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Abstract

This project report deals with the class of asymptotically demicontractive mappings in
Hilbert spaces. We noted some historical aspects concerning the concept of asymptotically
demicontractivity and studied a regularized variant of the Krasnoselskii-Mann iteration
scheme, which ensured the strong convergence of the generated sequence towards the least

norm element of the set of fixed points of asymptotically demicontractive mapping.
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Chapter 1

Introduction

1.1 General Introduction

For the past 30 years or so, the study of Krasnoselskii-Mann iterative procedure for the
approximation of fixed points of nonexpansive mappings and fixed points of some gen-
eralisations of nonexpansive mappings have been flourishing areas of research for many
Mathematicians. Recently, Mainge and Maruster [22], studied the convergence in norm
of modified Krasnoselkii-Mann iterations for fixed points of demicontractive mapping. In

summary, they considered the following algorithm in a real Hilbert space H:
v € H, pi1 =1 —an)(l = Bn)an +a,T[(1—Bn)x,] n>1 (1.1.1)
The above equation can also be expressed in the form:

r1 € H v, = (1-705,)z,

Tor1 = (1—ap)vy+a,Tv, n>1 (1.1.2)

They proved that if T : H — H is demicontractive, that is, || Tx —p||* < ||z —p||* + k||z —
Tzx||* for some k € [0,1), Vo € HV p € F(T), where F(T) (assumed to be nonempty)
is the set of fixed points of T, then {z,} converges strongly to the least norm element of
F(T) under some mild assumptions on the iterative parameters {«a, }, {8,} which are real

sequences in (0, 1). We observe that the algorithm (1.1.2) will reduce to Mann iteration if
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fn = 0. That is, if 5, =0,V n > 1, (1.1.2) reduces to
v1€H, v =1 —ay)r,+a,Tr, n>1 (1.1.3)

The important thing here is that their algorithm yielded strong convergence, but the Mann
iterative algorithm yields only weak convergence. It was shown, however, that for the Mann
iterative algorithm, ||z, — Tx,| — 0 as n — oo, that is, the sequence {z,},>1 generated
by Mann’s algorithm is an approximate fixed point sequence of nonexpansive operator 7.
Thus, to obtain strong convergence with Mann algorithm, additional requirements on T’

and/or its domain are usually required.

1.2 Aim and Scope of Study

The aim of this project is to propose an algorithm (analogous to (1.1.2)) above for asymp-
totically demicontractive mappings which will yield strong convergence; and in particular
show that the proposed algorithm converges strongly to the least norm element of the set

of fixed points of asymptotically demicontractive mappings.

Definition 1.2.1 Let X be a nonempty set and let T : X — X be a self map. A fized
point of T is an element x € X for which Tx = x. The set of fized points of T is denoted
by F(T). Thatis, F(T)={x € X : Tx = x}.

Example 1.2.2 Let T : R — R be a real valued function defined by T(x) = %, then
F(T)={re X :Te=1z}=1{0,1}

Remark 1.2.3 We quickly remark that not all functions have fixed points. For example,
Let f : R — R, be a real valued function defined by f(x) = x + 1, then f has no fized
point since there is no x* € R such that f(z*) = x*, that is, there is no z* € R such that

F+1 ="



Definition 1.2.4 A wvector space, or linear space, over a scalar field F = R or C is a

nonempty set X, whose elements are called vectors, together with two operations, addition

and multiplication by scalars,
+: XXX =X and .:RxX—X

defined by (x,y) > r+y and (t,x) — t.z,

respectively, with the properties that:

1. (X, +) is a commutative group, that is,

(a) z+y=y+x Vx,y€X (commutative property)

(b)) x4+ (y+z2)=(+y) +2 Vxy,z€ X (associative property)

(c) there is a vector 0 € X called zero element, such that t +0=0+2x Vze X

(d) for every x € X there exists a vector —x € X, called the additive inverse of x
such that © + (—z) = (—z) + = = 0.

2.Vzx,y€e Xand o, p €R,

(a) a.(z+7y)) =az+ay
(b) (a+ ).z =ax+ Py
(c) (a.0).x = a.(f.x)

(d) o=z forleRoze X

Definition 1.2.5 A normed space is a pair (X, ||.||), where X is a vector space over the

scalar field F' = (R or C) and ||.|| : X — R is a function satisfying the following conditions:
1. ||z|| >0 VzelX,
2. ||z]| =0 if and only if t =0 in X,

3. ||ax|| = |af||lz| Vxe X, YVaeR,



4o Nlz +yll < llzll + lyll v <,y € X,

Remark 1.2.6 In normed spaces, the norm defines a metric, that is, if ||.|| : X x X —

[0,00) is a norm on X then for all x,y € X, the function ||.|| induces a metric given by
plz,y) = [l =yl

Thus, we have a notion of completeness in terms of the norm. We say that (X, ||.||) is a
Banach space if and only if p(z,y) is a complete metric space, that is, if every Cauchy

sequence {z,} in (X, p) converges to some element, say = € X.

Definition 1.2.7 Let X be a vector space over the field of scalars FF = (R or C). An
inner product {(.,.) : X x X — F on X is a function with domain X x X and range F

such that the following conditions are satisfied:

1. (z,x) >0Vzre X,

2. (x,x) =0 if and only if z =0,

8. (x,y) = (y,x),
4. v,y +2) =(v,y) +(r,2) Va,9,2z€X,

5. (ax,y) =alr,y) Vz,yeX, VackF.
The pair (X, {.,.)) is called an inner product space.

Remark 1.2.8 In number 3 of Definition 1.2.7, bar denotes complex conjugate. Thus, if

X is a real Vector space, then (x,y) = (y,x).

Lemma 1.1
Let (X, (.,.)) be an inner product space. The function ||.|| : X — [0, 00) defined for each
xr € X by

]| = (z,2)? (1.2.1)
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is a norm on X. Thus, we have a notion of completeness in terms of the norm. We say
that X is a Hilbert space if it is a complete inner product space, that is, if every Cauchy

sequence {x,} C X converges to some element, say = € X.

Example 1.2.9 Let X =R, the set of real numbers with the usual addition and scalar
multiplication. Define (.,.) :RxR - R Vuz,y € Rby (x,y) = xy, then (.,.) is an inner

product on R and (R, (.,.)) is a Hilbert space.

Example 1.2.10 Let X := h(C) = {z = {z}32, : z; € C, j = 1,2,3,..}, 3272, [5]* <
oo}, Define (,.) : X xX - C Vzyowe Xby (z,w)=> ", zw;, then (., .) is an inner

j=1

product on X and (X, (.,.)) is a Hilbert space

We remark that not all inner product spaces are Hilbert spaces. For example, take X =
Cla,b] = {f : [a,b] — R|f is continuous} with the usual pointwise addition and scalar
multiplication,

Define (.,.) : X x X - R V fge Xby

b
(r9) = [ st
then (.,.) is an inner product on X so that the pair (X, (.,.)) is an inner product space

that is not a Hilbert space.

Definition 1.2.11 Let X be a vector space over the real numbers. A subset K C X is said
to be convex if for all x,y € K and all t in the interval [0, 1], the point (1 —t)x +ty € K.

In other words, every point on the line segment connecting x and y is in K.

Definition 1.2.12 A mapping T : C — C' is called demiclosed at zero if for any sequence
{zn}22, C C which converges weakly to an x € C, where C is closed and convex, the

strong convergence of the sequence {Tx,}2 | to zero in C implies that Tx =0

Definition 1.2.13 Let X and Y be Banach spaces. A mapping T : X — Y is called com-
pletely continuous, if it maps a weakly convergent sequence in X to a strongly convergent

sequence in'Y. That is, x, — x implies |Tx, — Tzx|y — 0, asn — oc.

5



Proposition 1.2.14 Let X and Y be normed linear spaces and B(X,Y') denote the col-
lection of all linear and bounded mappings from X to Y, that is, B(X,Y) = {T :
X — YT is linear and bounded}. Let B(X,Y) be endowed with the following norm,
|7 Bx,yy = sup{||T(x)|ly : |z||lx < 1}. Then B(X,Y) is a Banach space if Y is.

Proof:

Let {T,,}22, be an arbitrary Cauchy sequence in B(X,Y), i.e., ||T,,—Tn|| = 0asn, m —

0. For each x € X,

| Tn(z) = T(2)|ly = (T —Tm)(@)|ly (definition of subtraction in B(X,Y))
< T, = TallBx.v)llz|| x (T is bounded)

— 0 asn, m— o0

Thus, for each x € X, {T,,}°2, is a cauchy sequence in Y. Hence, for each = € X, there
exists z, € Y such that {T),;)}72, converges to z, € Y. Now, for each x € X, set Tx = z,.

