[cij6—j +CijA_]j] >0ast—
and ‘ L
k Vs Vi
Bi(t) » By = (N; - ;) Z c:ij[# +(1 - u])—]] >0 as t — o0.
=1 I

The rest of the proof follows by mimicking the idea used by the author in a previous chapter 6,
section 3. »
Eventually we arrive at y; — ,,%{._ as t.; .00 which is the required result. Hence the system

(8.1)—(8.4) has a unique positive globally asymptotic equilibrium.

For the analysis of the system (8.1), (8.2), (8.5), and (8.6), we begin with the following

definitions: TRV
For vectors a and b, where a = (ay,...,a;)T, b = (by,...,b;)T, let a ® b be the vector whose
components are the products of the corresponding components of its arguments, i.e.

a®b = (‘albl’, , akbk)T.

It is easy to see that the operation & is symmetric, bilinear, associative and commutative. If

diag(d) for a vector d means the diagonal matrix (of appropriate dimension) whose ith diagonal
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entry is d; and 1 means the vector with all components equal to 1, then

a ® b=diag{a)b and

a.b = (a®b).1 (where . means dot product). 1f B is a matrix, a ® B is a matrix with (a @ B),; =
@By Lety = (y1, )T, Y = (Y1, .. Y07, a = (g1, )", Q = (Q1,..., Qx)?. With these
definitions, the vector form of system (8.1), (8.2), (8.5), and (8.6) is:

y = rey+(NeC)q+(NoC)((1-u)eQ)-(y+Y)@C)q
-y®C)Q-(Y®C)((1-u)®Q), (8.7)
Y = - RaY+(N®QueQ) - (Y®C)heq), (8.8)
q = a1®y+a2@Y-46®q, (8.9)
Q = @Y -A®Q, (8.10)

Now, back to system (8.1), (8.2), (8.5), and (8.6). I do not know a complete analytical
characterization of this systeni. However, with much restrictions as below, we arrive at some
reasonable results:

If Q; is fixed at its equilibrium, i.e. v,Y; - A,Q; =0
= Q; = %Yi = m}.ﬁ- (where n; = %)

POEYES ] ‘JL W e

(8.11)

:
At this point, equation (8.2) becomes identical to equation (1.7). It follows that the resistant
infecteds’ subsystem is equivalent to the LY system (equation (1.7), see our General Introduction);
hencev the resistant infecteds’ subsystemn fends asymptotically to a fixed nonnegative vector, say
Y*. From (8.11), this also means that the resistant vectors’ subsystem tends asymptotically to
a fixed vector, n® Y*, where n; = g— From equation (8.2), the matrix of coefficients for the

resistant infecteds, which is disconnected from that of the sensitive infecteds, is

Ay = diag(N)Cdiag(u ® n) — diag(R)
and the vector of quadratic terms is

T=(YoC)(udnoy).
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Thus, from theorem LY,
Y*=0if s{(Ay) <0, and Y* £ 0if s(Ay) > 0.
Hence, Q* =0 if s(Ay) <0and Q* #0if s(Ay) > 0.

Again, note that if (Y (0),Q(0))7 = (0,0)7, then =0 = ¢, = Fyi = &yi- At this point,
Yi = (Zle ¢ig€5y; (N — yi)) — TiYi- _
In this case, the sensitive infected humans’ subsystem becomes identical to system (1.7) and hence
it tends asymptotically to a fixed nonnegative vector y*. The matrix of coefficients for the linear

terms of the sensitive vectors when Y7 = 07, Q7 = 07, q” = 07 is

Ay = diag(N)Cdiag(§) — diag(r).

and the vector of quadratic terms is

W, =(yoC)({xy).

y“tends asymptotically to 0 if ls(Ay) < 0 and to a fixed nonnegative vector y* if s(A,) > 0.

Hence, both infections die out if both s(Ay) < 0 and's(Ay) < 0. Thus, our subconclusion is as

follows:

THEOREM 8.1

i) (v,Y,q,Q)" =(0,0,0,0)7 is asymptotically stable if s(Ay) < 0 and s(Ay) <0.

