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ABSTRACT 

Mathematical models describing the variations in the plasma glucose and 

J insulin levels over time in an insulin - dependent diabetic person (IDD patient) were 

formulated. We showed that these models can correctly describe these variations 

when we solved them sirnuttaneously by andytical approach rather than the normal 

numerical approach employed for solving non-linear differential equations. 

The effect of the various parameters involved in the model were tested and it 

was shown that even though the body cell response to the plasn~a glucose contributes 

to the determination of the plasma glucose level, the major determinants of the plasma 

insulin/glucose level are the pancreatic and liver cells respectively. 

Furthermore, a control process of the plasma glucose and insulin levels in the 

blood of an IDD patient was demonstrated. It was shown that insulin infirsion or 
> 

injection (intra-muscularly) correctly reduces the plasma glucose level to normal state. 

The dose of the insulin to be injected into a patient depends on the level of severity of 

this disease. Similarly, the quantity of the sugar (glucose) to be taken by the patient . 

and the time i t  tias to be taken, depends on the level of severity. It was noticed that 

due to wrong diagnosis, over dose of insutin into a patient can result to 

HYPOGLYCAEMIA and this usually complicatethe state of health of the patient. 

The peripheral cell response (body cell level of response to the glucose and 

insulin quantities in the blood)dorc not markedly determine the plasma glucose level but 

at'fects the length of time required to return this level to the basal state. 



3 
TITLE PAGE 

CERTIFICATE OF APPROVAL 

ACKNOWLEDGEMENT 

DEDICATION 

ABSTRACT 

CONTENTS 

PAGE 

CHAPTER ONE - INTRODUCTION 

Glucose and its Biosynthesis 

Blood glucose regulation by the liver and other tissues 

Mecllanism of entry of glucose into the cells 

Insulin and its Biosynthesis 

Insulin Release 

Insulin Degradation 

Mechanism of insulin action on glucose level in blood 

Diabetes 

Diagnosis of Diabetes Mellitus 

Methods of determining blood glucose levels 

CHAPTER TWO 

Literature Review 

1 

. . 
11 

iii 



CHAPTER THREE 

The models 

Glucose 

Insulin 

CHAPTER FOUR 

Solution of the nlodelled equations for an IDD patient 

CHAPTER FIVE 

Results 

Methods of Analysis and the Analysis 

Discussions 

APPENDIX 1 

Numerical methods of solution and the numerical 

algorithm for the non-linear modelled differential equations 

APPENDIX 11 

FORTRAN Programme used in generating the values 

used in getting the graphs by the analytical methods 

APPENDIX 111 

Graphs 

REFERENCES 



CHAPTER ONE 

:vels in the huma 

- - 

prol!uce carbohydrates. It is in this fonn that much of the glucost. in the human system is derived 

7cidentaIly Ltre monosacharides and it is in this form that the body makes use of the carbohydrates. 

: Y O - - ~ P O  mC fnnd rnnketanree rirh in rnrhnhvrlrat~ nrp rnqcava ripe vam ~ n r l  r n m  A f ) w  the 
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and tl 

. .r, 0 - - - -  - -  

the blood passes through the liver before bang taken to the tissues and peripheral cells. When ir 

excess, it is converted to glycogen and stored in the liver by the appropriate cnzyrnes. In extreme 

* .. . . . .  . . - 

recon 

Muck 

hours 

the b~ 



blood. The insulin concentration here are 3-10 folds geater than what obtains in the systemic 

circulation. Thc Livcr also is the solc site of the blood glucoregulating action of the glucagon. In 

I 

considering the regulation of the blood glucose level by the liver, we consider the period following 

an overnight fast and preceding the ingestion of the breakfast meal. This period is generally 

rcfurrcd to 3s "postabsorptiv~^ state". AAer the overnight fast, the concentration of hormones 

(insulin and glucason) and substrates ( glucose, amino acids, fatty acids ) usually retufn to the base 

line concentrations which \VZ call the basal levels. This rcduction of the insulin to the basal levcl 

(1U-2tJtr U/m ) rcsults in virtually total cessation of glucose uptake by the insulin-dependent tissues 

such 3s resting n~usclcs. adipose tissues and the liver though its uptake continues by the non- 

insulin- dependent tissues siich as the brain. the formed elements of the body and thc renal nledulla 
@ 

? 
at a conlbincd ratc of about 2-3rngkdmin. Under this state, the maintenance of the blood glucosc 

is realised by thc hepatic release of glucose at rates equal to tissue demands and utilisation. This 

addition proccss IS mndc up of glycogenolysis- synthesis of glucose frc 

gluconeogenosis- thc synthesis of glucose from the pyruvate, lactate, glycerol ana amino acias. ~t 

is estimated that about 70-75% of hcpatic glucose release is  as a result of glycogenolysis whilc the 

remaining 25% is duc to gluconeoposis. For more detail of this, see Vallence-Own (]YE). In 

as much as the tYl in thc plasma glucose givarrise to hcpatic glucose output, the relative 

contributions from glycogenolysis and gluconcogcnosis are influenced by the following: 

(a). total glycogen stored in the Liver which is usually not less than 70g and about 

4508 in a 70kg man. 

(b), stored protein-derivcd amino acids 

3 



storcd say 70g c 

r 
.> - --- 

-- 
-- 

Now. thc dailv ducose requirement by the brain is about 150g so that if the ~ i v e r  

:t depletcd in less than 24 hours period of fasting. Whcn 

this storcd glycogx is deplctcd, the sptnnclvlic uptakc of alanine gets stimulated. This stimulation 

has becn sl~oown to bc a consequence of starvation, the kidney becomes an important sourcc of 

glucose synthesis and at such a time, this accounts for approximately half of the total glucose 
- .  
I 

relcase into the blood stream. This is suspected to have camc from the conversion of 'nitrogen 

substances that would hnve bccn cxcretcd in the urine since exoeriment has shown a rcduclion in 

the urinary oitrogctl cscr~tcd (10-12dday to about 5gd; 

starvation. For such Ions period of starvation, glucose ullllJILLIVlI llLW IbUUkU LV LW lllUClll I U .  

Tli~s is bcmusc at such periods. the brain uses ttetonc acid as its main oxidative fuel in place of 

glucosc. Also onc of the ti~nctions of the Liver is the conversion of the excess glucose to glymga~ 

which is tllc storage form. However, this action is possible in the presence of insulin. Hdnce, the 

recognition of thc Liver as the site for ilisulin action on glucose. Also the peripheral muscles and 

7 

adinosc tisst~cs take 33rt in the disoosal of oral ducose. The level of elucose in the svstemic 

particularly. tlrc braill and blood cellular elements. Felig - e+ 91 (1975) showed that only about 

15% of tllc i~igcs~cd ~!IICOSC: load is available for disposal b! 

tissucs. Thcy furthcr showcd the disposat of the 1001: ingestea gmcose over a 3 nour perloa as: 

~t the peripheral insulirr-dependent 

1 . .  . . I .  

Glucosc rcrnaining in glucosl: space (unmetabolised ) 5% 

Incrcascd pcripheral glucose utilisation (insulin-dependent) 

Glycogen -spacing (non-insulin depcndalt peripheral uptake ) 25% 



c!'y :ogen syw Jiesis 

TI lL!yceriJe fom~atiun 

glycolysis 

Fats are produced in the liver of which only some small amount is stored there and the rest 

released into the blood and taken to the adiposed tissues for storage. The catabolism of adipose- 

required energy by the cells. This as earlier said, helps in thr: reservation of the glucose for the . 

1 
brain cells and the nervous system. 

MECHANISM OF ENTRY OF GLUCOSE INTO THE CELLS 

The study of the cell stntcture shows that the cclls are separated from the extra-cellular 

fluids by the surface membrane called the plasma membrane. This membrane provides barrier to 

1 . L P i .  - -  - - 3  - - - A  @  1 . .  . .  1 .--. .J FP I f .  . 1 .  . .. me movement 01 rno~ecu~es In anu out UI me c w ~ s  ano equally provlaes scarrolalng ro wnlcn me 

cell com~artrnents anchor. Movement of molecuIes across cell membranes is not constant and this 

cu I I U I I I I U I I S ~ J  UIIU WIILIIIAC.UI 1 1 1 ~ l a a ~ r l t j u o  nu  LIIUL Lair  ~ I U J A I I U  I I I ~ L I L U L ~ I I ~  a k w  a* a J I ~ L I I - I G ~ G I V I I I ~  

device for the detection of chemical signals that regulate the cell activities. These receptors are 

protein. Also in the plasma membrane are the junctions which serve as channels for cell-to-cell 

communication. Certain enzymes also anchor on the cell membranes rather than dissolving in the 

intra-cellulat fluid so that chemical reactions occur only in association with particular organelle. 

'%is is because rncdiating reactions are either bound to the membranes of the organelle or are 

located within the organelle and thus unable to penetrate the surrounding membrane. 



I11 gencral, thc cell membranes are composed of bimolecular lipid matrix in which 

proteinsarc cnibeddcd. The lipids and proteins are present in approximately equal proportions. The 

lipids fonn the barrier to movement of molecules through the nlzmbrane while the protein provide 

selcctivc mcans for the transfcr of ccrtain molecules thrc ugh the barrier and ccnstitute the binding 

sites \vith enzymcs assoc~atcd w ~ t h  the membrane. Majority of h e  nwmbrane lipids arc: phospho- 

lipids which are amphipatic nloleculcs having a charged region at one end (negatively charged 

pliosphatc group which 1s usually attached to another small group) while the other end is neutral 

and conslsts of trio long c h m  fatty acld. For more information on cell polarity, seevnndcr e_t ;II 

(1980). 

Having 1ookcd at the ccll structure we consider now the forms of moleculnr 

transport across ccll mcmbmwx Such forms of transport are diffusion, mediated-traaspbrt 

system, osn~osis. endocvl )at art' 

of import3 

part by dil 

(possibly across n Inemtwancl oy ruaonl molecular monon. I nus wncn tne glucose IS got as one 

of the products ofd~gcst~on. it 1s absorbcd uito the blood from where it dlmises Into the 
I 

cst;lcellular sprrccs surrounding tlx cells. Since diffusion is an extrtrcmely slow process, the blood 

C 

n 

t I 

:osis a d  exocytosis. Howcvcr, we shall only t scuss those forms ti 

n 

structures. 1 111s spcclal mcci~an~sn~ rnrougn wntcn rnc glucose molecules move m o  me cells !IS 

called the mediated transport niecllanism. In t h ~ s  mechanism, the glucose molecules bind to I 

specif-ic protcm on the membrane surface and this lads to thcir movcment through the membranc. 

6 1 



The mcn~brane actually dctorniin~which molccules shortid enter the cell by mediatcd transport or 

diffusion. Thc major chnractcnstlc of mediated transport are specificity, saturation and 

competition. I n  ~ncdinted transport, the flus constant changes in the extracelldar nutricnt 

concentration unlikc in  ditfi~sion. although thcre is nlaslmum rate the nutrient can entcr the cell by 

this mcans. 

Tllc transporters arc carrier protein and t h y  facilitate the transport of these glucosc 

rnolccult.~ fro111 the cstraccllular spaces to the intracellular space of the cells (Simpson and 

Cusl~ninn. 1965. 1986). About six of such carrier nmteins hawhen  identified Hnwevcr not rill 

transporters Urmg tlwn . 1 llcsc rcccptors are evenlj d~stnbutcd 111 the membrane when not 

influcnccd by thc insulin. Howver. the mechanism by which these carrier proteins enable the 

solute to pass rhrough thc molecules is not quite known though it is thought to involve 

confonnat~onal cllnngcs in  the cnrricr n~o!cculcs resulting from the binding action of the so,lute. 

