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ABSTRACT

Let H be areal Hilbert space and K a nonempty, closed convex subset of H.Let T': K — K
be Lipschitz pseudo-contractive map with a nonempty fixed points set. We introduce a
modified Ishikawa iterative algorithm for Lipschitz pseudo-contractive maps and prove
that our new iterative algorithm converges strongly to a fixed point of 7" in real Hilbert

space.
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Chapter 1

Introduction

1.1 General Introduction

The contribution of this thesis falls under a branch of mathematics called Functional
Analysis. Functional Analysis as an independent mathematical discipline started at the
turn of the 19th century and was finally established in 1920’s and 1930’s, on one hand
under the influence of the study of specific classes of linear operators-integral operators
and integral equations connected with them-and on the other hand under the influence of
the purely intrinsic development of modern mathematics with its desire to generalize and
thus to clarify the true nature of some regular behaviour. Quantum Mechanics also had
a great influence on the development of Functional Analysis, since its basic concepts, for
example energy, turned out to be linear operators (which physicists at first rather loosely
interpreted as infinite dimensional matrices) on infinite dimensional spaces. In the early
stages of the development of Functional Analysis the problems studied were those that
could be stated and solved in terms of linear operators on elements of the space alone. But
as the concept of a space was being developed and deepened, the concept of a function was
being developed and generalized. In the end, it became necessary to consider mapping
(not necessary linear) from one space into another. One of the central problems in non-
linear Functional Analysis is the study of such mappings. In the modern view, Functional

Analysis is seen as the study of complete normed vector spaces over the real or complex



numbers. Such studies are narrowed to the study of Banach spaces. An important example

is a Hilbert space, where the norm arises from an inner product.

This project sets to solve the problem of constructing an iterative scheme for approximat-
ing fixed points of Lipschitz Pseudo-contractive Maps in Hilbert spaces. We introduced a
modified Ishikawa iterative algorithm and prove that if

F(T)={x € H:Tx =z} # 0, then our proposed iterative algorithm converges strongly
to a fixed point of T'. No compactness assumption is imposed on 7" and no further require-

ment is imposed on F (7).

We proceed with the definitions of some basic terms, and the introduction of various non
linear operators studied in this project.

Definition 1.1 : Let K be a non empty subset of a real normed space E'andlet T : K — K
be a map. A point z € K is said to be a fixed point of T if T'x = x. We shall denote the
set of fixed points of T' by F(T).

Definition 1.2 (Convex Set) : The set C of a real vector space X is called convex if,
for any pair of points z,y € C, the closed segment with extremities x,y € C' that is, the
set {Az+ (1 =Ny : A €[0,1]} is contained in C. A subset C' of a real normed space is
called bounded if there exists M > 0 such that ||z|| < M Vz € C.

Definition 1.3 : Let K be a non-empty closed convex subset of a Hilbert space H. The
(metric or nearest point) projection onto K is the mapping Py, : H — K which assigns to
each x € H the unique point Pyz in K with the property

|z = Ppx|| = min{||lz —y| -y € K}.

Lemma 1.1: Given z € H and z € K. Then z = Pz if and only if

(x —z,y—2)<0forally € K.

As a consequence we have that

(i) [[Pr — Puy||* < (x — y, Pox — Pypy) for all x,y € H; that is, the projection is non
expansive;

(ii) [l = Pez||* < [lo — ylI* = |ly — Poxl]® Vo € H and y € K



(iii) If K is a closed subspace, then Py coincides with the orthogonal projection from H
onto K; that is, for v € H,z — Py is orthogonal to K (i.e. (x — Pyx,y) =0 for y € K).
If K is a closed convex subset with a particularly simple structure, then the projection P
has a closed form expression as described below:

(a.) f K ={x € H : ||x —u|]| < r}is a closed ball centred at v € H with radius r > 0,

then
(x—u) -
P = u+er_u”,zfx ¢ K
x,ifr e K.
(b.) If K = [a,b] is a closed rectangle in R", where a = (ai,as,...,a,)" and b =

(b1, by, ..., b,)T where T is the transpose, then, for 1 < i < n, P,z has the i'® coordinate

given by
ai, of x; <ay,
(Pkl')l = X, ’Lf x; € [ai, bz],

(c.) If K ={y € H: (a,y) = a} is a hyperplane, with a # 0 and o € R, then

Por =g — &2-ag
k llal]?