Then for any z, y € X and « a scalar, we have that

T(ax+y) = lim T,(az+y)

n—oo

= lim (aT,(x) + T,(y)) (since T, islinear V n € N)

n—oo

= «alim T,(z) + lim T,(y) (linearity of limit)

n—oo n—oo

= alx+Ty

It follows that T': X — Y is a linear map. Next we show that 7" is bounded. To see this,
observe that since {7,}>°, is a Cauchy sequence in B(X,Y), then Ve >0, 3N, € N >

Vm,n > N,
||Tn — TmHB(X,Y) < €.
In particular, for e = 1, 3 N; € N such that V. m,n > Ny,

||Tn — TmHB(X,Y) < 1.
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This implies that V n > Ny,
1T — T [l Bxy) < 1.
Thus, V n > Ny, and for each x € X, we obtain that
ITa(0)lly < NTn(x) = Tovy () Iy + [[Tn(2) [y
= [(T0 = Tw)(@)ly + [T, (2)ly

< T = Twlloen) lzllx + 17w s 1l x

AN

[2llx + 1T ey 2]l x
= O+ Tvllseexy)llzlx (@)
Thus, we obtain from (i) that
Tim [ To(a)lly < (14 [Tw, oe)llelx
This implies (using continuity of norm) that
IT(@)ly < U+ [Tl Boen) el x
Thus, T € B(X,Y).

Next, we show that indeed, {T,,}52, converges to T' with respect to the norm in B(X,Y).

Let € > 0 be given. Then 4 N, € N such that Vm,n > N,
T — TonllBx,y) < €
By continuity of the norm and for each x € X and n > N, we obtain
1T(z) = T(@)|lBxy)y = lim [|T,(2) = To(2)l| xv)

< Wlll_ril)o 1T — Tl Bx v 2] x

< ezllx
Taking supremum over x € X with ||z|| < 1 yields
T, —T|| <e foralln >N,

Thus, {7,,}>°, converges to T'in B(X,Y).



1.3 Some Useful Identities and Inequalities
in Hilbert Spaces

The following inequalities and identities are inequalities and identities in the literature.
Cauchy Schwartz Inequality (see e.g:[39])

Let (X, {(.,.)) be an inner product space. Then for all z,y € X, we have

N|=

1
[z, y) | < (@, 2)%(y, ) (1.3.1)
Parallelogram Identity (sce e.g: [18])
Let (X, (.,.)) be an inner product space. Then for all z,y € X, we have
|z +yl* + llz = yII* = 2([[* + |y[]*) (1.3.2)

Convex Identity(see e.g: [31])
Let (X, (.,.)) be an inner product space over the scalar field of R. Then for all z,y € X

and A € [0,1] we have

1Az + (1= Nyll* = All=]]* + (1 = )ly[[* = A1 = N[z — y]]* (1.3.3)

Remark 1.3.1 It can be easily verified that if we set A = % in the identity (1.3.3), we get

our parallelogram identity.

Bessel Inequality(see e.g: [39])
Let (X, (.,.)) be an inner product space. Let z € X be arbitrary. If {e,}>°, is an
orthonormal sequence in X, then

[e.9]

D en) [P < lef? (1.3.4)

(x,e,) is called the Fourier coefficient of x with respect to the orthonormal sequence

{entniy



1.4 Weak and Strong Convergence

1.4.1 Norm (strong) convergence

Let X be a normed linear space, and let {x,}2%, be a sequence in X. Then {z,}>, is

said to converge strongly (in norm) to a point z € X and we write lim z, =z or z,, —> =
n—oo

as n — 00, if given any € > 0 there exists N, € N such that for all n > N,

||z, — || <€ (1.4.1)

1.4.2 Weak convergence

Let X be a normed linear space over the scalar field R, and let {z,}22, be a sequence in
X. Let X* ={g: X — R|g is linear and bounded}, where X* is called the dual of X.
Then a sequence {x,}>°, C X is said to converge weakly to a point z € X and we write

x, — z, if and only if V f € X*, we have f(z,) — f(z).

Proposition 1.4.1 Let H be a Hilbert space and let {x,}5°, be a sequence in H. Then

the sequence {x,}°, is said to converge weakly to x in H if and only if V. z € H

lim (2, 2) = (2, 2)

Proof
(=) Suppose z,, — x, then f(x,) — f(x) for all f € H*. Let z € H be arbitrary (but
fixed). Then define g : H — R by g(z) = (z, 2).

Then g is linear since for all o, § € R, we have

glaz +By) = (ox+ By, z)
= (az,z) + (By, 2)
= alz,z) + 8y, 2)
= ag(z) + By(y).
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Also ||g(z)|| = | (z, 2) | < ||z]|||z||- This implies that g is bounded and ||g|| < ||z||.

Thus g € H*. Since g € H*, and x,, — x, then

g(éEn) — g(m) = <xmz> = (x,z>

(<) Suppose (z,,z) — (x,z), forall z € H, then we prove that x,, — z. Let f € H*
be arbitrary. Then by the Riez representation theorem, 3! z € H such that f(x) =
(x,z) forallz € H.

Thus, f(z,) = (z,, 2) and since (z,,2) — x, we have that f(z,) — f(z), which implies

that z,, — =.

1.4.3 Some Fundamental Results on Weak and Strong Conver-
gence

Theorem 1.4.2 Let {x,}32, be a weakly convergent sequence in a normed linear space

X, then

1. The weak limit x of {x,}5° is unique

2. Bvery subsequence {x,, }32, of {w,}pl, converges weakly to x

3. The sequence {x,}7° is bounded

Proof
(a) Suppose the sequence {z,}>°, converges weakly to x and also to y, we show that
r=y.
Now observe that weak convergence of {z,}°°, to x and to y implies that {f(z,)}>,

converges to f(z) as well as f(y) V f € X* by definition. But { f(z,)}>>, has unique limit

10



and hence

flz) = fly) VfeX"
= fle—-y) = 0 feX"
z—y = 0, (by a consequence of Hahn Banach Theorem)

=T = Uy

(b) Let {z,};2, converge weakly to x in X. We show that every subsequence {x,, }32,
of {x,}32, converges weakly to x. But {z,}>%, converges weakly to z if and only if
{f(zn)}o2, converges to f(z) € R forall f € X*; if and only if every subsequence of
{f(zn) o, converges to f(z) € RV f € X*;if and only if {f(w,;)}32, converges to f(z)

€ RV f € X*; if and only if {x,,}32, of converges to z in X.

(c¢) Since {z,}5°, converges weakly to z, then {f(x,)}2, converges to f(z)V f € X*,
hence {f(z,)}22, is bounded V f € X*. Thus there exists My > 0 such that

[f@n)l < My n>1

Define g, : X* = R by g,(f) = f(zn)
Then g, is linear and bounded. Then by Uniformly boundedness theorem, we have that

there exists K > 0 such that
| <K n>1

but

gnll = sup{[f(zn)|, [fe X [[f]l =1}

= ||lz,|| < K [by a consequence of Hahn Banach Theorem)|

e, |lzn]] < K Vn>1

Hence, the sequence {z,}°, is bounded. That is, a weakly convergent sequence is

bounded.

11



Theorem 1.4.3 Let X be a normed space over a scalar field R. Then

1. Strong convergence of the sequence {x,}>° | implies weak convergence of the sequence

162

2. Weak convergence of the sequence {x,}52, does not in general imply strong conver-

gence of the sequence {x,}>

3. In finite dimensional spaces, strong and weak convergence are the same

Proof:
(1) Let {z,}°°, be an arbitrary sequence in X which converges strongly to € X, that
is, ||z, — z|| — 0,as n — co. We show that strong converges of {z,,}7°, to x implies weak

convergence. Now, V f € X* we have (using the linearity and boundedness of f)that

[fn) = (@) = [f(zn — )]
< A Hlzn — =]

— 0asn — oo.

This implies that f(z,) — f(z) as n—o00 V fe X"

Hence, {x,}22, converges weakly to x.

(2) Let X =0(C) = {2z = {2z}, : 5 € C, j = 1,2,3,...,3°7, |5[* < oo}. Define
(L) XxX—>C Vzywe X by

o0
(z,w) = Z 2,
j=1

Consider the sequence {z,}>2 | C Iy given by z, = (0,0,0,---,1,0,0,0,---) = e, where 1
is in the nth position. Then the sequence {x,}22; is an orthonormal sequence in l5. Let
f € X* be arbitrary. Then since X is a Hilbert space and f is bounded linear functional

on X, we have that V x € X there exists unique z € X such that,

i f(z)=(z,2)

12



i [If] = [l

Hence, f(zn) = f(en) = (€n,2), 1> 1

by Bessel Inequality, we have

oo
DR CTE N e
n=1
o
= Zl | {en, 2) |* converges and I}Lrgo | {en,z) | =0
n—=

= lim |{ey,2)| =0

n—oo

= lim f(z,)=0=f(0) VfeX"

n—oo

= z,—0 asn—

However, the sequence {x,}5°, is not Cauchy, and hence not strongly convergent since for

m # n, we have ||z, — z,,]| = v/2 which does not go to zero as n,m — 0o

(3) Let X be finite dimensional say of dimension m. Let {z,}°°, be a sequence in X
which converges weakly to z € X. Since X is m dimensional, let b = (vq, v, vs, ..., Uy,) be

any given basis for X. Then

m

T = Zaivi «; scalars
i=1
m

Ty = Za?vi o' scalars
=1

{xn}22, converges weakly to x implies that {f(x,)}>2, converges to f(z) Vfe X*,

and so
flz) = Zaif<vi) «; scalars
i=1

flzn) = i&?f(vi) o' scalars
i=1

In particular, we may consider fi, fo, fs, ..., f, defined by f;(v;) =1, f;(v;) = 0@ # j.