Thouell \vc said that mediated transaort svstem is the mechanism of transuort of elucose 

through thc lipid or porc rcgions of the membrane. This process is possible in the cells becausc the 

binding sitcs on thc cnrricr proteins arc: ncccssible to solirte molecules in bc 

intraccllulnr rcgon of thc cclls 

For IDDM patient. this process still holds but at a reduccxl level dhc ru l lvll-crvcrrr~ull ,rr w 

sufficient insulin in tlw blood plasma. 



INSULIN AND ITS BIOSYNTHESIS 

Itrst\lin is a protein hormone secreted bj lans clusters of endocrine 

cells, in the pancreas. This hormone has w i c ~  J ~ F ~ U U I I I  t ) ~  ~ l ~ i ~ l ~ t t i e s  among which is the 

enhancement of the conversion of glucose to glycogen which is the storable form of glucose in the 

body. There are three distinct types of the islet cells namely: the alpha, beta and gamma cells. The 

alpha cells secret the glucagon, the beta cells secret the insulin while the gamma dells secret the 

peptides named Somatotastin. Insulin acts directly or indirectly on most tissues of tht body though 

it has no action in the brbin cells (Vandcr et a1 1980). The presence of insulin induces on its target .- - 
cells an alleretion of either the mcmbrane transport or the enzyme function. a 

On biosynthesis of insulin, this takes dace  in the beta cells in the islet of lan$erhans of the 

pancreas. The study of tl controlling the biosynthesis, storage and release 

of insulin was done by studying the insulin-producing tumours and insuIinomas that abound in the 

pancreas. Stainer and Oyer (1967), Stainer (1967) through their studies showed that their is a 

precursor 

Iimited pr~ 

tlut protel 

takes p!acG 111 C1lG -bbIIJ . cllCI plVpbl JbIIJb lC, Illi)UI1ll J J l I b l l b J l 3  -BIIIJ LIUVDVIIIGJ 

bound to the endoplasmic reticulum (Sorenson et - - al, 1970) . This synthesis has been Shown to be 

enhanced by the presence of glucose. The presence of glucose leads to proinsulin production and 

this is conceptrated at the golgi boc 

though some remain in the cytoplasmic mlcrovesicles. ~ n i s  is rne srage wnere pro~nsulln is 

converted to insulin and C-peptide (Stelner et - al, - 1974). For the conversion of the proin'sulin to 



insulin, two types of proteolytic activity are necessary: a tryptic-like activity to cleave at the 

dipeptides Iocated at the ends of the C-peptides and a Caboxypeptidase B activity - to remove the 

arginine dipeptide from the Caboxyl end of the B-chain leaving the B-30 residue ihtact. Research 

has also shown that although enzymes are thought to be responsible f; 

proinsulin to insulin, only one such enzyme has so far been discovered and this takes place in the 

secretory granules . This suggests that the more ma& a granule is, the less it will contain 

proinsulin, since newlylformed granules contain mainly proinsulin. The proteolytic conversion of 

proinsulin to insulin is strictly an intracellular process and this is not inhibited by Cyclohaximide or 

other inhibitors of protein synthesis, indicating that transformation of proinsulin to insulin is' not 

necessarily due to continuous protein synthesis. 

Glucose presence is not 

the major regulators of insulin ',.--J.....--.I. -..- -.....-.-..-.. -- ...- --..- --. ...--.... ..J .....--." -.... 

release by the presence of glucose is thought of as beina a kind of sienal bv the elucose or one of 

its metabolites. It has been shown that replica I se is 

possible in a low calcium medium though the exmrsion or granules is lnnioireu unaer these 

conditions. Another stimulant for insulin release is the sugar called manose. Similarly: the alucose 

rnetnbolites Qrmed in the livl 

secretion. Lacy e_t a! (1968), riuwelr rrw Lacy r J J ,  kvlararsr; ~ c q r  t17 r ~ j ,  u"mrrf;m-txrcuv 

and Hermida (1973) showed that insulin release is by the process of exocytosis which is the 

movement of the secretory e granules to the cell membrane wher they fuse with it and 



therl the extrusion of their contents to the extracellular fluid. For detailed information on this 

mechrriiism, see Ashcraft and Randle (Valleoce -Owen) (1975). While the h o v e  mentioned 

factors initiate insulin release, 4 

mannaheptulose, absence of exter 

.here are other factore that inhibit the releaee. There are 

nal cat' (blocks secretory responses to all agents except ~ a ~ ' )  

and other chemicals. On timely release of insulin, it is seen that its secretory response to glucose. 

stimulation is biph; 

rise in the rate of tl 

by a more gradual lncreaslng rise In me rare or Insulin (WoasKy, I r l L ) .  

asic where increased glucose concentration elicits within 0.5 - 1 minute, a rapid 

le release, which returns to basal level within 5 - 10 minutes and this is followed 
1 

. . . .I . ,.. I .  ,*I .. ...L.A. 

Similar biphasic release was seen when insulin release was stimulated bv more of 

tolbutamide. These observations thus suggest the sc torage of insulin in two corripartments, - the 

*L. 1:-;+,4 ..h#."a -4- *I.* :-....I:.. -.-I,-,."- :a .L- smaller being particularly labile to stimulants so that ~I IV  IIIIIILGU p11a3~i  VL LIIG 1113~1111 I C L C ~ S F  15 ~ I IC  

emptying of this Iiable compartment; while the second phase release is from the larger storage 

compartment (Grodsky, 1972) 

Insulin produced by the islet of langerham 

need by the body mechanisms. In a normal person, rnc ztvcrugc uasal maui ln  tcvu In tnc olouu 1s 

about ZOpUlml (Arnold, 1966). The daily insulin requirement is about 30-50pU tvhile about 200 

units are stored in the pancreas (Campbell e_t - al, 1977). As earlier stated, the produced proinsulin 

is stored in the secretory granule and this is where its conversion ta insulin takes place. This 

suggests that insulin is stored in the secretory granules and thus ever ready for release. 

However, in the case of insulin-dependent diabetes Mellitus (IDDM), the insulin available 

to the cells for usage is very low so that amount released when the glucose concenintiorr increases 

is low. It might also be that when the level is a bit high, there may be poor cell tesponse to this 



insulin even at high level of blood plasma glucose. This has been demonstrated in' our analysis of 

the mathematicnl models. 

When the insulin is used up, the replacement is possible by conversion df the produced 

proinsulin nlthough it has been shown that this replacement is not based on a linehr relationship. 

This means that the amount of insulin degraded is not at all times equal 

Hence for long period of glucose charge, insulin response usuaIly attain , ,,, ,.,, ,,,, ,,,, ,,,,, 

any further appreciable increase in the plasma level. This means that after a long petiad of glucose 

eha~ge, only the recently produced insulin is being released where the former stordd quantity has 

been fully utilised a~ it is being released. Uence, continued glucose charge may eventually. result in 

high bloqd plasma glucose level since the quantity of insulin produced 

enough to take care of this high level. 

and releasakhe may not be 

INSULIN DEGRADATION 

Since insulin is a hormone, it has to be degraded like any other one. Apart from its 

degradation as it helps in the conversion of the excess glucose to glycogen, it  is bcing used for 

other bodily activities and there activities degradk it. It has been shown that'the level of 

degradation of insdin varies fiom person to person and from man to woman. Even ih women, the 

pregnant women degrade insulin more than the non-pregnant ones. However, in obr model, we 

adation occurs in two ways;- reduction and 

simply assumed an averaee and this has a roved auite good in our analysis. 

In general insulin depi I proteolytic. The reduction 

process is encountered when insulin takes part in reaction or used up by cells as they act as 

enzymes in reactions in the body. This has been demonstrated by Mirky and droh - kahn (1949) 

as insulin is involved in enzymatic activity. This activity therefore reduces the aniount of the 

insulin available for further reactions. Also certain enzymes in the body inactivate tHe biological 



activity of the insulin. Such enzymes are called "INSULINASE" and they are considered to be 

proteolytlc in nature.An example of such inctivating enzyme is "protein-disulphide-reductase 

,(glutathione)". It inactivates the insulin by czrtalysing the reduciion of the disulphatc bonds of 

insulin and thus splitting of the insulin molecules. Tom 

and Nafz (1969) and Chandler and Varandad (1974) nave isolarea tnis glutacnlone in the hver, 

kidney and the leukocytes respectively. This glutathione also inactivates proinsulin and at the same 

time is involved in the reactivation of reduced and randomly oxidised proinsulin (varandani and 

Nafz, 197011). Aowevgx, excess inactivation of the insulin is  controlled by anothei enzyme called 

the glucagon. Also, other growth hormones contribute in the control of insulin d e d d a t q n .  These 

enzymes help in the adjustment in the rate of insulin degradation to changing tate of insulin 

secretion and requirements. 

MECHANISM OF INSULIN ACTION ON GLUCOSE 
LEVEL IN BLOOD 

It has been said that the increase in the plasma glucose concentratiull IIICIUKJ iiia~lin 

release and this insulin released in turn helps in the reduction in the le :vel of this glucose in thc 

"*..";Aa- +La, ..A&-.. -4- cL2 same plasma. Also, to properly understand how this happens we will b U I i J I u = i  t1iGI abI1"I, U, t11t  

released insulin on the proteins (which form barriers to molecuIe entry into cells) in the plasma 

membrane. 

Now, as the glucose concentration increases in the blood plasma, the \pancreas are 

activated to release insulin. As this insulin is released into the extracellular fluid in the pancreas by 

exocytosis, i t  diffuses out into the blood stream and therefore is taken 

sites, most espe 

extracelluIar flui 

cialty the liver, for the required 

~ d s  surrounding the liver cells whe 

along to the appropriate 

. .  :. m . .  .... A*.- I actions. At the liver, it anruses mto tne 

re the insulin binds with the approdriate protein 

on the plasma membrane ilnd gets aggregated thereby clearing the inhibiting action's of  these 



receptors to glucose transporters, which are also protcin-like. Thus, the insulin binds with these 

, rcccptors either in the pl~osphorylc?ied form or the unphosphorylated form. This 

auto~~hospl~orylat~on of the rnsulm IS what causes the agregation of the protein-receptors on thc 

plasma mcmbranc (Quon 65 Cilmpfield, 199 I) wh~ch we know are evenly distributed at the 

mc~nbranc surface whcn not activated by glucose charge ,(Gavin et - - al, 1974; Lonnroth & Smith, 

1983; Kosmakos Ji Roth, 1980). This might mean that the levcl of entry of glucose into the cell 

dependson the insulin action since the area of the plasnia membrane to be cleared of the inhibiting 

actions of the plr~sma ~nembrane-protcil~ depends on the insulin and its binding actions ( J a r ~ t a n d  

Smith, 1979). This action so treated is for the case of n normal person with nornlal insulin release 

and high glucosc concentration in the blood plasma. However, if the individual is fasting, we have 

just thc basal lcvcl of the illsul~n as always required in the body. Tlus insulin level is such that it 

does not act on thc glucose being convertcd from glycogen to glucose in the liver. Hcnce, we may 

say that if the glucosc lcvcl in the blood plasma is of basal value, then the gateway to insulin 

action or1 plasma glucose Icvcl gets shut. Recall the earlier information that iqthc dearth of 

glucosc in the blood pl;isma (and glycogen in the liver). the cells use the lipids in t i e  production of 

the required energ!, and the converted glucose from the liver (from glycogen) are solely used by the 

brain 2nd the ncl-vous system. We recall also that insidin hay been identified to have no effect 011 

brain cell mctabolisn~ of glucosc. 