(d.) If K ={y € H: {(a,y) < a} is a closed half space, with a # o0 and «a € R, then

_ {a,m)—a .
P — x RS if {a,z) >«
x, if {(a,x) <a.

(e) If K is the range of an m x n matrix A with full column rank, then
Por = A(A*A) 1A

where A* is the adjoint of A.

1.2 Demiclosedness Principles

A fundamental result in the theory of nonexpansive mappings is Browder’s demiclosedness
principle.
Definition 1.2.1 : A mapping 7' : K — H is said to be demiclosed (at y) if the conditions

that {z,} converges weakly to x and that {T'z, } converges strongly to y imply that z € K

3



and Tx = y. Moreover, we say that H satisfies the demiclosedness principle if for any
closed convex subset K of H and any nonexpansive mapping 7' : K — H, the mapping
I — T is demiclosed.

The demiclosedness principle plays an important role in the theory of non expansive map-
pings (and other classes of non linear mappings as well). In 1965, Browder [9] gave the
following demiclosed principle for non expansive mappings in Hilbert spaces.

Theorem 1.1(Browder [9]) Let K be a non empty closed convex subset of a real Hilbert
space H. Let T be a non expansive mapping on K into itself, and let {z,} be a sequence

in K. If x,, = w and lim,,_, ||z, — Tx,|| = 0, then Tw = w.

1.3 Nonlinear Mappings

The following definitions contains the nonlinear mappings we are working with and that
will appear throughout the entire chapters.

Definition 1.3.1 Let K be a nonempty subset of a real Hilbert space H. The mapping
T: K — H is called

(i) Lipschitz or Lipschitz continuous if there exists a constant L > 0 such that
1Tz =Tyl < Lz -yl ¥V zyeckK (1.1)

If L =1, then T is called nonexpansive; and if L < 1, then T is called a contraction.
It is easy to see from (1.1) that every contraction mapping is nonexpansive and every
nonexpansive mapping is Lipschitz.

Definition 1.3.2: Let K be a non empty subset of a real Hilbert space H.

(i) A mapping T : K — H is called pseudo-contractive if
(Te ~Tyx—y) <z —yl> V zyeK (1.2)

(ii) A mapping T : K — H is called a strict pseudo-contraction if for all z,y € K there

exists a constant A € [0, 1) such that
ITe ~ Tyl < o -yl + AT~ The — (I =TI, ¥ ayek  (13)

4



Inequality (1.2) can be equivalently written as:
1Tz = Tyl|* <l = ylI* + |(I = D)x = (I = T)y[|*Va,y € K (1.4)

ie.set A=1-T

= (= Az — (= Ay* < [lo—yl* + Az — Ay|
= (v -y~ (Ar - Ay),z —y — (Az = Ay)) < [z —y|* + Az — Ay|]
= [l —y|* + Az — Ay|]® = 2(Az — Ay,z —y) < |z —yl]® +[|Az — Ay|?
= —2(Az — Ay,x —y) < 0
= (Az — Ay, —y) > 0
= (I -T)a—~(I-T)y,x~y) > 0
= [l —y|? = (Tz =Ty, z —y) > 0
= (Te —Ty,z—y) < [z—y?

Nonexpansive = strict pseudo-contraction = pseudo-contraction. However, the following
examples show that the converse is not true.

Example 1.1: Take X =R?, B={z e R?: |z| <1}, By ={ze B:|z] <3},
By={zeB:i<|z[| <1} . If z=(a,b)€X wedefined z+ tobe (b —a)e X.
Define T': B — B by

Ty — T+ at, r € By
TTY & —z+4at, z€B,

[lll

Then, T is Lipschitz and pseudo-contractive but not strictly pseudo-contractive. Example
(1.1) is due to Chidume and Mutangadura [12].
Proof
Trivially (z,2+) = 0,2~ = [lz]l, (z*,9) + (z,y%) = 0,(@*,y") = (z,9), 2" —y*|| =
|z —y|| Va,yeH.
We now show that 7" is imfact Lipschitz. For z,y € B; we have

1Tz =Tyl = llz+at —y—yP=(@—y+ta' —y o —y+ta -y

= (g—yr—y+ta —y )+ —y -yt —y)



= (w—yr—y+@-—ya —y )+ -y -y + @ —y-at—y")
= |z —y|*+ lz* =y > + (z,2") — (z,y") — (y,2") + (g, y") = 2|z — y|?+ 0