Since fj(r,) — f;(x) we must have o} — a; asn — oo, that is |a} — a;| — 0 asn — oo

13



vV j=12,3,...,m. Observe

s — |

[0 — |

m m
1> " afv; = aju
j=1 j=1

m
1Y () — o)
j=1
m
> laf = aglllo]
=1

0 asn — oo, that is
0 asn— oo,

T, — T asn— oo

1.5 Nearest Point Theorem

Theorem 1.5.1 Let (X, (.,.)) be an inner product space and C' a nonempty convexr and
complete subset of X. Then for all x € X, there exist a unique y* € C such that 6 =

|z —y*|| = iné“x —y|l. If C is a nonempty complete subspace, then (x —y*) L C.
ye

Proof of Theorem 1.5.1

Since ¢ = inng—yH, then there exists a sequence {c,}°°; C C such that lim ||z—c,|| = 4.
ye n—00

We proceed to show that {c,}5°, is Cauchy. That is, ||c, —c¢n|| = 0 asn, m — oo. Now,

for each = € X,

|en _CmH2

llen — 2+ 2 — cml)?

Iz — e — (z = ca)|I*

2|z — el |* + 2l|z — cal* — {122 — (e + ea)l”

by parallelogram’s identity. Also

|27 — (cn + Cm)||2

= 4|z — _(Cn+cm)||2

v

46* (2)

14



using (2) in (1), we have

llew —emll® = 2lle = cnl® +2/lz — el |* = [|122 — (cn + eI

= 2l|lz = cul]® +2||z — ¢ > — 467
Therefore, lim ||, — ¢,]|> = 0. Hence, {c,}5°, is Cauchy. Again since {c,}>°, C C,
M—00
and C'is complete, then ¢, — y* € C. Also since y* € C, we must have that ||z —y*|| > ¢

Observe that

0 <z =yl < [lz = el + llen — 7l

Letting n — oo, we obtain

o< |lz—-y <0

Thus —y*| =0 = inf ||z — y||.
us, [lz —y|| infllz —y|
We proceed to show that y* is unique. To see this, suppose there exists another yo € C

such that ||z — yo|| = J; we show that y* = yo. Thus

0 < |y —wlP=Ily"—z+z—yl

= |y —z—(yo— )|

2(|lz = v*I> + llz — woll*) = [12z — (y* + wo)|I*  (using parallelogram identity)

* 1 *
2(le =y lI* + llz = woll*) — 4llz — 5" + o) |

Thus,
ly* —woll? < 2(6% +62) —46% = 0.
This implies that

0 < Jly* = woll*> < 0 and so y* = y.

Corollary 1.5.2 Let H be a Hilbert space, and let C' a nonempty convex closed subset of

H. Then for all x € H, there exists a unique y* € C' such that § = ||z —y*|| = ing||:1c—y||.
ye

If C is a closed subspace, then (x —y*) L C.
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Definition 1.5.3 Let H be a Hilbert space and C' a nonempty closed conver subset of H.

A mapping Pc : H — C' s called projection of H unto C if Vx € H, Po(z) € C and

|z = Pe(a)]] = inf{||lz —yll, yeC} (1.5.1)

In other words, this map assigns every point in H to its unique nearest point in C.

Lemma 1.5.4 Let H be a real Hilbert space, and let C' be a nonempty closed convex subset
of H. Let Po : H — C be the projection of H onto C'. Then, Pc is characterized by the
following relations;

(i) for x € H ,x* € C satisfies * = Po(x) & (v —a*,y —2*) <0 for ally € C

(ii) Pc is firmly nonexpansive, that is, ||Po(x) — Po(y)||* < (v —y, Po(z) — Po(y)),
Vx,yeH

(111) Po is nonexpansive, that is, ||Po(x) — Po(y)|| < |l —y||, Vx, y € H

(iv) Restriction of Po to C is identity maping of C' onto C (i.e., Polc =1)

(v) Pc is idempotent on H.

Proof of Lemma 1.2
Proof of (i): Observe that ||z — Po(z)|| < [z — ¥y, for all y € C
Let y = (1 = N)Po(z) + Au, A € (0,1),u € C. Then, (1 —\)Po(z)+ Au € C, for all u € C.

Furthermore,

lo = Po(@)|* < flz = [(1 = A)Po(x) + Aul||*
= |z = Po(z) + MPe(2) — )|
= |z = Po(@)|* + 2XMa — Pe(2), Po(z) — u) + X*|| Po(2) — ull*.
Thus, (z — Po(z),u — Po(z)) < \||Po(z) — ul]?.
Letting A — 0, we obtain
(x — Po(x),u— Po(x)) <0, forallue C.
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conversely, if for some z € C, we have the property (z—Pg(x), z—Po(x)) <0, forally € C,
then z = Po(x).
To see this, observe that
lz =yl = llo—2+2—y?
= o — 2l = 2Mz — 2,y — 2) + X[z — y?
lz —yll* > [z—z]® yeC
Thus by corollary 1.5.2, z = Po(x).

Proof of (ii): Let « € H, then we obtain from (i) that z = Pg(x) if and only if (x —

z,z—y) >0, forall y € C. In particular,
(x — Pox, Po(z) — Po(y)) >0 (1.5.2)

In a similar argument, z = Po(y) if and only if (y — Po(y), Po(y) — Po(x)) > 0, for all
x € C. That is,

(Pc(y) =y, Po(x) — Po(y)) > 0 (1.5.3)
Adding equation (1.5.3) to equation (1.5.2) yields

(x — Po(x) + Po(y) —y, Po(x) — Po(y)) > 0.

This implies that

(z =y, Po(x) = Po(y)) = (Pe(x) — Po(y), Po(x) = Po(y)) = 0

and so
(x —y, Po(x) = Po(y)) > [|Pe(z) — Po(y)|1*. (1.5.4)

This shows that P is firmly nonexpansive.

Proof of (iii): by Cauchy-Schwartz inequality, we obtain from (1.5.4) that

1P (x) — Pe(y)l”

IN

(x —y, Po(z) — Po(y))
| {(z —y, Pe(z) — Po(y)) |

< e =yllllPe(z) = Pe(y)ll.

IN

17



dividing through by ||Pc(z) — Po(y)|| # 0, It follows that,
[1Po(x) = Pe()l < llz—yl, Yo,yeH
Proof of (iv): Let x € H, we have that
lv = Pe()l] = infllz —yll < [lz —yll, VyeC. (1.5.5)
If x € C, and in particular if y = x, then equation (1.5.5) becomes
|z — Pox|| = 0.

Thus, Po(z) = x and this implies that P is an identity on C.
(v) Let € H, and let Po(x) = z. Then,

PE(x) = Po(Pe(x)) = Po(z) = 2,

since z € C. Therefore P%(x) = Po(x) and so P% = Pg.

1.6 Reflexive Spaces

1.6.1 Canonical Mapping

Definition 1.6.1 Let X be a real normed linear space over the scalar field R. Let X* be

the dual of X and (X*)* the double dual. The map U : X — (X*)* defined by
Ulx)=¢, VreX

(where ¢, : X* — R is a bounded linear mappin with domain X* and range R (scalar

field) defined by

¢(f) = f(x) VfeX)

1$ called the canonical map.
Properties of U:

U has the following important and useful properties
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1. U is linear

To see this, take arbitrary x,y € X and scalars «, # then we have that

Ulaz + By) = Paz+sy (4)

But

Gaaipy(f) = [flow+By) V[feX
= af(x)+B8fly) Y[ eX
= ag(f)+Be(f) V[feX
= (ags +Bey)(f) V[eX
S0, Gawrpy(f) = ags+ Py
< Ulaz+ fy) = alU(z) + BU(y)
Thus, U(ax + By) = aU(z) + BU(y) =, y € X
2. U is one to one since if
Ux) = Uly) then
¢(f) = ¢y(f) V[feX
= flx) = fly) VfeX"
= flx)—fly) = 0 VfeX"
= fr—y) = 0 VfeX*
—2z—y = 0 (byaconsequence of Hahn Banach Theorem)
=z =y
3. U is bounded
WUl = sup{lo=(A)] : [IFll =1, € X7}
= sup{|f () |If]| =1, f € X"}

= ||z|| (by a consequence of Hahn Banach Theorem)

Thus, [[U]] = ||
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This implies that U is bounded.
4. U is isometry. This is true since
WU(z) =UW)ll = [lU(@—y)l|  (Uislinear)
= |z — vl (by 3 above)

Remark 1.6.2 We remark that in general U is not onto.