For thc dirtbctic patient (IDDM), this binding action of the receptor-proteins is impaired. 

This inlpaircd action negatively affcckthe amount of glucose that entersthe cells and thus the high 

concentration of glucosc in the blood plasma. Also in lDDM patient, there is reduction in 

production and rclcasc of insuliu nltl~ough the amount released follows the above described process 

in reducing thc blood plasma glucosc Icvcl. 



Going by the result that insulin infusion into an IDDM patient corrects! the high blood 

plasma glucose co ~ t e d  to say that the reduction in the available 

quantity of insulin affecta the plasma memhrane action on the glucose transporters: This has been 

considered in our analysis by varying the plasma membrane action. Result of this analysis is as 

shown in the discussion part of this thesis. 

DIABETES 

1 This is a term used to described a disease characterised by chronic high blood plasma 

glucose concentration (hyperglycaemia) and other disturbances of carbohydhtc and lipid 

metabolism which are often associated with the development of specific micfovascular and 

macrovascular complications. Thc most affected parts of such a pi 

well as other vascular and coronary tissues. 

This disease is characterised bv oassarre of sweet urine, excessive urination and thirst, ' 

excessive hunger and weigl ht loss. These complications usually r esult to death if leA untreated for 

some period of time. Diabetes mellitus constitutes a grou 

that are much more diverse than simple insulin deficiencq 

the measurement of the fasting glucose level. 

Diabetes mel1itus are classified into 

ification of the group of disorders whic 

p of disease with aetiologies and causes 

r. The detection of diabetes is based on 

many types and this classification is based on the 

h constitute the disease, that is, it is 'based on the 

pathogenesis of the disease. One of the most acceptable methods of classification of this disease is 
6 

the one based on the verification method. Diabetes mellitus is classified into three major 

subclasses: insulin-dependent, non-insulin dependant and others. In this our work, wt? shall strictly 

be interested in insulin-dependent diabetes mellitus (IDDM). In this type of the disease, the high 



blood plasma glucose concentration is usually due to low level of insulin in the blood plhma. This 

. low lcvcl of tl~c iusolin is as a rcsult of diminishing ratc of insulin production and secretion by the 

beta-cells of tllc d c t  of latlgcrhans of the pancreas. This low lcvcl of insulin in the blood plasma 

causes reduction in thc msulir~ action on the high glucose level so that instead of converting this 

excess glucosc to glycogen for storage in the liver by the cells, 'h ic, excreted in the urine. 

Czech and Massrrgne (1982) statcd that the concentration and regulation of the insulin receptors 

which are distributed on the surfaces of cells of chordates are influenced 1 

insuhn Icvsl. ca~ccllolnnitnc 3s well as the glucocorticoid levels. This hi; 

glucosc Iras @tf'ccts olt the body of which the major onus arc: 

Excrts Iargc amount of osmotic presswe in the extracellular fluid which can cause 

cellular dehydration. 

Loss of glucose In the urine thcreby rcducing the available quantity of glucose to the 

cclls of tl~c body. 

Tl~c cnusc af the d~sease called Diabetes Mellitus. 

However, the pathological physiology of all types of diabetes mellitus are: 

dccrcnscd utilisation of glucose by the cells in  the body and hence an increase in the 

blood glucose concentration which may be as hlgh as 300mg1100cc. 

acutc mctnbolism and niobilisation of fats from the fat storage sites and thus causing 

abuormd fat nictabollsm and deposition of liqurds in the vascular walls. 

consoqucnt dcplction of prote~ns xnd fats in thc tissues of the body. 

d c t ~ ~ t ~ o n  of glucose in the urine and 

dehydrating cffcct 

As already stated, thc IDDM is our concern in this study and it is characteriscd by 

the abhpt onsct of symptoms. insulinopenia, proneness to ketoacidosis and dependence on injectcd 



insulin to prevent ketosis and to sustain life. We have various levels of this disease such as 

juvenile, juvenile-onset, ketosis-prone and brittle diabetes. For more information on this , see 

Ellenberg and Rifkin (1983). 

DIAGNOSIS OF DIABETES MELLITUS ' 

There are many ways of diagnosing diabetes mellitus although an internationally accepted 

method, the glucose tolerance test, is always preferred. However, when diabetes mellitus is 

detected, further tests heed to be camed out to h o w  when it is IDDM or NIDDM (non - insulin 

dependent diabetes mellitus). In this method it is still not foolproof since it is usuallybased on 

abnormal carbohydrate tolerance and again this disease occurs even in conditions beside sugar 

diabetes. Thus, to clearly demonstrate that a given case is caused by abnormal carbohydrate 

tolerance, an abnormal standard oral glucose tolerance test has to be demonstrated and W h e r  

shown that no other factor contributed to this abnormal 

intolerance is instantly revealed by the height of the fasrtng olooa sugar. ~ n e  severtty or me 

result. The severity of Carbohydrate ' 

.. . *  . m .A .. _. 

diabetes can thus be determined depending on this categorisation: 

SEVERITY RANGE OF FASTING BLOOD SUGAR 

Normal Person 

Mild diabetic Person 

Moderately diabetic Person 

- .. . .. "- . _ 

60--- 100 mdlOOcc 

60-105 m d l  OOcc 

106--200 mgl lOOcc 

severely atapttic rerson above 200 mg/100cc 

Usually as can be seen from this table, the abriormal oral glucose tolerance curve of mild 

diabetes is indistinguishable from those found in many non-diabetic conditions. Hence, to correctly 

intsrpret a given tolerance curve requires awareness of the patient's total metabolic make-up. 



Factors arguing for diabetes are t ! m c  of positive family history or some specific clinical clues that 

gives a tlp-off to its existence. 

.r In analysis of the blood for its glucose level. the following facts must be known by the 

(a) the actual method used 

(b) whether ~t measures true sugar 

(c) whether the blood being used is whole blood, plasma or serum and 

(d) the fasting glucose levels for normal pcrson when any of these blood sample 

types are used. 

The knowledge of these facts #s important because fasting glucose levels are not the same in 

the above three samples and agaln, the methods in use have also varying fasting blood glucose 

levels. An example can be shown by the table below: 

TRUE SUGAR AFTER OVERNIGHT FAST: 

CLINICAL STATUS WHOLE BLOOD PLASMA OR SERUM 

Prediabetes 60---I 00 mg/ l00cc 70--4 15 mg/ 100cc 

Mlld diabetes 60--- 105 mg1100cc 70--- 120 mg/ 100cc 

Moderate diabetes 106---200 m d  100cc 121--230 mg1100cc 

Severe diabetes above 200 mgll00cc above 230 mg/l 00cc 

However, the recommendation by the American National diabetes data group criterion is 

that diagnosis of diabetes requires fasting plasma glucose level of 140 mg/100cc at least twice or 

the fastmg blood glucose level of 120 mg/100cc. although the renal glucose threshold rises with 

increase in age. Hence. we have cases of blood glucosc being as high as 200 mg/100cc though the 

person is not diabetic. This fi~rther suggests that the age of the individual in question need be taken 

into consideration when diagnosing diabetes. In diagnostic procedure. it 1s recommended that when 

17 



feasible, the blood should be taken from an antecubital vein within seconds of placing the 
,- 

touniiquet so as to avoid fdsely high or low blood sugar value. The sample taken should be 

analysed the same day preferably. If the sample has to be taken From the capillaries, this has to be 

from the heel, earlobe or finger tip and this is equivalent to arterial blood sample. The capillary 

and venous blood levels are same after an overnight fasting. The capillary blood sugar is usually 

higher for the first two hours after meals since the tissues utilises postprandial hyperglycaepia. 

Also the plasma glucose levels are shown (as in the table) to be usually higher than those of the 

whole blood for an o d n i g h t  fast. However, the plasma glucose level is preferred in determining 

the level of diabetes instcad of thc whole blood, for the following reasons: a 

(i) changes in plasma glucose level more accurately reflect the absorption, 

production and uptake of glucose than whole blood whose value is affected by 

dead space of red cell solids, 

(ii) The plasma value is independent of the hematocrit where as the whole blood 
D 

glucose rises by 3-4 mg/100cc for every each 10% fall in hematocrit and vice 

versa. 

(iii) Plasma is more suitable than whole blood for analysis by the automated methods 

that are now replacing the manual methods in the laboratories. 

METHODS FOR DETERMINING BLOOD GLUCOSE LEVELS 

There are many methods used in the determination of the blood glucose level among which 
0 

are; Folin-wu, Somogyi-Nelson, Hoffman, Benedict, Hagedorn-Jensen, Folin-Rlalmros and 

glucose -0xidase. In determining this glucose level, they all use two basic reactions, namely; 

chemical reduction of the copper or ferricyanide by glucose or the interaction between glucose and 



the glucose Osidasc wllich is an enzyme that reacts only with the specific form of thc glucose 

found in the body tluids. The Folin-Wu method, even though clinically disqualified; is being widely 

r uscd in the diagnosis of diabetes . However, acceptance of result of diagnosis performed by this 

* 
method by n Clinician automatically indicates his not being interested in diagnosing mild diabetes 

The dctails on thc mcthods and also other factors contributing to diagnostic results are found in 

t 

Ellenberg i ~ n d  Riflii:, (1983). 



CHAPTER TWO 

LITERATURE REVIEW 

Espcrln~cntally. it has bccn severally shown that the increase in the concentration of the 

plasma glucosc rcsults in the activation of the beta-cells of the islet of Langerhans of the Pancreas 

for the production and release of insulin. This released insulin have also been shown experimentally . - 

to affcct this Icwl of concentration of the plasma glucose. In this review however, we consider the 

mathematically orlcntccl rescarcl~cs, most especially matlwmatical models, that havieither shown 

these cspcrimcntnl bchavioural pattern or disproved it. In the work of 

Segre 3 gI ( 1  972) on insulin kinetics in normal, diabetic and obese subjects, it was shown that 

insulin release in diabetic and obese subjects were not as pronounced as in the normal subjects. 

This Incans that tllcrc is a dccrcasc in insulin rcsponse to increase in glucose concentration in the 

blood of tlicsc sul?iccts. They also sliowed that there is a small increase in the glucose fasting level 

without a corresponding increase in tlie insulin fasting Icvel. These results quite agree with the 
.. . 

plg s i o l o g d  patIiolog\-. of insulin-dcpcndult diabetcs mcllitus. Porte And Pupo (1969) showed in 

their work that tllcrc is a rclationship betwccn tlie glucose and insulin conctntrations but that this 

rclationship is non-linear. Tlicy equally stated that to give a fair prediction of the level of insulin 

relcasc. one woulcl 1~:ive to know not only the glucosc and ins~~lin basal levels, carbohydrate 

tolerance and tlic size of the administered glucosc, but that one is expected to know the previous 

history of thc tslcts csposurc to giucose. This has earlier been shown and Orskov and Juel (1 969) 

showcd that thc insulin disappcarnncc curve requires more than onc compartment for correct 

intcrprctntion. F:rrquh:ir g (1966) showed that glucose kinetics requires more than one 

compartment Thcsc information have bccn used ~ h c n  considering the mechanism of relcasc of 

insulin and its action on glucosc. 