= [Tz — Tyl = V2|lz —y|

Next, for x,y € By we have

[ i /o A

Izl ly Izl vl =l fyll
r x Yy y Yy
= < ) - >_< ) - )
el yll™ gl [l [yl
r  x x oy y y oy
- < ) >_< ) >_< ) >+< ) >
£ 14 771 R 711 I 63 | 71 | 7
_lel® (Y >+H@/H2: LT Yy 2(z,y)
HxH2 ™ llyll” llyl” [zl ] ][]yl
{ﬂWWMHﬂw—yW ()1 +1lyl*)}
NE HHyH
e =yl =zl = [lyl)?}
HxHHyH
= [l = P < 8l -yl
lzll [yl
= |l — 2ol < VElle -yl
Iz [yl
Hence, for x,y € By we have
Tr—Ty| = |- —a+zt—
[Tz =Tyl = | T+ +y—y
&4l HH
x
< i = o+ e =yl =+l =yl
] HyH

= V8|lz =yl + |z -yl + |z — yll = V8|lz — y|| + 2|z — y|

<3l —yll + 2l —yll = Slle—yll

So that T'is Lipschitz on Bs. Now let x and y be in the interiors of By and Bj respectively.
Then there exists A € (0,1) for which Z = Az + (1 — \)y. Hence,

1Tz =Tyl < Tz —Tz| + Tz — Tyl < V2llz — 2| +5[|= — ||

<5z =yl +5lz -yl = Sl -yl



Thus ||Tx — Ty|| < 5|l —y|| ¥V 2,y € B as required.
We now show that 7" is a pseudo-contraction. First, we note that we may put j(x) = =z,

since H is Hilbert. For z,y € B put I'(z,y) = ||z — y||> — (Tx — Ty, — y)and, if z and
(=)

y are both non zero, put \(z,y) = me\yll

Hence to show that 7' is a pseudo-contraction,
we need to proof that I'(z,y) > 0 V x,y € B. We only need examine the following three
cases

(i) for z,y € By, we have
(Te —Ty,x—y) = (t+a" —y—y ,z—y)
= (z—yr—y)+ @ -y r—y)
= o —yl*+ (=5, 2) = (=5, 9) — (¥t 2) + (v, y)
= [lz —yl*+0—{(z",9) + (v, 2)} + 0 = [lz — y?
= (Tz—Ty,z—y) = |z—yl
so that T'(z,y) = 0;

(ii)For x,y € By we have

x

= ﬁ,w—<”§—H,y>—<x,x>+<x,y>+<xax>—<xay>—<ﬁ,x>
+<ﬁ,y> +(z,y) — (yy) — (W 2) + (v, y)
= ||| - iz H(ﬂc ) = 2]+ (z,y) + 0 — (zt, y)

1

1
= Nl +lyll = llel® = llyll* — m@:,w +2(z,y)

L I b "
2 _ g2 — -1 x z,y) —0— 1 x
= el + ol = el = o1 = o + 2 =0 = )
T R R
=l = Bl + Dol = Tl + )2 = o =
= Yl — 2l + Iyl — ol + H< I|H >H{2H il = ol = ll2ll}



=l = llzlI* + lyll = Iy1I* + Az p)L2ll=(Hyl =yl = =]}

Hence

D(z,y) = 2ll|* + 2llyl* = =l = Iyl = Mz, p){4llzllly] = =] = llyl}

Since

{4llzllllyll = [l = llyll} = 0 V 2,y € B
We have, for fixed ||z|| and ||y||, I'(z,y) has a minimum when A(z,y) = 1.
= Tz, y) < 2||z)* + 2lyll* — 4llzllyll = 2l - llyl)*

Again, we have I'(z,y) > 0 V z,y € B, as required.

(iii) For x € By,y € By we have

(Tx — Ty, x —y) = <x+mL—ﬁ+y+yL,x—y>
L) — (ot L x
= <$,y> - <'T7y> + <$ 7‘T> < 7y> ||y||<y7 >

+H71H<y,y> .7 — ) — o) + ()

1
{z,y) + llyll

= Jal* +0— (") —
[yl

—|ly[I* = (", z) + 0

= lall* = Ilyl* + Iyl = Ko™ ) + (s )]

1 1
=t y) = el = Iyll* + vl — 7, 9)
Iyl [yl
Lz y)lllllyl 2 2
= lll” + llyll = llyll* - 17+ [lyll = llyll” = Alz, )]
Iyl ll=[llly