Definition 1.6.3 Let X be a normed linear space and let U be the canonical map of X
into (X*)*. If U is onto, then X is called reflexive. In other words, a reflexive space is

one in which the canonical map is onto. In this case, U(X) = (X*)*

Definition 1.6.4 A normed linear space X is uniformly convex if Ve >0, 3§ = d(e) > 0

such that forall x,y € X
rT+y
Izl <1, gl < L flz —y[ 2 e = =5~ <1-0.

Proposition 1.6.5 Fvery Hilbert space is Uniformly Convew.

Proof: It suffices to show that every Hilbert space H is uniformly convex. And by
Milman-Pettis Theorem we conclude that every Hilbert space H is reflexive. Now, for

each z, ye H
[z +y|* + 1z — vl = 2(||z|]* + ||y]]?) parallelogram identity (1)

Let € € (0,2] be given and let z, y € H be such that ||z|| <1, ||y|| <1 and ||z — y|| > €.

Then (1) yields,

lz+yl1* = 2(l=l* + lyl*) — |z — y]I*

1 1 1
eyl = Sl +1yl*) = 7lle =yl
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1 1 1
ISE+ol” = Ul + llylP) = 7lle =yl

1
Thus, |5+ 9P < 1- ¢

1
so that, ||§(x +y)]| < 41— =€

Choose § = /1 — ieZ. Thus, every Hilbert space, H is uniformly convex.

Example 1.6.6 Every finite-dimensional normed space is reflezive.
Example 1.6.7 [y and |, with the ’sup norm’, respectively, are not reflexive.

Example 1.6.8 The Banach space Cla,b] of continuous functions on [a,b] with the 'sup

norm’ is not reflexive.
Theorem 1.6.9 (Milman-Pettis) FEvery uniformly conver Banach space is reflexive.

Particularly, every Hilbert space is reflexive.
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Chapter 2

SOME IMPORTANT CLASSES OF
OPERATORS AND ITERATIVE
PROCESSES

2.1 Definitions

Definition 2.1.1 A function ® : [0,00) — [0,00) is said to be a guage function if ® is

continuous and strictly increasing with ®(0) = 0 and tlim O(t) = 0.
—00

Definition 2.1.2 Let E be a real Banach space. Let E* denote the dual of E and 2%
be the collection of all subsets of E*. Let ® : [0,00) — [0,00) be a guage function. The
mapping Jo:E — 28 defined by

JoX ={f € B : (X, f) = |=[lIF 1 I /] = @(ll=]])}
is called duality map with gauge function ®, where (.,.) denotes the duality pairing between
E and E*.
We note that if 1 < ¢ < oo, then ®(t) = t77! is a gauge function. The duality mapping
J, : E — 2F" with gauge ®(t) = t9! defined for each x € E by

Jo(x)={f € E": (z f) = llz|[Ilf], I£]l = ="~}
is called the generalised duality mapping. If ¢ = 2, we obtain

Jyi=J: E— 2"
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defined for all z € E by

J(@) ={f € E: (& f) = [=[lALA = ]}

J is known as the normalised duality map.

Lemma 2.1(Kato,[17]): Let E be an arbitrary Banach space over the scalar field R.

Then the following are equivalent:

1. if x,y € E are such that
[zl < llz + Ayll, A >0,
then there exists j(z) € J(x) such that Re(y, j(x)) > 0.
2. if for x € E there exists j(z) € J(z) such that Re(y,j(z)) >0, y € E, then

2]l < [lz+ Ayll, vV A >0,

2.2 OPERATORS

2.2.1 Lipschitz operators:

Let E be an arbitrary normed Linear space and let C' be a nonempty subset of E. A
mapping T : C — C is said to be Lipschitz continuous if 3 a constant L > 0 such that
for all x, y € C,

[Tz = Ty| < Lz -yl (2.21)

If L € (0,1), then T is called a contraction. The mapping 7' is said to be nonezpansive if
L = 1. Nonepansive mappings are linked intimately with several other nonlinear mappings
that are of interest in ordinary and partial differential equations (for example [2, 3, 4,7, 11]).
Bruck [6] remarked that the intimate connection between nonexpansive operators and
accretive operators (which we define next in the sequel) accounts partly for the importance
of nonexpansive mappings. The class of nonexpansive mapping is one of the initial classes

of operators for which fixed point results were obtained.
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2.2.2 Accretive Operators

Let E be a Banach space. An operator T': D(T) C E — F is said to be accretive if

Va,ye D(T) and A > 0,
lz =yl < [lz —y + ATz —Ty)]. (2.2.2)

By Lemma (2.1) we obtain that (2.2.2) is equivalent to the statement: there exists

j(x —y) € J(z —y) such that

(Tx — Ty, j(z —y)) > 0. (2.2.3)
In Hilbert spaces, (2.2.3) reduces to

(Te —Ty,(x—y)) >0 (2.2.4)

for all z,y € D(T), and T is called a monotone operator in this case. Let C' be a nonempty
subset of a real Hilbert space. A mapping T": C' — C'is called n-strongly monotone if and

only if there exists n > 0 such that for all x,y € C,

(Tx — Ty, (x —y)) > nllz —yl* (2.2.5)
2.2.3 Strictly Pseudocontractive Mappings

Let E be a real Banach space and C' a nonempty closed convex subset of £ . A mapping T
with domain D(T") and range R(T'), both subsets of C, is called a strictly pseudocontractive
mapping if and only if there exist A > 0 such that for all z,y € D(T), there exists

j(z —y) € J(z — y) such that
(Tx —Ty,j(x —y)) < ||z —y|* = M|z —y — (Tx — Ty)|? (2.2.6)

Without loss of generality we may assume A € (0,1). If I denotes the identity mapping ,

then (2.2.6) can be written as

(I =Tz~ (I =Ty, j(z —y) 2 MU = T)a — (I - Tyl (2.2.7)
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In Hilbert spaces (2.2.6) and (2.2.7) are equivalent to
1Tz = Ty|* < llv = ylI* + k(I = T)z — (I = T)y| (2.2.8)

with £ = (1 —2X) < 1. We can assume also k > 0, so that k£ € [0,1). It is shown in [32]

that a strictly pseudocontractive mapping is L— Lipschitz. In Hilbert spaces

1+ vk
Tx —Ty|l < T — = Ll|lx — 2.2.9
| yll < - \/EH yll = Lijz — yl| (2.2.9)

for all x,y € D(T), L > 0, while in arbitrary Banach spaces we have

1+

A
v llz =yl = Lllz —yll (2.2.10)

[Tz =Tyl <

for all z,y € D(T).

2.2.4 Pseudocontractive Mappings

Let E be a real Banach space and C' a nonempty subset of E. A mapping T : C' — C'is

said to be pseudocontractive if for all z,y € C, there exists j(z —y) € J(x — y) such that
(Tr =Ty, j(z —y)) < llz -yl (2.2.11)

If I denotes the identity operator from C' to C, then (2.2.11) is equivalent to
(= T)a = (I = Ty, j(x —y)) > 0 (2:2.12)

Thus T is pseudocontractive if and only if (I — T') is accretive.
It was shown by Browder and Petryshyn [5] that in Hilbert spaces, (2.2.11) and (2.2.12)
reduce to

1Tz = Ty|I* < llz = ylI* + I(1 = T)z — (I = T)yl* (2.2.13)

Remark 2.2.1 The following example shows that the class of pseudocontractive mappings
properly contains the class of nonexpansive mappings. It also shows that the class of
pseudocontractive mappings s more general than the class of strictly pseudocontractive

mappings.
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Example 2.2.2 Let R be the reals with the usual norm and C' = [0, 1]. Let
T:10,1] — [0,1]

be defined by Tx =1 -y
clatm: T is not Lipschitz.
proof of claim:

1

To see this, let L > 0 be arbitrary, r = min{1, 7z}, and consider x € (0,7,

y=0. Then |z —y| = |z| =z and
| Tx—Ty| = ]1—:5% — 1] — 25 ::B%l(;v)
Since x < 75, then T3 < 1. Thus f% > L (i.e. 3 > L). Thus
Tx —Ty| = x%l(m) > Lx = L|z| = L|z — y|.
establishing our claim. Since T is not Lipschitz, it is not nonexpansive. Let x,y, € [0, 1],

and let x <y. Then

W

< y% and —x3 > —yg. Thus 1 — 235 > 1 — y%, and this yields Tx > Ty.
It follows that if

r—y <0, thenTz —Ty > 0.

Hence

(Tx —Ty,z—y) <0<tz —y]> Vt>0

Thus T is pseudocontractive. Observe that the mapping T is not strictly pseudocontractive

because it is not Lipschitz.