Crodsky g (1968), Grodsky (1972) and Sirotch et- d(1970) showed in their 

experimental and mathematical analysis that the insulin delivery rate of the beta-cells follow a 

proportio~lal plus derivative type of control. Moreover, they showed that there is a time delay in 

insulin appcarmcc in dic blood and some oscilldions in the glucose concentration with time. This 

oscillation can bc cxplaincd experimentally by the compartmental and biphasic nature of release of 

insulin. Sirotcl~ d(1970) took notice of these facts and in their own model, had gone ahead to 

include thc cffcct of thc glucagon in the regulation of iasulin and tl~irs glucose level in the blood. 

Kohrr nnd Le~nieux (1991) studied glycolysis in ascites tumour cells in the absence and 

prcscncc of 125 mM exogenous glucose using graph theoretical modelling. They showed that the 

fwdback rcgulntion of tbc glucose lcvel was widely distributed and in most cases due to binding of 

adenine nuclcotidc cofiictors to thc cnzyrnes of thc nchvork. The addition of the glucose caused a 

clmnge in thc feedback regulation there by causing a relicf of the inhibition of hexokinase and 

phospt~ofnlctoki~rasc and thus the activation of the pyruvate kinase. This quite agrees with 

experin~cntal intbr~iiation since additron of glucose leads to secretion of insulin and thus more entry + 

of the glucose into thc cclls as thc insulin binds with tl~c receptor protein on the plasma membrane. 

Brooks and Storey (1991) further elucidated this conclusion by even suggesting that reversible 

b~ndins of the pliospl~oiiuctokinasc to F-actin may rcprcsent cellular mechanism for controlling 

glycolytic tlux during pcriods of increased metabolic demand. 

For nlorc rigorous matlicniatical de~nonstmtion of the mechanism of glucose and insuli~i 

control in the humnn system. Subba Rao g (1990) formulated a mathematical model that even 

incorpocatcd the bcta-cell kitictics, glucose-insulin fccdback system and the gastrointestinal 

absorption tcrm for glucosc. By solving these equations numerically and the subsequent analysis, 

they found that thcrc is time variation of plasma glucosc and insulin !cvels that quitc agrecs with 

the clinical observstions in normal groups. However, by linear stability analysis, they also showed 



that there is a changc in the naturc of the stability in  thc transition from the normal casc to the 

insulin-dependent diabetes mellitus case. This was shown to be as a result of a dccrcase in thc 

beta-cell fiinctioning in i~isulin prodaction. Howevcr, in their model, they did not consider the et'fcct 

of the basal gl~~cosc Icvcl on the subsequent glucose and insulin levels. There was no interaction 

term that shows the non-linear nature of the glucose and insulin interaction in the human system. 

Also they considcrcd the individual beta-ccll rather thanthe aggregate insulin out-put though we 

know tlnt son~c bcta-cells may not even always produce insulin and th; 

and rclcasc is not ncc~ssarily a function of the numbcr of beta-cclls bul 

xt rate of insulin production 

: somehow on the quantity of 

glucosc administcrcd and the level of exposure of thcse beta-cells to glucose charge 

Fi~rthcr study on insulin kinctics using the samc equations as Subba Rao pi gJ (1990) was 

carricd out by Geevan gf d(1990). They validated the conclusions of Subbs Rno CI (1990) 

but tllc andys~s this time \\as by sensitivity analysis and the earlier conclusion are found to be 

clinically correct. Hanmond g (1991) studied thc insulin distribution md uptake in the 
- . 

perfuss~d rat liver using mathematical models. The n~odel allows for the determination of the 

vascular and si~~usoidal volumes of the insulin together with the binding and the endocytic rate 

constans. Tllc modcl also allowed for thc simulatiol~ of the intenla1 distribution and uptake of 

insulin pattcnl \\..it11 any nommtcd input fi~nction and any set of parameters. 

Quon ;uld Caiupfield (1991 a) formulated mathematical modcls which exvLicitlv 

rcprcseiits the various ~nolccular mechanisms thought of to contri 

rcgulat~on. With rhs modcl. they werc able to reproduce the Ligara-~naucea aown m a  up 

regulations of rcccptor as wcff as the mitial spontaneous display of surface insulin receptors. Even 

though thcy liavc no data to validatc thcse their claims, they believed that their model strz~cturc is 

sufficient to explain the insulin rcccptor regulation in a wide cell types and this mechanism 

explains the glucose and insulin interaction mechanisul. In continuation of the quest for proper 



- - 

undcrstanding of the n~echanrsm of interaction of the glucosc and insulin in the control of the 

plasma glucose concentration. Quon and Campfield (1991 b) formulated another mathematical 

model and Computer sinl~rlation for the study of insulin sensitive glucose transporter regulation. 

With the tnodcl. they were able to correctly simulate the insulin sensitive, insulin concentration 

dependent, reversible translocation of glucose transporters as observed with increase in cell surface 

arca . The modcl also can sinlulate pathogenic states which induce impairment of glucose 

transportor regulntions. Thcy concluded their work by saying that since their modcl can sufticientlv 

explain glucosc trausportcr regulation in both normal and pathological ! 

of aid in  the undcrstanding of the post-rcceptor components of insulin resrstance as seen m the 

insulin-dcpcndcnt diabctcs mcllitus. Butte (1992) in his study showed that a change in the 

concentration of thc insulin at the cell surface causes a change in the translocation of the 

transporters in thc ccll. This movement of tlic transporters helps in the maintenance of the basal 

level of the insulin or in the storage process of the excess glucose in the blood. 

Davis (1962) modelled the glucose and insulin variation in concentration duc to factors 

conunon to glucosc and insulin existence in the human cells, for a normal and diabetic (IDDM) 

patient. 111 the nwdcl, he neglcctcd the effect of the body cell degradation of glucose. The cclls in 

the body as \vc know readily uses glucosc in the provision of energy it ncedcd for the mamtenance 

of life oncc the glucose conccntration is enough in the blood. Neglecting this action is an over 

simplification and tllus this fact is includcd in the current study. Hc similarly considered the effcct 

of the basal lcvcl of tile ~ I L I C O S C  011 further increase in insulin level without necessarily considering 

the fact that this also atEcts thc s~tbsec~ir~nt glucose Icvcl, Porte and Pupo (1969, 1973). 

However. \\.it11 these simpliticd assumptions, he was able to get results that compared well. with 

experimental obsc~vations. 



In tlic currcnt study, cvl: considcr an insulin-dcpcndcnt diabctic paticnt. This pnricnt f~vds 

normal so that thcr-c: i s  no continuos glucosc chargc of thc beta-cclls although the patient has high 

blood glucose Icvcl. The effect of tht: basal level of the glucose in the determination of the 

subsequcnt I~vcls of tlw insulin and glucosc are take11 note of. Futher more, the effect of thc cell 

metabolism of thc glucose is also takcn note of. Since tlx model is for a diabetic patient, it is 
. - 
P 

expected that with insdin infusion, n normal curve as for an oral glucose tolerance test should be 

repcoduccd. Hcncc in  thc madcl. insulin infusion is incorporated as this is the simplcst way of 

carrccti~ig tllc discasc if it is actually an insdindependent one. An analytical method (based on 

approsimating XY to XY) slinll bc adopted. as against thc numerical method, althot~gll with some 

approxrmation ul~lch has bccn tested with the numerical solution and found to be sufficiently good 

for finding thc solution to tlic modcl and thc subsequcnt ,analysis. 



CHAPTER THREE 

THE MODELS 

A mathematical niodel describing the variations in the plasma glucose and insulin 

levels in a11 insulin -dependent diabetic patient over titnc is fornlulated here. As statcd 

earlier, thc effect of the e l l  metabolism as well as basal level of the glucose are to be taken 

carc of in this formulation. Even though thc insulin actions are intertwined, we shall 

forn~ulatc the variationul quations separately with proper representation in each of the 

interactions bctwccn them. To show that the presence of one affects the existence of the 

other. \vc shall sofvc thc rcsultins two equations simuItan~wusIy. 

Wc shall denote the glucose level b ~ e  X with the corresponding insulin level by Y 

before tnc initiation of the treatment so that the effect of continuos expc 

charge may not arisc. 

GLUCOSE 

As stated carl~cr, ths is the form that the carbohydrate we eat are absorbed and 

mctaboliscd by thc cclls of our body. Knowing that the blood plasma glucose level varies at all 

timcs. ice consldcr the followng as the principal factors that cause this: 

. t ( I )  Glucose tnput either in the form of feeding or Oral glucose administration. 

(2) In estteme h~gh blood glucose concentration, the glucose is quickly converted to 

glycogen which is the storable fonii of the glucose in the liver and the muscles. 



This convcrsio~~ hclps in thc reduction of the b l d  plasma glucosr: 

concentraf ion. 

(3) Natural glucose breakdown by the cells of our body so as to get the energy 

nccdcd for thc maintenance of lifc of the individual. 

(4) In long pcriod of 1 

glycogen and fats for calvcrslon LO g~ucosc In uruer iu ra~st; UIG UIUW plasma 

glucosc Icvul. nt las t  to tllc basal level or to sustain the brain and the nervous 

Having stated thcsc factors. now scparatcly considcr the effccts of 

thcm mnrhcmnticdly. on tbc plasma glucose lcvel aftcr which they shall be joitlccl together to form 

one gcncral equalion. 

Case I 

According to Davis (1962). if we represent thc quantity ofglucose taken by Q and K 

denotytl~c delq pmxmetcr assoc~ated with time takcu to take or cat the food, we sce that the eEcct 

of this food on thc plasma glucosc lcvcl is described by the diflerential equation: 

:here nl is a constant associated with the quantity of fwd taken, tl. 

- .  3 ..... c--- L-L. ..I :.- .I-- L I - - J  - -  ,I .--- .. exponential tcrtn dcp~cts t k  U C G ~ I Y I I I ~  lwrn VI mt; ~IUCOSE:  In 111e OIUW as umt: progresses with t 

. .. and t, as thc subscqi~ait time and initial time respectively. This shows that the effect of the food 

(glucoss) intake tails off aftcr somc time. 



Case I1  

Let us recall thc rcport of Porte and Pupo (1969) which demands that the eflect of thc 

levcl of glucosc at t11c timc in question must be takcn into consideration in determining the 

subsequent lcvels of thc glucosc and or insulin. Suppose that the time of interest is t, and that tlie 

. - 
'r level of glucosc at such n tinlc is XI (to) where XI It.) 2 X,. Let X = XI (to) + X, so that 

X, (t,,) = X - X, . 

This mcms that X 2 0 and it mcasurcs the differencc between the plasma glucosc at the time of 

intcrcst and tl~c basal plasm;\ glucose Icvel. Similarly. Ict Y = YI (to)+ Y.. Then the clmngc in the 

glucosc levcl due to thc glucose 'and insulin interaction with one another which we assmx as 

earlicr rcgortcd tu bl: noa-Iinmr is given as: 

wlicrc a? is a constant which measures the carbohydrate tolerance by thc 

cclls in terms of rcsponsc of receptor agregation in the presence of insulin due to high plasma 

glucosc Icvcl. Wc may further simplify this cquation by putting XI +Xo = X and Y1+Y, = Y . 

f-la~cc. we 11aw IIic equation (2)  as: 

Case 111 

body dcpciidcd on n lot ol.tnctors. However, we shall consldcr an Ideal s~tuat~on III wh~ch there IS 



- .  