Hence
D(x,y) = 2]z = llyll + [ll=]| = 2l/llyl]A(z, )
Since (||lz]| — 2||z[/||y]]) < 0 for z € By and y € By, TI'(z,y) has its minimum, for fixed

||z|| and |ly|| when A(x,y) = 1. We conclude that

D(z,y) = 2ll=)* = Iyl + =l = 2ll2lllyl = (vl = lz)@lyll = 1) > 0 ¥V € Bi,y € B

8



Therefore, T is a pseudo-contraction.
Next, we show that 7" is not a strictly pseudo-contraction

Let z,y € By be such that ||z — y|| # 0 { for example z = (,0),y = (0,0)} and let

A € [0,1) be arbitrary. Then ||z — y|| # 0 and
[Tz =Ty|* = llo+a = (y—y)IP=le—y+az -y |
= |lz —ylP + ot =y P + 2z -y, 2" —y7) = 2l]z — y|?
Furthermore,
|z = Te—(y =Tyl = o=~y |* =z —y|
(1.5) and (1.6) imply:
1Tz = Ty|* = [z —yl*+ |z —Te—(y - Ty
> lo =yl + Mz = Tz — (y = Ty)I* ¥V Ae0,1).

Therefore, T' is not strictly pseudocontractive.
Example 1.2 Take X = R! and define T': X — X by Tox = —3z. Then, T is a strict
pseudocontraction but not nonexpansive mapping.

Proof
|z =T —(y—Ty)|> = 16|z —y|*
Hence,
Te —Tyl* = 9z —y|* = |z —y[* + 8]z — y|”
= |$—y|2+%|x—T1‘—(y—Ty)|2;

so that T is A—strictly pseudocontractive with A = %

Next, we show that 7' is not non-expansive.
Tz —Tyl = |=3z+3y[=|-3@@—-y)=3lz—yl>[z—yl, Vo #y

Hence T' is not non-expansive.
Remark 1.3 The following example shows that the class of pseudocontractive maps prop-

erly contains the class of nonexpansive maps.

(1.5)

(1.6)



It also shows that the class of pseudocontractive maps is more general than the class
of strictly pseudocontractive maps.
Example 1.4: Let R be the reals with the usual norm and K = [0,1]. Let 7": [0, 1] — [0, 1]
be defined by

Te=1- a3 (1.7).

We assert that 7" is not Lipschitz. To see this, let L > 0 be arbitrary, » = min{1, %}, and

consider x € (0,7], y =0. Then |z —y| = |z| = z and
Tz —Tyl = |1 — g — 1 = 23 =73 (2)

. . -1
Since x < 75, then T3 < 1. Thus 4+ > L (i.e. 3 > L). Thus
x3

Tx —Ty| = x%l(a:) > Lx = L|x| = L|z — y|.

Since T is not Lipschitz, it is not nonexpansive. Let z,y, € [0,1], and let x < y. Then
z3 < yg and —z3 > —yg. Thus 1 — 25 >1— y%, and this yields T'x > Ty.
It follows that if

r—y <0, thenTz —Ty > 0.

Hence

(Tx —Ty,z —y) <0<tlx —y]* YVt >0

Thus T is pseudocontractive. T is not strictly pseudocontractive because it is not
Lipschitz.
Next, we show that the mapping defined in (1.7) has a fixed point. To see this, let = be

the fixed point of the given map. Then we have

2
3

l—23 = «z
= (1 —2)* =22
=1-3z+32*—2° = 27
=2°-22"+3r—-1 = 0 (1.8)

10



We want to solve a cubic equation of the form z® + az? + bx +¢c =0

a

Using Cardano’s method of solving a cubic equation, we have x = m — ¢ where a is a

coefficient of 2

2
x:m+§ (1.9)

Then (1.8) becomes (m+ 2)* —2(m +2)>+3(m+32)—1=0

2 48 am 4
:>m3+3m2><——i—3m><—+——2(m2+—m+§)+3m+2—1:0

3 9 27 3
:sm3+%m+;—;:o (1.10)
Equation (1.10) can be re-written as
m? 4+ pm+q=0 (1.11)
where
ng,q:;_; (1.12)

letting m = u + v, we re-write the above equation (1.12) as
P + v+ (u+v)(Buv +p)+q¢=0 (1.13)
Next, we set 3uv 4+ p = 0, and equation (1.13) becomes
u? 4+ v° = —¢q