2.2.5 Demicontractive Mappings

Let E be a real Banach space and C' a nonempty subset of E. A mapping 7' : C' —C is
said to be demicontractive if F(T) ={x € C:Tx =z} # 0 and for all x € C, p € F(T),

there exist j(z —y) € J(x — y) and a constant A > 0 such that
(x —Tx,j(x —p)) > Mz — Tz| (2.2.14)
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If we set A =1(1—k), k € [0,1). Then (2.2.14) becomes

(1 - k)
2

In Hilbert spaces, (2.2.14) and (2.2.15) are equivalent to

(x =Tz, j(x —p)) > |z — Tz|)? (2.2.15)

||Tx—p||2 < ||x—p||2+k||x—Tx||2. (2.2.16)

Hicks and Kubicek [13] in 1977 and Maruster [22] in 1977 introduced this class of mappings
independently. In real Hilbert spaces H, Hicks and Kubicek called the mapping T :
D(T) € H — C demicontractive if (2.2.16) is satified. Maruster called T : D(T) C H — C

an operator satisfying condition (A) if (2.2.14) is satified.

Remark 2.2.3 If a mapping T is strictly pseudocontractive with F(T) # (0, then T is
demicontractive mapping. Below is an example of a demicontractive mapping which is not

pseudocontractive and hence not strictly pseudocontractive.

Example 2.2 (Hicks and Cubicek [13]

Let R be the real line with the usual norm. Let T : [—1, 1] — R be definded by

2rsin(L), #0
Ty =
0, x=0.

Clearly, 0 is the only fixed point of 7. Also for z € [0,1], [Tz —0|* = |Tz|* = |2z sin(2)[* <

2z|* < |z|* < & — 0| + ATz — «|? for any A < 1. Thus, T is demicontractive.

T is not pseudocontractive. For if z = 2, y = 2 then [Tz — Ty|> = 2%5.

However,

160
2 2 _
o=y (= T)a = (1= Thyl = o

Thus,
T2 = Ty]> > |o —y[> +|(I = T)a — (I - T)y|*
> |z =yl + k(I = T)x — (I - T)yf

for all A € [0,1), so that T is not pseudocontractive and therefore not strictly pseudocon-

trative.
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2.2.6 Asymptotically Nonexpansive operators:

Let E be a Normed space and let C' be a nonempty subset of E. Let C' be a nonempty
subset of a normed space E. A mapping T : C' — (' is called asymptotically nonexpansive

if and only if V 2,y € C,3 a sequence {k,}2°, C [1,0), lim k,, = 1 such that
n—oo

[Tz = T"y[| < knllz —yll (2.2.17)

2.2.7 Uniformly L-Lipschitzian Mappings:

Let £ be a Normed space and let C' be a nonempty subset of E. Let T" : C' — C
be a mapping (possibly nonlinear) from C' into C. The mapping T is called Uniformly

L-Lipschitzian if and only if there is a constant L > 0 such that Vz,y € C'and n > 1

|77 — Ty < Lile -y (2.2.18)

2.2.8 k-strictly Asymptotically Pseudocontractive operators:

Let E be a Normed linear space. Let C be a nonempty subset of £. A mappingT : C — C
is called k-strictly asymptotically pseudocontractive if and only if there exists a constant
k € [0,1) and a sequence {k,}>%, in [1,00) with lim k, = 1 such that for all z,y € C,

n—oo

there exists j(x —y) € J(x — y) such that

(I=T)x—=(I-T)y,j(z—y)) = (1—/’<?)H(I—T")x—(I—T”)y||2—%(7</‘3L—1)||56—y||2 (2.2.19)

N | —

foralln € N.

2.2.9 Asymptotically demicontractive operators:

Let E be a normed space and let C' be a nonempty subset of £. A mapping T : C' — C'is
called asymptotically demicontractive if and only if there exists a constant k& € [0,1) and

a sequence {k,}>°, in [1,00) with lim k, = 1 such that for all x € C, p € F(T), there

n—o0
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exists j(z —p) € J(x — p) such that

(o =T, iz~ p)) > 50— K)lle = T = (2 ~ Dlla — ol (2.2.20)

N —

In 1996, Osilike [27] proved that in Hilbert spaces, (2.2.17) and (2.2.18) reduces to
1T = Ty |)* < kxlle — yl* + ElI(1 = T)z — (1 = T)yl|* (2.2.21)
and

17"z = pl* < kille = plI* + Kz — T (2.2.22)

Remark 2.2.4 Let H be a real Hilbert space. Let C be a nonempty subset of H. The
mapping T : C — C' is asymptotically demicontractive, if and only if for all x € C,
p e F(T),

2(z =T "z, 2 —p) > (1 = k)l|lz = T"2||* = (k;, = Dl — pl|* (2.2.23)
Verification of (2.2.22):

Let T be asymptotically demicontractive, then for all V xz,y € C, p € F(T) we observe

that

17"z —pl* = [lo—p—(z—T"2)|]

= Jlz—plP+ ]|z —T"2|? - 2(x — T"z,z — p) (2.2.24)
Since T is asymptotically demicontractive,
lz = pll* + llo = T"[]* = 2 (z — T"z, & — p) < kpllz — pl* + kllz — T,
so that
—2(z —T"z,x —p) < kyllz = pl* + kllo = T"[* — || — p||* — |z — T"z|”
diving through by (—1)
2(x = T"v,x = p) 2 —kpllo = pl* = kllz = T"|* + | — p||* + ||z — T"z|*
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rearranging yields:
2(x —T'z,x —p) > (1 —k)||x — T"z|]* — (k2 — 1)||z — p|? (2.2.25)
On the other hand, using inequality (2.2.24) in (2.2.23), we obtain:

Tz —p|* < |lo—pl> = (1 —k)||lz — T || + ||z — T"a|]* + (k2 — 1)||z — p||?
= |lz—pl)? = ||l = T"z||* + kl||z — T"x|]* + ||z — T"z]|?
= +kZ||z —p|? — ||z — pl|?

= knlle —pl* + kllz — T
that is,
1772 = pl[* < Kyl = pl* + klle — T"|* (2.2.26)
Combining (2.2.24) and (2.2.25) establishes (2.2.22), that is,

2(x = T"x,2 —p) > (1= k)|lx = T"|]* = (k = Dz — p|?

2.3 ITERATIVE PROCESSES

In this section we review some of the iterative processes.

2.3.1 The Picard Iteration Process

Let E be a linear space. Let T': K — K be a mapping, where K is a nonempty convex

subset of £. The Picard iteration process [8] is given by

€K, v, 1="Tx,, n>1. (2.3.1)
2.3.2 The Krasnoselskii Iteration Process

Let E be a linear space. Let T': K — K be a mapping, where K is a nonempty convex

subset of E. The Krasnoselskii iteration process [8] is given by
290 €K, Tpy1=01—=Nzx,+NTz,, n>0, A€ (0,1) (2.3.2)
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2.3.3 The Mann Iteration Process

Let E be a linear space. Let T': K — K be a mapping, where K is a nonempty convex

subset of E. The Mann iteration process [20] is given by
ro € K, zp1 =1 —an)zn,+a,Tx,, n>0, (2.3.3)

where {a,} is a sequence in [0, 1] satisfying the following conditions:

i lim o, =0
n—oo

ii Z ay, = 00
n=1
2.3.4 The Ishikawa Iteration Process

Let E be a linear space and let T': K — K be a mapping, where K is a nonempty convex
subset of E. The Ishikawa iteration process [16] which is defined for an arbitrary zo € F
is given by

ro €K, yo=0-L8nrn+ Tz, n>0

Tp1 = (1 —ap)x, + Ty, n>0, (2.3.4)

where {a,} and {,} are suitable sequences in [0, 1] satisfying the following conditions:

i lim g, =
n—oo
o0

ii Z QB = 00
n=1

In [35], Rhoades compared the performance of these two iteration processes and showed
that despite the fact that they are similar, they may exhibit different behaviours for
different classes of nonlinear mappings. In 1995, Liu [18] introduced the Ishikawa and

Mann iteration processes with "errors” as follows:
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2.3.5 Mann-type Iteration Process with Errors in the sense of
Liu

Let E be a linear space and let T': F — E be a mapping. Then the Mann-type iteration

process with errors in the sense of Liu is given by
Tp1 = (1 —ap)x, + 0, Tx, +U,, n>1 (2.3.5)

where {a, }7° ;| is a suitable real sequence in [0, 1] and > 7 | ||Uy|| < 00).

2.3.6 Ishikawa-type Iteration Process with Errors in the sense
of Liu

Let E be a linear space and let T': E — E be a mapping. The Ishikawa-type iteration

process with errors is given by

Yn = (]- - Bn)xn + BnTxn + Un; n >0

Tor1 = (1 —ap)ry + Ty, +V,, n>0 (2.3.6)

where {a, }22 o, {Bn}2, are suitable sequences in [0, 1] and {U,, }°° ,, {V,,}5°, are summable

sequences in F.