. # no filrthcr dcn~nnd for alcrgy by the culls due to extra nctivitics and that the energy nced is just for 

the maintcnancc of life. In such a situation, the encrgy need is constant so that the glucose 

utilisntion by tho cclls i s  fairly constant also. Wc shnll state however that this encrgy n d  is not 

dcpcndcut so milch on the lovcl of tlic glucose in thc blood unless in a very long pcriocl of fasting 

when energy nccds are now being sourced from other nutrients except for brain and ncrve cells. 

7' 
H u n .  the variation in tlic plasma glucose contributcd by this factor is described in differential 

dX/d t = - X for all t 

whcre a3 is thc parameter that nieeasures the rate ot degradation of 

the glucose by thcsc cclls. 

In n norm! patient, whcn therc is long time interval betwcen meals, the plasma glucose 

lcvcl tend to\t;~rds the basal level. Depending on thc insulin level. the glucose level may even go 

below X,, and thus anothcr illtlcss called Hypoglycacniin. However, this is not the case since this is 

quickl\* corrcctcd b~ thc accurate resoonse of the liver in relcasiw some of the stored nlvcmen 

wh i 
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- ..," - 
ch are rcconi emd to glucose and this then raises thc blood glucose level to at least the basal 

11 id i t  thi- e-tlni* t ~ n i r .  11ir~i.tin1~ Iln t lw mwrw rind nf the h d v  ~ d l e  Uencp thr rnntrih~rtinn c 

this proccss 10 thc uvcr all plasma glucosc varint~on is described by the differential quation 

where a is 3 constant related to thc amount of the glycogcn relcased to 



be converted to glucose s~ BS to meet up the need of the cells and also to 

maintam tlic basal leveI to the accepted level. 

Having considcrcd thc four cases. wc may now collect the equations together to get one 

general equation involvin& 311 tliosc factors as: 

INSULIN 

Havins discussed the biosynthesis, storage and release of insdin, we simpiy enumerate 

some of thc factors that atTccts this insulin mlensc: tvllen: it is assumed that it has been synthesised. 

Even for a diabetic patient, nlost cspcciaIIy for an it~sulin-dependent diabetic one, there is low 

T I  - svntl~csis of the insulin and sonw of the factors to be nlentioned here affects the release and even 
4 

receptors bctorc ~t can aggrcgatc these reccntors and thcretore llrake passage of the glucose rnto thc 

cells 

action or cnc lrrsirlln also rcauce rne plasma tnsulln ~cvct. slnurarry, some enzymes ~nacr~varcs me 

-- - - - 

more easier This action thus lcad to rcduction of the plasma glucose level and the biding 

. , ,  ,' I I - 1  I ' I' 1 I 0. .I . - - -  . - I  

insulin and the Icvcl of insulin varies according to body need. We put the factors affecting the 

plasma insulin lcvcl In sunmlan, fonn as: 

( 1 )  tlrc blood glucosc lcvcl 

(2) body dcgrdation of the insulin which shall include all fornis that leads to tl~c 

rcduction of the available active insulin in the blood. 



(3) external insulin adminis~mtion sincc tl~c insulin level is low and the blood 

glucoso Icvel is high. 

As earlier statcd in the introductory part, any thing that causes a change in the sn~ount of 

insulin released , also affects the cell rcsponse to the ~lucose and thus a change in the insulin action 

on the plasma glucose level. Thus for an insulin-dcpcndent diabdic paticnt who has a Icw insulin 

producing and rclcasr; Icvcl, the rate of action of thc Icvcl of insulin on thc glucose level in the 

blood must also be low. Tl~us !ct us IIOW formulate the mathcmaticat rclntions or modcls of the& 

factors to the plasma irlsulin Icvcl. 
f 

Case I 

According to Porte and P u p  (1969) . the subsequent lcvel of insulin over time in the 

plasma shall bc truly rqmscntcd by taking into considcrdion thc basal lcvel or the kvel of thc 

glucose at dx tinx of intersst. along with other factors. Let the initial time be to so that 

Y(t,) 2 Y. is f i t :  initial insulin coilcentration at such time. Hence, thc p!asma i~isulil~ variation due 

to plasma lovel is descritxd by the diffmntial equation: 

where bl takes care of or n~odu 

tenns of binding with the rcccptor protcihls I I I U ~  g ~ u r : ~ ~  LOIC;I~UICL.. 

dates the insulin response in 

-" .....J &I.-.- -I 6 - 1  -----.. 

Case I1 

As already statcd, the insulirt degrades by ccrtain biochemicd processes. Also statcd IS the 

nan-uniforniity in the level of degradation in human kings. Considering that thc Icvd of plasma 



-- . 

glucosc rtt'f'ects the plasm insulin Icvcl and ilsinp b, as thc measure of tlx lcvel of dceradation sf 

thc insul~n. wc hnvc tllc cquation showing thc efl 

Case I11  

For thc correction of tllc high plasma glucose concentration, insulin infi~civn beconw thc 

only solution sincc the psncrcas can not produce or rclcasc enough insulin that can appropriately 

d(Y, tY,,) /dt = b3 O(t) which is same as 

WI: may llowcvcr w~sh to say that when a give11 drug is mjected into the skin of a patient, not all 

the qusnt8ty or dose of tlic injectt'd drug finally gets ~nto the blood. Some quant~ty o f  it are held at 

thc intcrstitid spnccs bctwecn thc CCIIS whde some arc ~mmedintely used up by surrounding cclls. 

Tl~us tllc anrouni of t l ~ s  ~nsulln ~njectcd into the paticlit, (not by intravenous means), that finally 

gets into thc blood to mcasurc thc: pcak must be then less than I the actual dose given. 1 

1 '1 -  - - I  . I .  * * .  

Faking note 

of this when nriting dowll tl~c exact expression for thc a(t) tvh~c  solving, we navc trlu ~cneral 



differential equation showing tlic plasma insulin variation ovcr time due to the above mcntioncd 

factors as: 

whew we hnvr* fnr cimnliritv defined wftl as. 

~ C I I C Z .  tlic t ~ o  1111polt;~~it ~~ioacl~ca equarlons to tx consiaerea m a  solvea al~a to ut. usca ror tlie 
I' . . 

subscqilcnt analysis arc: 

dX/dt =a! Q e"'"';' -a* XY - a3 X + a4 (Xu - X) ............................. * 

dY/dt = bl X - bZ Y + b3 W (t) ,,,--,,,-,,,-,-,-,, * 

As earl~cr said, thcy an: to be solved simultaneously by the analytical method . 



CHAPTER FOUR 

SOLUTION OF THE EQUATIONS FOR AN IDD PATIENT: 
/ 

We wish to control thc plasma glucose in thc blood of an insulin deper patient ~ d m t  diabetic 

A 

such that l l~c torn1 a, (X. - X )  docs not form part of the model as we require that tor t > t,, then X 

> 
I 

lir 

XU F~rthcr morc, the uquntioti is non-lincar so that lo apply the analyticalmetl~od. we need to 

learise the non-lincar term XY. This we sl~all do by approximating the value of X in the tern1 by 

d ~ c r c  is thc valuc ofX at any timc of interest. Thus , at t = to, we have % = Xo an3 at any 

her time t = t-, = X'. With these modifications, the model equation becomes: 

k(t - t ) dX/dt = i l l  Qe , - a2 %Y - a2 x (1) 

Thcsc equations shall bc solved simultaneously by finding the complementary and 

particular solut~on \vhich shall, when added up, will give the general solutions. Thus let the 

From equation ( I ) and (2). tllc con~plcmentary parts of the equations are: 

from wliorc we obtain a matrix say 

r The eigcn - vrilucs of this mntris are got by solving tbr 2 in thc matrix : 



H a m ,  h = 0.5 I -(a3 + b2) f { (a3 + b2)* -4 (a3b2 + a2bl% 

Secondly wc tilid varticular solutions for the couatione in terms nr rnrl r.rr 1 nnn wirl  





(bl A - b2 B + b3y )t +blC - b2F + b3 6 = B. 

Solving for the values of A,B,C and F, we have 

A= - b3s2Rylm 

B = b3y~3/m 

C = b ~ a ~ & ( a ~ b ~  + a:) /(a3rn2 ) - b3a2%&/m 

1; = b36a3/m + b3(bla2% a:) Y/m2 
- 

tvl~crc m = b2 s3 + rtblX 

With tllcsc vducs. ~c Iiavc tlic solution with rcspect to w(t) written completely as: 

With these result. LIK gcncral solutiori to equation ( 1 )  and (2) arc 

nhich wl~cn wc substitute npproprintcly are given as: 

X = ~ e "  + a,Q/Z (b2-k)e q t - t o )  _ ba2zy tlm + b ~ a & ( b & - a ~ )  /(a3m2 ) 





t and 

Substituting tllcsc valucs of E, and EI into equations (20) and (21! gives the cornptute solutioli to 

equations ( I )  :uld (2). All thc constants arc known or can be atimated from the detailed 
. . 

informarion that :ire ~btxinablc whcn a probkm is prcsc~lted. The time tP represents the time of 

intcrcst and car1 assume various values such as the initial time to if we ; are referring to wl 

*L. *:- . ** -*I. .- . 
hat 

happuts to thc slucosc and insulin levels at such time . The csscnce of LIIG LIIIIU L .  IJLIlUl than t,, is 

that E, and E? arc to be dctcrmincd at t ims othcr thsu t,, [nost especially as we now havc insidin 

infusion to dctcrniinu thc: plasma glucosc and insuIill lcvcls and this insulin has at,,? value that 

prcscnts diffcrcnt glucosc responses to the levels of the i~lsulin at such a time. The X* and Y* 

starlds for thc amount of elucosc and insulin rcs~ectivclv in the pl; 

:c in  X* and Y* have the same importance as statcd in the 



- 

CHAPTER FIVE 

RESULTS 

In forniulating these mathematical models used in the determination of the plasma glucose 

a d  insuli~i Icvels, many variables as staicd earlier were appropriately built in and thus we !lad a 

. . fairly good modcl. Of psrticular importa~~cc to be maitioned among the parameters here is the 
I 

pancrcntic (Islct) response via insdin release when activated by the high plasma glucose 

concentration. 111 the study of Quon and Campfield (1990 adib), they considered this as beta-cell 

kinetics. Howcvcr. in our niodcl. we feel that it should not be so but rather the net insulin relcasc 

by tlic prtncrccls srncu not all rht: beta-cells release ituulin. The release by the individual beta-cell is 

dqcndcnt on man\. factors such as level of activation by the glucose concentration, thc healthy 

state of thc bcta-ccll. ap,e of thc beta-cell . and many more. Another important factor that nccdsto be 

nlcntion~d hcrc IS tlic ccll rcsponsc to the high plasma glucose concentration. Research has shown 

that cases abound tvlicrc uist~lui Icvel is high in the plasma and thcre is still high glucose level in - 
the plasma. TItc c a w  of this high plasma glucose concentration is low cell response to high 

plasn~n glucosc and msulin concentrations. The effect of cell responses to plasma glucose and 

insulin Icvcl has bccli dcnionstrated in our analysis 111 tcnns of transport c 

The mathc~natical modcl describing the plasma glucose and insulm vanarlon in 

conccntrat~un arc SIIONII by cqmtlon ( I )  and (2) in the form of ordinary differential equations. The 

solution to tllcsc cquations which were solved simultancousIy were given by equation 120) and (2 I )  

with cquations (22) and (23) bcing the esprcssions for the constants r, and EZ. It is these solutions 

- -. that arc uscd for d l  thc forthcomin~ analysis and the strbsequent conclusions. 