Hence we are left with these equations

3 3_ _ 3,3 _ —p°
u® +v° = —q and v = 52

Since the above equations are the product and sum of u® and v3, then there is a quadratic

equation with roots u® and v®. This quadratic equation is t? + qt — 5—3 = 0 with solutions

|
3 3
3 _ TP+ 3 _ TV
u- = B S and v° = B S—

11



But from equation (1.12) ¢ = 3, p =2
—11 11 4x(3)?
N e
2
—11 121 | 500
o Ty T
B 2
L L —1143V6
a 54
. (—11+3\/69>%
N 54
and
3 —11 — 3/69
v = -
54
Ly = (—11 - 3\/69>%
B 54
Therefore,
- (—11 + 3\/69)% n <—11 — 3V69)§
B 54 54
But from equation (1.9) z =m + 2
1143v69.. 11 -3v69.. 2
=T = 34 =
e )

a fixed point.

1.4 Iterative Algorithms

In this section, we will present several methods for solving fixed point problems. We will
focus on iterative methods (we also call them iterative procedures or algorithms) which

are given in the form of the following recurrences:

1.4.1 The Picard iteration Method

Let X be any set and T : X — X a self map. For any x5 € X, the sequence {z,},>0 C X
given by

Tp=Tx,_1=T"xy, n=12,..

12



is called the sequence of successive approximations with the initial value xq. It is also
known as the Picard iteration.

The theorem below, called the Banach fixed point or the Banach theorem on contractions,
is widely applied in various areas of mathematics. The theorem holds for any complete
metric space, and hence, in particular, for every closed subset of a Hilbert space.
Theorem 1.2 (Banach, 1922) Let X be a complete metric space and 7' : X — X be
a contraction. Then T has exactly one fixed point x* € X. Furthermore, for any x € X,
the orbit {T,,x}22, converges to z* at a rate of geometric progression.

The Banach fixed point theorem is a widely applied tool for an iterative approximation
of fixed points. Unfortunately, its application is restricted to contractions. We will need,
however, appropriate tools for an iterative approximation of fixed points of non-expansive
operators 1" with F(T') # @.

Below, we present several classical fixed points theorems.

Theorem 1.3 (Brouwer, [8]) Let X C R be non empty compact and convex and
T : X — X be continuous. Then T has a fixed point.

The Brouwer fixed point theorem was generalized by Juliusz Schauder.

Theorem 1.4 (Schauder, [8]) Let X be a non empty compact and convex subset of a
Banach space and T': X — X be continuous. Then 7" has a fixed point.

For non-expansive operators in Hilbert space H the compactness of X C H in the Schauder

Theorem (1.4) can be replaced by the boundedness and closeness of X.

1.4.2 Krasnoselskii Iteration Method [6]

For zy € K and A € [0, 1] the sequence {x,}>, defined by

Tpi1 = (1 =Nz, +ATx,, n=0,1,2,...

is called Krasnoselkii iterative method and is denoted by K, (zo, A, T).

13



1.4.3 The Mann Iteration Process [21]

Mann iteration process is essentially an averaged algorithm which generates a sequence

recursively by

Tpi1 = (1 —ap)x, + a,Txp,n >0 (1.14)

where the initial guess zo € K and {o,} is a sequence in (0, 1).

The Mann iteration method has been successfully employed in approximating fixed points
(when they exist) of nonexpansive mappings. This success has not carried over to the
more general class of pseudo-contractions. If K is a compact convex subset of a Hilbert
space and T': K — K is Lipschitz , then, by Schauder fixed point theorem, 7" has a fixed
point in K. All efforts to approximate such a fixed point by means of the Mann sequence
when T is also assumed to be pseudo-contractive proved to be abortive.

Hicks and Kubicek [18], gave an example of a discontinuous pseudo-contraction with unique
fixed point for which the Mann iteration does not always converge. Borwein and Borwein
[7] (proposition 8), gave an example of a Lipschitz map (which is not pseudo-contractive)
with a unique fixed point for which the Mann sequence fails to converge. The problem
for Lipschitz pseudo-contraction still remained open. This was eventually resolved in the
negative by Chidume and Mutangadura [12] in the following example.

Example 1.4.3.1

Let H be a real Hilbert space % under the the usual Euclidean inner product.