Xu [38], introduced a more satisfactory definition of Ishikawa type and Mann type iteration

processes with errors as follows.

2.3.7 Mann-type and Ishikawa-type Iteration Process with Er-
rors in the sense of Xu

Let C be a nonempty convex subset of a Banach space, F, and T': C — C' a mapping.

For any given xy € C,the sequence {x,}>°, defined iteratively by
Yn = apxy, + b, Tx, +c,U,, n>0
Tpi1 = @@y, + 0Ty, +V,, n>0 (2.3.7)
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where {U, }°° 4, {V,}22, are bounded sequences in C' and {a, },{b,}, {c.}, {a,}, {b,} and
{c,} are real sequences in [0, 1] such that a,, + b, + ¢, =1 = a, + b, + ¢, for all integers
n > 0 is called the Mann-type and Ishikawa-type iteration process with errors in the sense
of Xu. If in (2.3.5),a, = 1,b,,¢, = 0 for all n > 0, then y,, = z,, and the sequence {z,}
defined by

Tpy1 = a,x, + 0, Tx, +v,,n >0 (2.3.8)

is called the Mann iteration scheme with errors.

2.4 REVIEW OF SOME
CONVERGENCE THEOREMS

Schu [36] introduced the following modified Mann iterative method. For any z; € C
Tpr1 = (1 —ap)x, + Tz, n>1 (2.4.1)

where {a, } is a suitable sequence in the interval (0, 1) and proved the following convergence

theorem for asymptotically nonexpansive mapping 7.

Theorem 2.4.1 Let H be a Hilbert space, C' a nonempty closed convex and bounded subset

of H Let T : C'" — C be a completely continuous asymptotically nonexpansive mapping
o0

with {k,} C [1,00),n > 1 such that lim k, =1 and Z(k?l —1) < c0. Let {ay,} be a real

n—00
n=1

sequence in [0, 1] satisfying the condition € < a,, <1 —€ for alln > 1 and for some € > 0.

Then the sequence {x,}>2, generated from an arbitrary 1 € C' by

Tpr1 = (1 —ap)z, + @, Tz, n>1,

converges strongly to some fixed point of T.

Rhoades [35] extended Theorem 1 to uniformly convex Banach spaces and proved conver-

gence theorem for the modified Ishikawa type iteration processes.
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Qihou [34] using the modified Mann iteration method introduced by Schu [36], proved the

following convergence theorem

Theorem 2.4.2 Let H be a Hilbert space, C' a nonempty closed convexr and bounded subset
of H Let T : C — C be a completely continuous and uniformly L-Lipschitzian demicon-

tractive mapping with {k,} C [1,00),n > 1 such that lim k, = 1 and E (k2 — 1) < oo.
n—oo
n=1

Let {a, }22 | be a sequence in (0,1) such that 0 < € < a, <1 —k — ¢ for alln > 1 and

for some € > 0. Then for arbitrary x; € C' define the sequence {z,} by

Tpi1 = (1 —ap)x, + o, Tz, n>1.

Then the sequence {z,}>°; converges strongly to some fixed point of T.

The modified Mann iteration method and the Ishikawa iteration method have been em-
ployed for the iterative approximation of asymptotically nonexpansive mappings and their
generalizations.

Osilike and Aniagbosor [30] proved the following theorem in g-uniformly smooth Banach

space.

Theorem 2.4.3 Let g > 1 and let E be a real q-uniformly smooth Banach space. Let C a
nonempty closed convex and bounded subset of E. Let T : C — C be a completely contin-

uous and uniformly L-Lipschitzian asymptotically demicontractive mapping with {k,} C

[1,00), n > 1 satisfying lim k, = 1 and S (K2 —1) < oo. Let {a,}, {ba}, {ea} {al}, {8},
n—oo

n=1
and {c,,} be real sequences in [0,1] satisfying the conditions:

i ant+b,te,=a,+0, +c, =1

i 0<e< (V)TN 1+ Lby) <3 [g(1—k)(1+L)"“2] —¢, for alln >1 and for

some € > 0;

o x [o@)
i1 Ebn<oo,§cn<oogc;<oo.
n=1 n=1 n=1
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Let {U,},{V,} be bounded sequences in C. Then the sequence {x,}>2 | generated from an
arbitrary x; € C' by
Yn = AnTyp + bnTnl'n + CnUn n>1

Tpy1 = a,xn, + 0T "y, +V,, n>1
converges strongly to some fixed point of T.

Igbokwe [15] reviewed and extended Osilike and Aniagbosor [30] result. In particular, he

proved the following theorem.

Theorem 2.4.4 Let X be a real Banach space and C a nonempty closed convex subset of
X. Let T : C — C be a completely continuous and uniformly L-Lipschitzian asymptotically

demicontractive mapping with {k,} C [1,00),n > 1 such that lim k, = 1 and E (k2 —
n—o0
n=1

1) < co. Let {a,},{bn}, {cn}, {an}, {00}, and{c,} be real sequences in [0, 1] satisfying the

conditions:

i antbyte,=a, +0, +c, =1
o0 oo

ii Zb;:oo,Z(b'n)2<oo
n=1 n=1
o oo oo

i an<oo,ch<oo,Zc;<oo
n=1 n=1 n=1

Let the sequence {x,}2, be generated from an arbitrary x, € C by
Yn = anTp + b, T"2n + U, m > 1
Tpy1 = alxy + 0Ty, + Ve 0> 1,

where {Up},{V,,} are bounded sequences in C. Then the sequence {x,}°, converges

strongly to a fixed point of T.

Moore and Nnoli [24] proved a necessary and sufficient condition for approximating fixed
point of asymptotically demicontractive mapping. More precisely, they proved the follow-

ing theorem
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Theorem 2.4.5 Let X be a real Banach space and T : X — X be a uniformly L-
Lipschitzian asymptotically demicontractive mapping with {k,} C [1,00) and F(T) # 0.

Let the sequence {x,}>2, generated from an arbitrary 1 € C' be given by
Tpr1 = (1 —ap)z, + a0, Tz, n>1

Let {a,}22, be a real sequence in (0,1) such that Zai(lﬂi — 1) < o0, then the sequence
n=1
{z,}00 converges strongly to a fized point of T if and only if liminfd(x,, F(T)) = 0.
n—oo
In [14], Hu proved several strong convergence theorems for asymptotically demicontractive
mappings using the Noor [25] iterative sequences with errors which improved the results

of Igbokwe [15], Moore and Nnoli [24] and others. By using new analysis technique, Cho

et al [10] proved the following theorem.

Theorem 2.4.6 Let X be a real normed linear space, C be a nonempty closed convex
subset of X and let T : C — C' be a completely continuous and uniformly L-Lipschitzian

asymptotically demicontractive mapping with sequence {k,} C [1,00),n > 1 such that

lim k, = 1 and Z(ki —1) < co. Let {an}, {bn}, {cn}, {a,},{0,}, and {c,} be real
n—oo

n=1
sequences in [0, 1] satisfying the conditions:

i ant+b,te,=a,+0, +c, =1

i ib; = oo,i(bﬁl)2 < 0
n=1 n=1

o o0

/

177 E Cp, < oo, E CTL < 0
n=1 n=1

Let {U,},{V,} be bounded sequences in C. Then the sequence {x,}>2 | generated from an

arbitrary v, € C' by

Yn = QpXp + b, T 2, +c, U, n>1

Tpi1 = a,x, + 0T y, +,V,, n>1

then sequence {x,}5°, converges strongly to a fized point of T.
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In 2011, T. Yuchao et al. [39] proved strong convergence theorems for a finite family of
asymptotically demicontractive mapping in Banach spaces. Their results extended the
corresponding ones announced by Osilike [27], Osilike and Aniagbosor [30], Igbokwe [15],

Moore and Nnoli [24], Hu [14]. More precisely, they proved the following theorem:

Theorem 2.4.7 Let X be a real Banach space and C a nonempty closed convex subset

of X. LetT; : C" — C,v = 1,2,3,---,r be a finite family of uniformly L;-Lipschitzian

asymptotically demicontractive mapping with {k;,}°2, C [1,00),n > 1 such that Z(k‘fn -
n=1

1) <oco. If F:=,_,F(T) # 0 and suppose the sequence {x,}°, is defined from an

arbitrary r1 € C' by

n
Tp+1 = A1pdnp + blnTl Yin + Canln

i+1
Yn = Qip1)Tn + b(i-&-l)T((;j__l))y(i—i—l)n +ciryUisnyn n 21,

where {ain}, {bin}, {Cin} are real sequences in [0, 1] satisfying a;, + b +cin = 1 for any i =
1,2,3,---,r and n > 1,{U,}, are bounded sequences in C, 1 =1,2,3,--+ . r—1, Y, =z,

and satisfying the conditions

0o 00
1 Zbln:OO,Zbgn<OO
n=1 n=1

“ Z(bln))Q<OO,ZCin<OO,i:1,273,"',7"
n=1 n=1

then the sequence {z,}5°, converges strongly to a common fixed point of {7;}/_, if and

only if liminfd(z,, F(T)) =0
n—oo

Inspired and motivated by these results, the purpose of this project report therefore as
we have noted earlier is to propose an algorithm (analogous to (1.1.2)) for asymptotically
demicontractive mappings which will yield strong convergence; and in particular show that
the proposed algorithm converges strongly to the least norm element of the set of fixed

points of asymptotically demicontractive mappings.
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Chapter 3