METHODS OF ANALYSIS AND ANALYSIS 

For the analysis of the mathematical models using the solutlon to equations (1) and (2), we 

have to recall that for an insulin dependent-diabetic patient, the values of the parameters are not the 

same with a normal person's own. Except in extremeIy starving condition, the body cell 

requirement for energy provision is still the same. Hence the first step in the analysis of the model 

is the choice of values for the constants. The values for the constants are az = 0.02 - 0.05, 

b, = 0.03 - 0.25, a3 = 0102 - 0.04, Q = 10,25,50 and 100 units, w(t) = 6.5, 10 and 20 units, 

b3 = 1.0, a, = 4.0 and k = 4.16 with the parameters having same meaning as earlier stated. In the 

method of solution of these mathematical model equations, we had defined w (t) as 

or further as 

w(t)  = 4 

w(t) = Yt + ti 
It is known that not all the dose injected into the body unless by intravenous injection gets 

r 
% U  - t o )  - 

P t ,  < t  s t  - 
t - t ,  

-w0(t - ( 2 i -  t o ) )  i s t e  ?;.-La - 
t - t o  

else where 
0 

I, 

into the blood stream for usage. Certain quantity of the dose is usually held by the cell through 

which the fluid diffuses into the blood stream. It is assumed that absorption of the insulin injected 

must have almost been completed in the time t which we assumed have to be about 0.5 hours so 

that if the injection was given at 8.00 hours, the absorption is completed at about 8.50 hours. 

Similar time interval is assumed for the disappearance of the injected I insulin. With this information 



at thc back of our mind. we tind that for the 20 units injection, w(t) will be representzd in terms of 

I' and 6 as: 

Mcnce, OOb, 111casures thc severity of the insulin dependent diabetes Mellitus. If the 

diabetes is scvcrc. ~t rs cspcctcd that not much of thc dose will bc heId in thc cells, since its 

conccntnt~on 111 tllc blood IS vcry low. However if othcnvisc. the cell usually hold much of the 

dosc as thc glucose level cqttdly stimulate the pancreas to release insulin and this lend to incrcase 

the plasm I I I S ~ I I I  ICVCI. Also, the scverity of the diabctes affects the peripheral cell usage of the 

injected i~lsulr~i HCIICC. Wb, mcasurcs the quantity of the insulin that held at the inter and 

intracellular spr~ccs Thrs dcscript~on of the insulin-ilijccted in the plasma is realistic cnough going 

by the real cspcr~nrcntat knonlcdge of drug kinetics in the human systcm and the fact that it 

corrcctll cstmaccs t?(t) at both sides of l and at f itself. Simllar mode! for Wt) is dcvcloped when 

the dose decrcnxs 111 value. 

To acrudl? carry out the analysis, we bear in mlnd that apart from corr 

wc necd to scc thc ctYcct of the var~ablcs in the detennination of the plasma glucose and msul~n 

concentrations. To study tllc effects, we first have to tix bl and vary a2 after which we fix a2 rurd 

vary bl.  both bl and a? arc var~cd. Equally. we hold every other parameter constant md 

vary a, to S L ' ~  I ~ S  cfft'ct on thc overall plasma glucosc and insulin concentration. Also, a3 is varied 

along w~th a2. b,  and cvcn Q. Later, control measures of the disease is studied. Hence, certain 

qu?&?of the tnsi~tin is reco~nnlcndcd to be injected into thc patient, one at the time of brcakfilst 

aid the other at thc time of the dmer. It is expected tllat the morning dose should sustain the 

patient till thc nrghr dose. Also, correct quantity of food to be taken at breakfast, bnch and dinner 



should be corrcctl!, cstmated so that the insulin should not plunge the glucose level below thc 

plasma bnsnl lcvcl and thus cnusillg another disease called Hypoglycaemia. It is expected that tla 

night dosc should bc smaller than the morning dosc so that the plasma glucose level should not bc 

seriously plungcd bclow basal levcl bcfore the breakfast meal. It may have to be stated that due to 

the fact that t11c basal Icvul of thc plasma glucose is usually very high (175 - 230 mg/lOOcc) for a 

I 
severc insulin-dcpcndcnt diabetic patient, the initial dosc of food and or insulin may not be same as 

the subscqucnt oncs and this has to bc verified if truc. Similarly, the times for the meals has to be 

dctzrnii~icd and rcasous tor thc choice of these times clearly justified. The general intcntion in 

carrying out th~s  t!p of corrcctivc measure is that we ivant thc patient to have nonnal glucose and 

insulin curvcs n r ~ h  minimnl disturbances. 

To shou the beauty of this corrective measure. comparison is made about tht: palsma 

glucose and insulm curvcs for an insulin - dependent diabetic patient with and without insulin 

infussion Also tlic nor~nal curvcs with the diabetic curves for plasma glucose and insulin lcvels 

necd to be shoiw for various dcgrecuof diabetism. Thasc later curves should clearly show thc 

importance of thc insuliu infusion. 

Thc final polnt of'our analysis is the comparison of the curves resulting from this rncthod 

of solut~on with that of tllc nutt~crjcal solutions of thc ssnie linearised and non-linearised forms of 

thc equations sincc the nwmcricnl solutions have been extensively used by many ; authors In carrying 

out tllcir analys~s and in particular slncc Davis (1962) used numerical approach In his arialysls and 

the luial,sis was rtcccp~cd as good. then a close agreement betwcen our method and th~s numer~cal 

rncthod should makc it acceptable enough for similar analysis since the mathcmatica! fonnulation 

of thc niodcl is tl~corctically good and corrcct. 

To conclude thc study, far reacllri~g decisions arc expected to be made about the doses of 

the ~nsulln to hc uscd and wlicn Also dcpcnding on thc severity of the diabetes and then thc dose 



of the insulin to be infused, the required quantities of food and snacks has to be determined along 

with when they should be taken. The major determinants of the level of plasma glucose level has 

to be named and a cross check with the theoretical or experimental results have to be made to find 

how valid the cbnc~usion is. If possible, further method of advancement of the model or the method 

of solution has to be suggested which.may not have been treated in the present study. 

Of importance to be noted is the method of choice of the constants. Some of thkm 

(b3, a3 , a,) have been chosen arbitrarily while az, bl, and bz have been experimentally determined to 

1 
be so (Porte and Pupo 1969), Subba -Rao pt 1990; Campbell et d, 1977). However, it clearly 

has to be stated that as many as there are mathematical models describing a given biological event 

or system, so are the variations in some of the involved constants or parameters. The prime 

objective of such choices is that the model should present a realistic description of the event or 

system. 

DISCUSSIONS 

We start this discussion by explaining why w e  chose the values of the parameters as such. 

For a start, the parameter al is an arbitrary constant which is tied to the quantity ol'the food taken 

and thus could be changed depending on the food quantity. However, it has to be chosen in such n 

way that with other parameters known, a comparatively realistic result will be obtained. 

The parameter a2 has its value obtained fiom experimental works. This a2 measures the 

plasma glucose'sensitivity to the plasma insulin level, in other words, the interaction of the plasma 
- 1 

glucose and insulin in connection with the glucose .into the body and liver cells. In a normal 

is is in the form of 

. .. 
person, increase in the plasma insulin usually initiate greater interaction and th 

greater binding rate of the insulin with the protein receptors at the plasma cell memDrane ana tnus 

quicker entry of the glucose into the cell, partic~larly the liver cells. The chosen value for a2 can be 



supported by the studies of Porte and Pupo (1969), Davis (1962), Insel gt a_l (1975), and even 

Suhba-Rao et - al - (1990). The parameter a, has its value chosen arbitrarily although with the 

consideration that the rate of clearance of the plasma glucose due to the interaction between the 

glucose and insulin is greater than the rate of clearance by the body cells. In the same way, b, has 

been chosen after due comparison of practical works and observation of other researchers. For a 

normal person, b, was chosen as 0.5 while for an insulin-dependent diabetic patient, b, ,, 0.5. As 

earlier said, this measures the sensitivity of the pancreas (islet) to glucose stimulation. In the choice 
1 

of the value of b2, consideration was made of the half life of insulin and experimentally, this has 
0 

been shown to be between 2 0 and 30 minutes. With this information, bz was calculated to be 

between 2 and 3 so as to satisfies this condition although in our analysis, we decided to choose the 

lower limit, Porte aild Pbpo (19fi9) had stated this value while Davis (1962) had used the same 

value in his earlier study. 711e value of k has been purely chosen based on the assumed time taken 

for the eating of the meal and we have assumed this value.to be constant irrespective of thc 
> 

quantity of food taken. For the choice of the basal levels, we had earlier stated that for a modcratcly 

I 
and severely insulin-dependent diabetic patient, the plasma glucose level is about 121 mg/100cc 

and 23 1 mg/100cc respectively. Similarly, Campbell gt a_l (1977) had stated that the plasma basal 

glucose level for a normal person is less than 95 mgI100cc and as stated earlier, is between 70 and 

115 mg/lOOcc. Thus in our corrective approach, we assumed a condition where the patient is 

initially diabetic with the basal level of the glucose as high as 175 mg/100cc orland 200 mg/lOOcc. 

This is correct for the first day and by the second day, the basal plasma glucose level comes down 

to 94 mg/lOOcc. We subsequently wish to maintain this basal level for the patient at all times. 

For the results, we have that for the insulin-dependent diabetic patients, the values of the 

parameters are usually smaller than that for a normal person and thus given as above. Because of 



these smaller valucs. high plasma glucosc concentratio~l ensues along with low correspondi~lg 

plasnm insulin cunccntmtion To correct th~s anonnally. insulin is injected or infiwd into the 

i 
patient (in partici~I:~r. injcctcd) The dose of this inlcction has bbmn reprcscntcd by w(t). 

From fig. I ,  it is sccn that for a norillal glucosc response to insulin when insulin is injcctcd 

but with rcduccd rcsponsc of the pancreas to glucosc stimulation, the time t,aken to clear the 

glucosc from the plasma increases with further decrease in the pancreatic response. Also, further 

decrease in  thc pclncrcatic rcsponsc resulted to higher plasma glucose level. This then means that 

decrease in the pancreatic response to glucose stimulation rcsults to low plasma insulin lcvcl so 

that small quantity of the ins~~lin is available in the plasnla for the binding action and hence 

reduced intcrciction bctwccn the glucose and the insulin. Fig. 7 shows the corresponding plasma 

insulin lcvcl to fig. I .  It is seen in this fig. 7 that when bl > 0.1, thc plasma insulin curvc becomes 

crooked. T h ~ s  means that at such levcls of diabetism, the capacity of the pancreas to rclcasc 

insulin is tllcrc but that with the injcctlon of the insulin. this capacity is inhibited until when thc 

injccted .dose conccntratio~i must have reduced to a lcvcl that the re~naining~quantity cannot 

appropriately match the corresponding remaining plasma blood glucose concentiation. At such a 

state, there ~ 1 1 1  bc tilrthcr den~nnd for ~nsul~n and since the pancreas has capacity to relcase insulin, 

it \ \ i l l  now rclcasc the stored insulin and this illcreases the plasma insulin level which results to 

anothcr peak in insulin conccntration. From figurcs 2.3,4, it is seen that for the various values of 

'b,.' variation i l l  value of 'a?' results i n  remarkable variation in the plasma blood glucose Icvcls 

Thls is q~lite cspcctcd slncc dccrcast: In a? mcms less involvement of glucose in interaction due to 

low plasma lcvcl of the ~nsul~n. Hence at decreased value of a2, there is high plasma glucose 

conccntration w t ! ~  !ow amount of the glucose converted to glycogen and fats. The corresponding 

plasma insulin Icvcls arc shown in fig. 8 .  9, 10. In general, reduction in the value of a2 or bl 1 with 



available insulin in the plasma,and longer time takcn to return thc plasma glucose and insulin 

levels to basal Icvcls. When the binding rate of the insulin with the protein receptors at the cell 
/' 

f. 
membrane rcduccs or thc rate of release of the insulin reduces, there is increase in the plasma 

glucosc lcvcl This increase in the plasma glucose lcvcl with increase in the plasma insulin level 

i due to reduced insulin binding mtc. incrcascs thc length of time takcn to clear d l ~  ~ ~ U C O S ~  and cvcll 

insulin in tllc blood plas~na. 