(i) (y,Y,q,Q)7 = (y*,0,q*,0)T, (where y*, q* are some positive vectors) is asymptotically
stable if s(Ay) <0 and s(Ay) > 0. - ‘

Next, we examine the case, s(Ay) > 0. Let E; =Y - Y"*, E; = Q — Q. Then the equation

for the sensitive (human and vectors) subsystems become
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y = —r@y+(NoCq+NoC)(1-u)2(Q +E) (¥ + Y +E)®C)g

(Y C)Q" + Ez) - (Y +E1) ® C) (1 — u) @ (Q" + E2)), (8.12)

q a1 @y +as®(Y'+E() —d®q. (8.13)
At equilibrium, §y = 0, ¢ = 0, Eq, E; — 0. From (8.12) and (8.13), this condition leads to a vector
quadratic equation in each of y and q, whose complete analytical characterization is elusive.

However, for special cases such as u = 1, az = 0, we again obtain asymptotic stability as follows:
If u=1, oy =0, then at equilibrium ¢; = O‘Bfi i = w;y; (say). At this point, we see from equation

(8.12) that
y=-r0y+(NoC)(wdy)-(y+Y +E)@C)(way) - (y ®C)(Q"+Ey).

Now, o(Ey, E3) — 0 as ||E;

|, |E2|| — 0. Heuce

y=((N-y)oC)wey) - (CQ*+r)oy - (Y @ C)(wdy). (8.14)

Equation (8.14) can be identified with system (??) with the matrix
By = diag(N — Y*)Cdiag(w) — diag(CQ" + 1), (8.15)

as the matrix of coeflicients for the linear terin and Z, = —(y ® C)(w®y), as the vector of
quadratic terms.

Thus, y — 0 and consequently, g — 0 if s(B) <0

and - ' S :

y = y* # 0 and consequently q — w @ y* if s(By) > 0.

Hence, we adjoin to the subconclusions in theorem 1 the following similar results and thus
obtain a more general conclusion as regards the stability analysis of the system (8.1), (8.2), (8.5)

and (8.6):
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THEOREM 8.2

1) (v,Y,q, Q)Y = (0,Y*,0,Q*)" is asymptotically stable if s(Ay) > 0 and u=1, ay = 0
leads to s(B,) <O0.

(i) (v,Y,q, Q)7 = (y*.Y* q*, Q*)? is asymptotically stable if s(Ay) > 0 and u=1, as =0
leads to s(B) > 0, where By is the matrix in (8.15).

Thus, in case (1), sensitive infection dies out and in case (ii), an endemic state is reached for both
infections.

Remark 8.1 A complete analytical characterization/solution of the system (8.1), (8.2), (8.5) and
(8.6) proves elusive. It is certainly of interest to know the asymptotic limit(s) for all possible u

when s(Ay) > 0, and s(B,) > 0.

8.3 Conclusion

. This chapter focuses on malaria infection in a multigroup population. The first model is typical
of a situation in which there is a sudden out break of infection for each of the population groups.
In this case, infected vectors arrive at, a.constant rate from the rest of the groups. This model
shows that resistant infectives persist and nearly everybody could be infected with the resistant
parasite if the death rate of resistant vectors is small. This is seen from the fact that Y;(¢t) = N;
as A; — 0. Since resistant infectives are less sensitive to the drug, major health efforts should be
geared towards déstroying the parasites.. - v

The second multigroup model describes more accurately the current trend in malaria infection,
especially in Sub-Saharan Africa, for instance, where strains that are resistant to virtually all
known drugs have emerged. Since efforts should be directed towards eliminating resistant parasites
(and hence resistant infection), conditions leading to the results of theorem 1 should serve as guides
to a health management board. Condition (i) of the theorem shows that eventually both strains

of the parasites are eliminated. Condition (ii) shows that resistant parasites die off. On the
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other hands, theorem 2 shows that resistant parasites/infection persist in both conditions of the

theorem. Condition (ii) shows that an endeinic state is reached for both infections.
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