MODIFIED
KRASNOSELSKII-MANN
ALGORITHM FOR A CLASS OF
NONLINEAR MAPPING

In this chapter, we investigated a modified Krasnoselkii-Mann iteration, which is intended
to converge strongly. The modified Krasnoselskii-Mann algorithm we want to investigate

is the following:

vy, = (1—ty)zn

Tor1 = (1—ap)vy+a, T, n>1 (3.0.1)

where {t,}>°, C (0,1),{a,}>>, C (0,1), are real sequences such that lim ¢, = 0 and
n—o0

S

n=1

Lemma 3.1

Let {ay,} €[0,1), for all n > 1. Then [[2,(1 4+ a,) < oo if and only if > 7 a, < 0o
Proof of Lemma (3.1):

(=) Let Y07 ay, < 0o. Then for any n > 1 we have (1 + ;) < e* Hence,

o0 o0
H(l +ay) < Hea" = Xn=19 < o0,
n=1 n=1
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(<) Let T[72,(1 + o) < 00. Then

Za Sﬁl—l—aj Vn>1.

This follows by induction since the inequality clearly holds for n = 1 and if we assume
that it holds for n, the

n+1

n
E a; = E % + (7N
j=1 j=1

< H(l + ;) + i

7=1
n n+1
< [Ja+ay) +an+1H +aj) = (14 ann) [J0+a) =[]0 + o).
Jj=1 j=1 j=1 j=1

It follows that

ian < ﬁ(1+an) < 00
n=1 n=1

3.1 MAIN RESULTS

We start with the following which will play crucial role in the proof of our main theorem:

Lemma 3.2 Let {a,}2; be a sequence of nonnegative real numbers such that
a1 < (1= ap)an + anyn + o, n > 1, (3.1.1)

where {%}n L s a sequence of real numbers which is bounded above, {a,}>; C [0,1]

satisfies Z o, = 0o, and Z op, < 00. Then

n=1

limsup a, < limsup~y,
n—o0 n—oo

holds.
Proof. Since {7,} is bounded above, then for arbitrary but fixed m € N, we define

Am = sup ;.

j>m
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Then for n > m, we obtain
Apt1 — Oy + an(an - /\m) S Onp.

Let

by = @y — Ay (3.1.2)

Then

bnii = Qny1— Am
< (I —an)an + anyn + 00 — A
= Up — Ay — Quy + apYn + o
<y — Ay — QG + Oy, + Op
= ay— A — ap(a, — Ap) + o
= (1—an)(a, — An) + 0,

= (1 —au)b, + op,.

This implies that {b,} is bounded and so {a,} is also bounded. Moreover,

bn+1 S |: (1 — Oéj):| >\m —+ Z 0j. (313)
=m j=m

J

Since Y 7| a, = 0o, we have that lim []7_ (1 —«;) = 0. Thus, it follows from (3.1.3)

n—oQ

that

limsup b, = limsup b, <0,
n—o0 n—oo

which is equivalent to

limsupa, < A\,
n—oo

and letting m — oo, we obtain

lim sup a,, < limsup v,.
n—oo n—oo
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Lemma 3.3:

Let C' be a closed, convex nonempty subset of a real Hilbert space H, and let T': C' — C' be
an asymptotically demicontractive map with contractive constant k£ € [0, 1) and sequence

{k,} C [1,00) with lim k, = 1. Let (I —T) be demiclosed at zero. Then the fixed point

n—0o0

set F(T) (assumed to be nonempty) of T is closed and convex.

Proof of Lemma 3.3:

Let xz,y € F(T), A € [0, 1], and set p = Ax+(1—\)y. Observe that ||z—p|| = (1-N)||lz—y]|,

and [ly —p[| = Allz —yl|

Now, using (2.2.12), we obtain that

IT"p = plI* = Mz —T"p)+ (1 =Ny —T"p)|
= Mz —=T"*+ 1 =Ny = TpII> = X0 = N[z —y|?
< AEw = pl? + KT — pI*)
+ (L= N E Ny = pll® + £ T — plI?) = A1 = N[l — y]?
= M1 = N2Exlz = yl? + Nz =yl = k3N =y
+ KT —plI* = A1 = Nz —y|?
= ML= [ka(1 = X) + Mg = 1] = = y[* + K[ T"p — pl|?
= M1=XN(k; = Dllz —y|* + k| T"p - p|®

ALZN o gy - yp

ie, [IT"p—pl* < ——

taking limit of both sides as n tends to infinity and applying sandwich theorem, we obbtain

that [|[7"p —p|| = Oasn — oo

Let , :=T"p, n > 1. Then z, - pasn — oo; x, —Tx, — 0 as n — oo and by
demiclosedness property of (I — T') at zero, we have that (I — T)p = 0. Thus Tp = p,

which implies that p € F(T'). That is F'(T') is convex.

Next we show that F/(T) is closed. Let {z,}5°, be an arbitrary sequence in F(7') such
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that z,, — = € H. We show that x € F/(T)

Now since {z,} C F(T), then Tz, = x, for all n > 1. Since T'x,, = x,, and z,, — = then
Tz, — x, and hence x,, — Tx,, — 0 and the demiclosedness property of I — T at 0 then
yields Tx = x. Thus, z € F(T)).

We now prove the following theorem.

Theorem 3.1.1 Let H be a real Hilbert space and C' a nonempty closed convex subset of H.
LetT : C' — C be a uniformly L-Lipschitzian asymptotically demicontractive mapping with

F(T)#0, (I-T) demiclosed at zero, and sequence {k,} C [1,00) such that lim k, =1,

n—o0

and Y0 (k2 — 1) < oo. For arbitrary x1 € C define the sequence {x,}5°, by

v, = Pol(l—t,)x,]

Tor1 = (1—ay)v,+a, T, n>1 (3.1.3)

where {t,}22 1, {a, }5°, are real sequences satisfying the following conditions given below:

[ee]
1 n1—>nolotn 0, Z_;t” 00

it {an}>2, € (0,b) C (0,1) with 0 < b < 1—k, where k is the constant appearing

in (2.2.18)
i1 ;—Z —0asn— oo

Then the generated sequence {z,}°°, converges strongly to the least norm element of the

fixed point set of T. Proof: Let p € F(T'). Then

|21 = pI* = lvn — anvn + anT"v, = plf?
= |Jon = p = an(vn — T"v)|f?
= Jon = plI* + gl v — T"v|
—2a, (v, — Ty, v, — ) (3.1.4)
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but 2 (v, — T, v, — p) > (1 = k)||v, — T™0,||* — (k2 — 1)||v, — p||? by (2.2.19).

Using it in (3.2.2) yields:

|Zne1 = pIIF < lvw = plI* + agllvn = T
—0n(1 = k)|[vn — T"va||* + o (k= Dlfvn — plI®

= [1+ O‘n(ki — D)]|[vn —p||2 — (1 =k — an)l|v, — TnUnH2

But [14+a,(k2 —1)] < (1+k2—1)=k>, (since{a,}<1V¥neN)
So,
1Z01 = pII* < Kpllvn = pII” — (1 =k — a)l[vn — T, (3.1.5)
Again from (3.2.1):
Tpr1 —Up = —au(v, —T"vy)
or ain(vn —Tpy1) = (v —T"vy) (3.1.6)

Using (3.2.4) in (3.2.3), we have

1
lonis =plI* < Kllon =PI = an(l =k = an) = |lon = zia]
n

1
= Fallon = pIl” = (1 =k = o) —Ion = zapa|

. 1
ies Nlnn —pllP < Kllow—plf = (1 =k—an)—|lon —zpal” (317

n

since {a,,} C (0,b) (0 < oy, < b < 1—k), we have that (1—k:—ozn)i > (l—k:—b)i >0

and so (3.2.5) gives

IN

|z =l < kollon —pll®

|2nt1 = pll < Knflvn — pll (3.1.8)



Now still from (3.2.1):

vp = Fol(1—t,)z,]
lon =2l = [|Pe[(1 = ta)za] — pl]
= [[Pc[(1 = tp)xn] — Pe(p)ll
< (1 —tp)z, —pl]
= ||(1 =ty)zn, —top + tup — p|
= (A —tn)(@n — p) — tupll
< (A —=tw)l|zn — pl[ + tallpl|

teo on =pll < (1 =tn)l[zn = pl| + tal[pl] (3.1.9)

Using (3.2.7) in (3.2.6), we obtain that:

|zntr = pll < kal(1 = ta)l|zn — pI| + tal D]
= kn(1 = t)[|xn — pl| + kntn||pl]
Le, |[zn —pll < Ea(l —ta)l|zn — pll + Eutal[pl]
< k(1 —t,) max{[|z, — pl|, [[p|[} + Entamax{||z,, — pl], [|p[I}
= kymax{||z, — pll, [|p[[}

i.e., HInJrl_pH < knmaX{Hxn_pHvupH}

but [z, —pl| < kpimax{|[z,_1 — pll,[|p|[}
and ||xn—1 _p“ < kn—2maX{||xn—2 _p||7 HpH}
e, |[lzn—pll < kikn1knomax{||z,_o — pl|, ||p||}
n
< HkimaX{HxO_p“vaH}<OO?