A case \\liere a patient (IDD) is severely diabetic with b, value as small as 0.05 shows 

tliat the lcvcl of the plasnza glucosc will depend on the binding rate of the available insulin with the 

plasma mclnbranc. Evcn with insulin injected, this ccll membrane response to insulin and thus 

glucosc cntn  into the cell greatly determine the plasma glucosc levcl. However, the effect of 

variation in the valuc of 'a?' do not markcdly dctenninc the plasma insulin concentration but may 

nffcct thc length of tinic required to return the plasma glucose md insulin level to the basal level. 

'These 11avc bccli dcmonstratcd in figs 5 ,  6, I1 and 13. * 

Froln these g raphs /c i~~cs  we may summarisc this section by saying that the rate of 
e 

interaction (ccll membrane rcsponsc to insulin binding nction) of the glucose and the insulin as well 

as the p:u~crcatic rcsponsc Lo glucosc stimulation (by releasing insulin) affects the plasn~dblood 

glucosc and insulin levcls in a11 insulin dependent diabctic patient. The lowcr the value of these 

parameters the more scvcre the diabctcs since these lower values always result to high 

concentration of plasma glucose. It is also seen that thc pancreatic response to glucose stirnulation 

is thc grcntcr cause of the insulin dcpcndcnt diabetes when compared with the effect of the cell 

I 

membrane rcspc~~sc to insulin binding nction (fig.30 and 27). Reduction in the rate of the binding 

actio~)cvcn though it causes lncrcnsc in thc plasma glucose level, greatly causc an increase ~n the 

Icng~li of tlmc rcqu~rcd to clear the gli~cose from the blood. As can be seen in fig 5 & 6,  at a fixed 



bl the n m c  peak valuc is a t ta~wd but diffcrmces m the length of time required to clear this is 

remarkable. 

Also, a case when a3 is varied was considered. From fig 24 and 25, it is seen that 

reduction in tllc valuc of a3 C ~ L I S C S  an increase in the concentration of the plasma glucose for a 

fixed a: and b, Fig. 25 particularly shows how variation in a? and a:, aflects the plasma glucosc 

levcl for a tiscd bl and food quantity. It affects both the tnaximum detectable plasma glucose 

concentration rind tlic length of time for clearing tllis plasma glucose level by incr~asing their 

valt~cs Even tl~uugh ~t docs not lead to any appreclablc change in the plasma insulin levcl, it only 

leads to li~gll plas~nn glucose concentration at corresponding times as compared with normal cases. 

This particular case is ncccssary to be considered because if the scverity of the discasc io high, less 

amount of the glucosc cntcrs the ccll so that body ccll usage of the plasma glucose is almost absent 

and with our analysis, it is cspcctcd that this behaviour of the plasma glucose has to be exhibited 

Thcrcforc. from our analysis, the required behavioural pattern of the plasma was established. 

Tllc ncst step in our analysis is the actual correction of the ,jnsulin dependent diabetes 

mcllitus by ilijccting ilisulin into the patient. Fig. 3 1 shows the case of a moderately diabetic patient 
LJ 

WIKW: plasni:~ b;ls;11 ~ I I I C O S C  level is 175 mg'100cc. Hcrc, a: = 0.03 with b, = 0.05 wcrc: used as 

the cffcctivc p;i~.a~nctcr. At 8.00 hours, 505 of glucosc worth of food was taken with 20 units of 

insulin injected illto tllc patient at the same time. From fig. 3 1, the plasma glucose level is still 

normal up to 13.00 hoilrs when .unch of N g  worth of glucose meal was taken again with no 

filrtllcr ilisulin i11.icction in to the patiait. However, at about 17.00 hours, the plasma glucosc levcl 

starts plunging below the basal lcvcl so that a 1Og glucose worth of snack was taken so that it 
- . 

keeps the plasma glucosc level to at least the basal level until the dinner time, 18.00 Iiotrrs. At this 

time, 1005 glucosc worth of meal was again taken. By this time, the insulin level in the plasma is 

lo\\ so that fi~rtllcr insulin injection is ncccssary. Ho\vcver, since no mu* activities that demand 



high energy by the cells are performed within the period 18:00 - 8:00 hours, less amount of this 

insulin need be injected so that the glucose will be utilised gradually. Hence, 10 units of the insulin 

r' 
was injected into the patient. With this level of injection and the length of period involved, another 

meal of lOOg of glucose is recommended to be taken at 22:00 hours with no further insulin 

injection. This keeps the plasma glucose levei abovc the basal level up to 05:OO hours. From this 

time to 08 :00 hours, the piasma basal level of the glucose is maintained. In fig: 3 1 also, we saw a 

change in the quantity of the insulin injected, from 1 0  units to 6.5 units. From the graph and othcr 

analysis, there is no substantial change in both the plasma glucose level and the time the plasma 

glucose return to the basal level. Hence. we recommend that the dose of the insulin to be injected 

need to be at most 10 units when the starting dose is 30 units. Similarly, a case of severely diabetic 

patienr with fasting plasma glucose as 200 mg1100cc was considered. Here we assumed a2 = 0.025 

and b, = 0.03 since the case is severe meaning further reduction in the values of both a2 and b, . In 

this case , the patlent does not need any snack to control the plasma glucose level plunging below 

the plasma glucose basal level before dinner. The patic~lt was given 50g of glucose worth of food at 

both breakfast (8 :OO hours) and . h n c h  (13:00 hours) with 20 units of insulin i~yected at the 

breakfast time. The plasma glucose level was maintained above basal level up to 18:OO hours. At 

this time, lOOg glucose worth of meal was taken with 6.5 units of insulin injected. At 22:00 hours, 

another 50g glucose worth of meal was taken. These two meals with the later dose of the insulin 

sustained the plasma glucose level above the basal levcl up till 0850 hours the nest morning. To at 

least get the plasma glucose level to the basal level on or before the nest breakfast we consider 

where 50g glucose worth of meal was taken at both 18:OO hours and 22:00 hours with the 6.5 units 

of thc insulin injected. This kept the plasma glucose level above the basal level up till 06: 10 hours. 

At least. the plasma glucose level remalns at the basal level (94:00 mgl100cc) for the nest hvo 

hours when the breakfast meai will be taken. This case is . shown in fig:32. 

48 



From fig:.', I and 32. it means that the level of severity of the disease should bc clearly 

shown before the ~nltlal corrcctlon IS made to avoid other forms of glucose-related diseases. Also, 

,- the lcvcl of seventy should be taken into account nllcn recomrncnding the doses of the insulin to 

be mjcctcd at the breakfast and dinner tunes. Fig30 shows a comparison in the plasma glucosc 

levcl for thcsc lcvcls of scvcrity. There is a wide difference in plasma glucose when equal quantity 

) -  
of food were g~vcn to the patient togethcr with the same doses of the insulin. Having now brought 

the plasma glucosc lcvcl to the normal levcl following this initial correction, we went ahead to 

dctcrminc tllc qunntitics of food and doses of the insirlill that will be given to the patient and at 

wh;~t timc this should be done, so that this normal statc shall be maintained each day 

In our further analysis of the control of diabetes, we assumed that initial control has 

rcti~lncd to nornial tl~c plasma glucose level and thc scvcrity of the disease is such that bl=0.05 and 

0.10 . Fig: 15 sho\vs the plasma glucose and insulin levels of such patients when at 08:W hours, he 

was giwn 50g glucosc worth of food with 20 units of insulin injection at this time, 50g glucose 

worth of food at 12.00 hours and 1001: glucose worth of food at 18:00 hours with 10 units of 

insulin injcct~on. To avoid the plunging of the plasma glucose level below the basal level, a snack 
a 

of 25g glucosc \vorth of food is recommended to be taken at 10:00 hours. This maintained thc 

plasma glucose lcvcl abovc the basal level up to thc timc of launch (12:00 hours). In the sane way, 

the IOOg glucosc worth of food taken at 1IX:OO hours with 10 units of insulin injection can not 

sustrun the plticnt till tllc following morning when hc shall take another breakfast. Therefore. the 

patlent has to tahc 50g glucosc cvosth of food at a b o ~ ~ t  22:00 hours. This kept the plasma glucose 

lcvcl abovc thc basal vnluc up to 05:OO hours the following morning. Therefore, within the nest 

thrcc hours b c f ~ ~ c  the brcrddist meal, the hver will be able to supply the needed glucose by 

convcsting the stored glycogcn to glucose. 



From fig. I5 also. we can see that quantity of food given to the two patients with different 

level of sevcr~ty could not sustain them cqilally when the srme doses of the insulin were injected. 

/ For the putlent wth  the lcvcl of scver~ty mcasured by bl = 0.1, the plasma glucose levels wcrc vcly 

lo\\ compared to that of bl = 0.05 . This is because, more insulin is available in the blood which 

rcsulted to qu~ckcr convcrslon of the glucose to glycogen and thi:s clcarance from the blood. Fig: 14 

shows thc plasma lcvcls of thc insulin for the two patients. Fig: 16 shows a case when the amount 

of food taken at 12:00 hours was changed to 1OOg glucose worth . Even as at this quantity of food 

intahc \\ ith thc sanlc amount of insulin injcction, the food quantity could not still maintain the 

plasma glucosc lcvcl of the paticnt with b l  = 0.10 above the basal level till the next meal wllich is 

d~lulcr and at I X : 0 0  hours. From thcsc results. it becomes very clear that the issue of treating an 

insulin-dcl~cndc~~t diabetic paticnt with insulin injectron 1s not as simple as we feel. Proper 

examination of the patient is vcry necessary so that clear knowledge of the type and severity of the 

diabetes must bc known. Thcrcforc, to give correct treatment, laboratory examination must bc 

conducted propcrl?, so that the physician will know the following: 

( I )  thc major causcs of the high blood glucose level - whether it is due to low 
u 

pnncrc:ltlc response to high plasma glucosc stilnulation and low cell response to 

ms111111 Ic\/d ( ~ ~ ~ S L J I ~ I I - ~ C ~ C I I C ~ L ' I I ~  cmscs) or ~t IS due to non-insulin-dependent 

causcs as earlier stated. 

(2) If it is pancreatic response failure ( or reduction) . to what level of severity is 

this. Also to what lcvcl has this affcctcd the peripheral cell response. 

(3 )  based on t h ~ s  lcvcl of sevcrity, the correct doses of the insulin to be injected into 

the patient at brcakhst and dinner rcspectivcly. 



(4) the correct quantity of food (glucose) to be taken at the times 08:OO hours, 12:OO 

hours, 18:OO hours and 22:OO hours. If necessary, the quantity of snack needed 

and the time it should be taken. 

Correct food intake is very necessary because, energy requirement of every individual is 

not the same. The standard requirement of glucose intake is Igkg  body weight. This shows that 

50g glucose worth of food given to a 50 kg and 80 kg persons will not present the same time of 

clearance in the blood for the two persons as the 80 kg person's blood will be cleared of plasma 

1 
glucose quicker. From the foregoing analysis, it is evident that the severity of the disease must be 

known before any choice of the dose of the insulin to be injected is made. This is td avoid the 

plunging of the plasma glucose below fasting level and thus another glucose related disease 

(hypoglycaemia) resulting. However, if it is detected that the patient is simply insulin-dependent 

diabetic without necessarily checking for the level of severity before the 20 units of insulin ( or any 

dose) is injected, then a thorough monitoring of the patient's plasma glucose level for the first two 

days of treatment is very necessary. If possible, this may even be checked for three days. This is 

because, the first day is expected to return the plasma glucose level to normal while the next day or 

two is to determine the correct subsequent quantities of the food to be given to the patient. It is also 

seen in this analysis that when the diabetes is insulin-dependent, that othcr complications result. 

Among these are the reductions in the peripheral cell response to glucose concentration, reduction 

in the clearance rate of the glucose in the plasma even when enough insulin is injected. Depending 

on the dose of the insulin injected, the plasma insulin level is usually higher than noimal even 

when the plasma glucose level returns to the normalhasal Ievel. The mechanism of glucose entry 

into the cells in the presence of the insulin to ensure conversion of glucose to glycogen is stopped 

so that rather, the liver releases the stored glycogen for conversion to glucose. This reconverted 



howckcr not affected by \-\ll~atcvcr levcl of insuli11 in thc plasma and thus the situation as reported 

above. All thcsc further complications resulting from the insulin-dependency of the diabetes 

contributes to fur-~hcr i ~ ~ r c n s c  in thc plasma glucosc lcvcls as shown in the graphs. 

Concluding this part thcrcfore, we say that care must be taken in the diagnosis of the case 

to know the csact form it takes. If the disease is not insulin-dependent and further insulin is injectad 

mto the patiult. the illness won't improve since the paticnt has enough plasma insulin. If 

ho\vcvcr the disease is insulin-dependent and other form of treatment are being given as in the case 

of 11on-insulin-dcpc~idcnt diabctcs. no meaningful result will also be got. 

Finall?. lig:2 1. 22 and 23 shows the comparisons of the plasma glucose and insulin levels 

in the paticnt give11 that the C C I L I ~ ~ I O I ~ S  arc solved by an!, of the methods; analytically and 

numcr-icnlly for- tlic linc;lriscd arid numerically for thc non-lincariscd equations. From fig21 and 22, 

the rcsi~lting p1;1~1ila glucose and rnsulin levels for thc analytic solution and the numerically 

lincariscd solutions nlatchcs almost vcry perfectly. This suggests that either of the two methods can 

bc uscd for t l ~  rl~ial>s~s \vitllotrt loss of an! information or interpretation about the patients 

condition. For the numerical solution of thc non-Iincar cquntions. the results also match very 

closely up to the maximum plasma glucose level. Difference only occurred at the clearance scctioti 

\vhich can be nttributcd to the clearance rate. Sincc our method predicts correctly the masimum 

plasma glucosc Icvcl as predicted by the numerical method for the non-linear equations, we can 

confidcntl!. usc our nlcthod In reconunending treatnlcnt measures for an insulin-dependent diabetic 

cases. From the study. it is sccn that thc masimum tlmc difference in the clearing of the plasma 

glucosc \vhcn food is taken along nit11 insulin injections is about a1 hour. Therefore, this time 

dif1Lrcncc has to bc: noted wI1cn ever the timing of thc mcals rue bcing considered. 

Particularly. tig2.1 and 1 5  slio\v rhc cf ic t  of a3 on the plasma glucose and insulin levels. 

It was shown that 3 decrease in the cell usage of the glucose resulted to an increase in the plasma 



glucosc concentrntlon T h ~ s  mcrcase In the plasma glwose level results increase In the clcarancc 

time and lo\ver lcvcl of plasma unsulln when the glucose IS clearcd. As earlier stated, variation In 

the cell usage of t l~c  plasma glucose IS a further co~iipl~cation of the insulin-dependent diabetes 

F1g.20 shows the plasma glucose level for n nonnal person compared to those of an 

insulm-dcpcndcnt dlrtbctic patmt  that had no insulln ul~ected into him to correct the abnornlality of 

tile plas~na glucosc. F I ~  27 shows the corresponding insulin levcls. As theoretically bclieved, it is 

tlus Ion ~nsulln lcvcl that principally causes the high plasma glucose concentration. Hence, to 

corrcct thls lug11 plasma glucose concentration as has bccn shown, insulin injection is unavoidable 



APPENDLX I 

NUMERICAL SOLUTION TO THE MODELLED DLFFERENTIAL EQUATIONS 

For tllc nu~ncrical solutions. we considcred the (approsinlaled) linear and the non-linear eqirations 
! 

Tllc ~ ion- l i~ lc ;~~ .  ~uodcllcd system of differential equi~tion is given as: 

................ dX = al  ~ e - " '  - "' - a2XY - a3X - (1) 
dt 

and 

dY = b l X  - b2Y + bjW(t) = blX - b2Y + b,(yt +ti) 
dt 

-.I 

For tiic ( appros i~~~;~ tcd  ) hear equation of the same system, we liave XY = XY and the equalions 
rclli;liri l l ~ c  sarnc n ~ t h  tile sanie programme r 

.................. ~ c t  f, ( t .  X. Y)  = ~ , Q F " " ~ " "  - a2XY - a3X (3) 

In equallon (-I), \\c Iiavc tlic values for 6 and y as before. 
Using thc Rungc - bra ~iictliod (of order 4) of Q~uuerical solution to differential equations, we liave 
tiic following d c l i n ~ t ~ o ~ l s  : 

dY = t X . Y )  = b , X - b ? Y + ~ t + i i  - 
dt 

\vlicrc X and Y are all fii~~ctions of t .  

To dctcr~triilc thi: valucs of Xa11dy:tt any point, wc then have that 



L,,,  = f2 (t,, + 11, XI, + K3. Yl, + Ld 

ANALYSIS 

For 11tc analys~s rind tlic discussion that followed, wc have the value for the constants as follows 
ill  = 4. a- = 0 . 0 2  -0 .05,  :l, = 0.02 - 0.04, b, = 0.05 and 0.10, bZ.= 2.0, and b3, 6 and h o be determined 
fro111 [hc given c s p ~ c s s ~ o ~ i s  in riic tlics~s, Q = 10, 25,50 and 100 units. For tlie corrective processes, 
wc Itavc Q = 25. 50 and 100 units, will1 w(t) = 6.0. 10 ;u~d  20 units which has to be defined in teniis 
01' y and 6 . 

Tltc F o r t ~ m  Progra~n~nc uscd for the gcncralion of the values uscd in the graphs is given as: 

E ~ c r ~ i a l  r, . I> 
O p c ~  ( I 1. llli - "Mb;~li.Dal;~") 
11 = '? 
t = 8.00 
X = 94.00 
Y = 0.00 
N = ', 

Nsrcp = 0 
Writc ( 1  1. 104) Nstcp. T, x. Y 
N = N-i 
Do IONstcp = l . N  
K, = h*f, (T, x. Y) 
11 = !I * f 2  (T. X. Y )  



X = S + l .O / ( i .O  * ( K I  + 2 * K2 + 2 * K3 + I(.,) 
Y - Y + 1.010.0 * ( L I  + 2 * L? + 2 * L, + L.,) 
T = T+11 

I0 Wri~c. ( 10. 104) Nstcp. T. X. Y 
Closc ( 1 1 )  

100 FOI-III;II (3 F 10.5. 14) 
104 For111;1t (IX, 14, 3F10.3) 

Slop 
End. 

T l ~ c  \ ;~ lucs  of 6 ;111cl -/ ;ire shown as  show^ in the main work for the effective intcneal of 
w luc  of c s ~ s f c ~ ~ c c  oS 111c fccdlng period. This C ~ I I  bc ~nodificd in various forms. It call bc used for 
both the approsiluatcd :ind tlic 11on-li~icar ~nodcllcd equations. In the approsi~nated equations, we 
11avc to li~rc:lr~sc the non-linc;~r lcrni XY to RY as already stated where 2 = X(t,) = X,, 



APPENDIX 11 

H c ~ c  is prcscliicci llic FORTRAN progrm used for tlic. dcterminiltion of the glucose and ~ r l su l~n  levels 
111 tllc blood n IICII  ;ill 111c values of the constants are k~rown and the equation solved analyl~cally. 

Wrilc ( 1  I ,  100) Nstcp, T. X. Y 
N =  N - 1  
Do 3 0  Nstep = I. N 
\V = :12 * b2 + bl  * * XI 
Z = 2.; ** 2 - (b- + ;li) * K + a3 * b2 + b l  * ;12 * XI 
G I  = 0.5 * I-(b. + a3) - ((b? + a3) ** 2 - 4 * (a3 * bz + bl * a2 * XI)) ** 0.5 
G- = 0.5 * !-(b. + a3) + ((b? + a3) ** 2 - 4 X w) ** 0.51 
D = (:I: * s, * 8 * Co: *a3 + a3 **2)/(a3 * \\. **  2) - (a2 * XI * y)lw 
s = ill  * Q * (b: - #)/Z * exp (-K * (T, - 8.0)) - a2 * X, *F * TJw - XI  

S1 = y  * ;li/w -6 /w  ** 2 (a3 ** 2 -b l  * a l  * X I )  
S? = ( a l  * bl  * Q)/Z * esp (-K * (To - 8.00)) + a3 * 6 * T& - yo 
VI  = (G1 + a3)/(GI - G2) * exp (-GI * T) 
V: = (GI  + a,)I(GL - G I )  * esp (-Gz * T )  
V3 = ( ; I -  * X,)/(G,  - G 2 )  * esp (-GI * 8.00) 
V., ; (a2 * Xl) / (G2 - G I )  * csp (-Gz * 8.00) 
El = VI ( D  + S) + V3 (SI  + S2) 
E: = Vz (D  + S) + V.r (Sl + Sz) 



C, = El  * csp (a, * T) + E2 * esp (GZ * T) 
C ,  = ((a, * Q * (b? - K)) * esp (-K * (T - To))/Z - (az * XI * S * T))/w 
C, = -((GI + a,) * E, * exp (G, * T))/az * XI)  
C,  = -((G2 + a,) * EE, * esp (G-, * T))/(a2 * s,) 
Cs = (.I, * Q * b, * esp (-K * (T - To)))/Z + (a, * S * T)/w 
X = C I + C 7 + D  
Y = C 3 + C , + C 5 + S ,  
T = T + H  

30 Wnlc  ( 1  I .  200) Nslcp, T. X, Y 
200 Fonnat (21, 13, 3F10.3) 

Slop 
End 
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