=1

since >, (k, —1) < oo, implies by Lemma 3.1 that [~ k, < co. This implies that the
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sequence {x,}> ; is bounded. Again,

lon = pl1? = [|Pel(1 = to)(wn)] = Po(p)|?
< (1 = ta) (w0 = p) = tapl[?
= (1= tn)?l|an — pl* + £211pI1° — 20 (1 — t,) (0 — p, D)
i, oo =P < (1 —=1t)?|n —pl* + 12| |p])?

+ 2t,(1 —t,) (p — 2, p) - (3.1.10)
Using (3.2.8) in (3.2.5) gives

e —pl* < ka| (1= ta)*llzn — pII” + 51 IpII”

1
2601 = 1) (p = @) | = (1= k= @) —|lvn = 2|

n

= (L= tn)*llzn —plI* + (k5 = D1 = ta)*||za — pII* + k5 Ipl*

1
+ Qkitn(l - tn)<p - mnaP) - (1 —k— an)a_||vn - xn+1||2

n

= (1= [ = pI? = b | = 2K2(1 = 1) (p — w0, )

1
~k2tallpII? + (1 = k = ) ——l[vn = zsa

nvn

+(ky = D(L = t0)?[|l — plI®

e, Nrp —p|F < (1 —=t)%|zn — | — t Yy + 00 (3.1.11)
where
Y, = =2k (1—t,) (p =z, p) — kptallpl|”
1
—|—(1 —k— CYn)WHUn — $n+1H2, (3112)

and o, = +(k2 — 1)(1 — t,,)?||x, — p||. Since {(1 — k — ay,) |Un — Tpi1]]?} is bounded

1 ’
antn

below, and {—2k2(1 — t,)(p — x,,p)} and {k%t,||p||*} are bounded, then Y, is bounded
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below. So, using (3.2.9) and the condition Ztn = 00, it follows from Lemma 3.2 that

n=1

lim sup ||z, — pH2

lim sup(—Y,,)

n—00 n—o0
—liminf Y. (3.1.13)
n—oo
This implies that liminfY,, —limsup ||z, — p||* < 00
n—00 n—00
(since {||z, — p||*} is bounded). (3.1.14)
But
liminfY,, = liminf[—2(p — z,,p)
n—oo n—oo
1
+(1 —k—an)ﬁnvn—mwn?] (3.1.15)

Thus, by the property of liminf, there exists a subsequence {Y,;}22, of {¥;,}72, such that

liminf¥,, = liminfY, .
n—oo n—oo
This implies that
1—k—a,y 1
liminf¥,, = lim {—2 (p—ap,,p)+ g—”vn - xn,HHQ} . (3.1.16)
n—>00 J—>00 J Oénj tn], 7 7

. .. . . 1-k—an;
Since lim inf Y;, < oo, it follows that lim [—2 <p — xn].,p> + (a—aj)tianJ — mnj+1||2] <
n—oo Jj—00 nj g

oo. Thus, since {z,} is bounded we have that

{(1—k—04nj)i

_ 2
Oénj tnj anj xanrlH }

is bounded. Furthermore, from condition (ii) we have —a,, > —b > —(1 — k) and hence

1-k—a,>1—k—0>0.

Thus
(1 =k —an) (1—k—b)
oMo =@l > el — 2w,
and hence
1 2 (1 — k- an') 9
Oénjtnj H'Unj - l’nﬁrlH < (1 r b)anitnj anj — xanrlH .

46



It follows that {

1

an]tnj anj - xnj+1||2} is bounded.

From (3.2.4) we have

. 1
||Un]. - Tn]vnj||2

_ 2
= —L — 0 asj — oo,

. t'n/ . 1 2 .
J
since & — 0 asj — oo, and {anj " ||Un; — 25, 41]|°} is bounded. Observe that

||In+1_xn|| = ||(1_O‘n)vn+anTnUn_xn||
= ||lvn — 2 — (v, — T"0y)||

< llall + anflvn = T"on]],

Thus,

2,41 = Ty || < b |20, | + g [|on, — T 05, || = 0 as j — oo.
Also

anj - xnj"!‘lH < anj - x"]“ + Hxn] - xnj"!‘]-”

<t l|on | F |20, — 2y41]| = 0 as j — oo
Similarly,
anj_l o Tnj—lvnjHZ — ”Unj—l _ Tnj_lv’rbj + Tnj/Unj _ Tnjvn]-||2
< flomyor = T Y I + Lllon, 1 — vy 2 (L =T

and

[on,—1 = v, || < ([(1 = ;1) @n;—1 — (1 = toym1) |
< Mwny 1 = 2o |+ 0,120, 1 — o, @0, ||
= |Tn;—1 = T, | + [tn;—1%n,—1 = tn,—1Zn,—1 + tny—1%0, — o, 2, ||
< lwn—1 = @y |+ tny—1ll2n; -1 = @ |+ [n—1 = toyl |2, |

— 0asj— oo.
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Thus,

[Un,—1 — T™ ', ||* = 0 as n — oo.

Hence,
anj - TU”jH < ||Unj - TnjvnjH + ||Tnjvnj - TUTZ]'H
S ||UTL]' _TnjvnjH +L||Tnj_lvnj _U”J'H
< Nom, = T 0, || + LT v, — T oy, || 4 LT vp, -1 — v
< ||Unj _TnjvnjH +[’||7ﬂ%_11)71g'—1 _Unj_1||

+L(1 4 L)||vp; — vp;—1]| = 0 as n — oo.

Since (I —T') is demiclosed at 0, it follows that any weak cluster point of {v,, } is a fixed
point of 7. Furthermore, since F'(T) is closed and convex, Ppry : H — F(T) is well

defined. Thus, for p = Pp((0), we obtain from (3.2.14) and Lemma (1.5.4) (i) that

. L opis o <o
hggolf Y, 211jrgé£1f[<9cnJ Prpry(0), Pp(r) (O)>] <0

o PRI o >0
hﬂg}lf Y, 2hjrgg>1f[<a:nj Ppery(0), Prery(0))] > 0

Consequently, from (3.2.11) we have that

0 < limsup ||z, — Prr)(0)]]* < —liminf ¥, <0
n—0o0

n—oo

ie., limsup ||z, — Pp(0)|| =0

n—o0

Clearly || Prcry(0)[| = llpll < llyll vy € F(T)

Thus, the generated sequence {x,}°%; converges strongly to the least norm element of

fixed point set of T.

Theorem 3.1.2 Let H be a real Hilbert space. Let T : C — C' be an asymptotically

k-strictly Pseudocontractive mapping with F(T) # 0, {k,} C [1,00) with lim k, =

n—oo
1, Z(ki —1) < c0. For arbitrary x; € C' define the sequence {,}5°, by
n=1
vy, = Pol(l—t,)x,]
Tor1 = (1—ap)vy+a, v, n>1 (3.1.17)
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where {t,}22 1, {an}22, are real sequences satisfying the following conditions given below:

o
i Jgr{:otn:O,Ztn:m

n=1

i {an}ee, € (0,b) C (0,1) with 0 < b < 1—k, where k is the constant appearing
in (2.2.18)

19 ;—”—>0a5n—>oo
n

Then the generated sequence {z,}°°, converges strongly to the least norm element of the

fixed point set of T.

Theorem 3.1.3 Let H be a real Hilbert space. Let T : C' — C be an asymptotically

nonezxpansive mapping with F(T) # 0, {k,} C [1,00) with lim k, = 1, Z(/@Z —1) < 0.

n—oo
n=1
For arbitrary x1 € C define the sequence {,}5°, by
v, = Pol(l—t,)x,)
Tor1 = (1—ay)vp+a, T, n>1 (3.1.18)

where {t,}22 1, {an}22, are real sequences satisfying the following conditions given below:

o
i Jg{.lotn:(),Ztn:oo

n=1

i {an}ee, € (0,b) C (0,1) with 0 < b<1—k, where k is the constant appearing

in (2.2.18)
i ;—Z —0asn — o

Then the generated sequence {z,}°°, converges strongly to the least norm element of the

fixed point set of T.

Prototype for the sequences {¢,}°2; and {a,,}>2; are respectively given by

1
t, =
n+1
1
o, =
n—+1
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