If z = (a,b) € H we define by z* € H to be (b, —a). Trivially, we have

(@,27) =0, ||| = |l

(@) = (o), ot =yl = llo =yl

and (zt,y) + (z,yt) =0 for all z,y € H.
We take our closed and bounded convex set K to be the closed unit ball in H and putK; =
{reH:||lz]| <3}, Ko ={x € H: 3 < |z <1}. We define the map T': K — K as
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follows:

r+atifr € Ky;
Tr = x 1L
T —r4axifr e Ky

[l
Then T is a Lipschitz pseudo-contractive map of a compact convex set into itself with a
unique fixed point for which no Mann sequence converges.
We notice that, for x € K; N K3, The two possible expressions for Tz coincide and that
T is continuous on both of K7 and K5. Hence T is continuous on all of K. We now show
that T is in fact, Lipschitz. One easily shows that
| T2 — Ty|| = v2||z — y|| for 2,y € K,. For 2,y € K5, we have
x Y 9 2
G — I = (zlllyll = (=, »))
-yl JEail
1
= e = yll* = (2] = [lyl)*}
|1y

1
2l =yl < 8lle —y®
[yl

IA

Hence, for z,y € K5, we have

y
Tl

T
1Tz =Tyl < ll5— =
el Myl

+Hla =yl + llat =y < 5llz —yll,

So that T'is Lipschitz on K5. Now let x and y be in the interiors of K; and K5 respectively.
Then there exist A € (0,1) and z € K; N K, for which z = Az + (1 — A)y. Hence

[Tz =Tyl < Tz =Tz[| + [Tz - Ty]
< V2|x — 2| +5]12 — y|

< Slle =2l + 5]z =yl = 5z -y

Thus |[|Tx — Ty|| < 5|z — y||Vx,y € K, as required. The origin is clearly a fixed point of
T. For x € Ky, ||Tz||? = 2||z||%, and for € Ky, |Tz|* = 1 + 2||z||* — 2||x||. From these
expressions and from the fact that Tz = x+ # x if ||z|| = 1, it is easy to show that the

origin is the only fixed point of 7. We now show that no Mann iteration sequence for T
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is convergent for any non zero starting point.

First, we show that no Mann sequence converges to the fixed point. Let x € K be such
that © # 0. Then, in case x € K;, any Mann iterate of x is actually further away from
the fixed point of T" than x is. This is because

(1 =Nz + ATz|* = (1+ X?)||=]|* > ||=||* for A € (0,1). If z € K, then, for any A € (0,1)

I(1= )z + ATa|? = H(H%H+1—2A)x+mﬂ\2
A
= [(m +1—2X0)% 4+ A?||z||* > 0.

more generally, it is easy to see that for the recursion formula (1.2.8), if o € K; then
|Zni1l] > ||zn|| for all integers n > 0, and if zyp € K, then ||z, = ‘/7§||xn\| for all
integers n > 0. We therefore conclude that, in addition, any Mann iterate of any non zero
vector in K is itself non zero. Thus any Mann sequence {z,}, starting from a non zero
vector, must be infinite. For such a sequence to converge to the origin, x, would have to
lie in the neighbourhood K of the origin for all n > Ny, for some real Ny. This is not
possible because, as already established for K, ||z,| < ||z,+1] for all n > Nj.

We now show that no Mann sequence converges to z # 0. We do this in the form of a
general lemma.

Lemma 1.2 Let M be a non empty closed and convex subset of a real Banach space
E and let S : M — M be any continuous function. If a Mann sequence for S is norm
convergent, then the corresponding limit is a fixed point for S.

proof. Let {z,} be a Mann sequence in M for S, as defined in the recursion formula
(1.2.8). Assume, for proof by contradiction, that the sequence converges, in norm, to
x in M, where Sx # x. For each n € N put ¢, = z, — Sz, — v + Sx. Since S is
continuous, the sequence g, converges to 0. Pick p € N such that, if m > p and n > p,
then ||e,|| < ||z — Sz| || — 2w < i[|o — Sz||. Pick any positive integer ¢ such that

P+ o > 1. We have that

n=p
p+q p+q
|2p = Tpegirll = 1D (@0 — zap) | = 1D n(@n — Sz + &)l
n=p n=p
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p+q p+q

1D anl@ = S)| = || Y anenl
n=p n=p

p+q

1 2
> Y an(llz - Szf)) - glle = Szll) = Sllo — S|
n=p

WV

The contradiction proves the result.
We now show that 7" is a peudo-contraction. First, we note that we may put j(z) = z,
since H is Hilbert. For z,y € K, put I'(z,y) = ||z — y||*> — (Tx — Ty, z — y) and, if z and

y are both non zero, put \(z,y) = {2.0)  Hence to show that T is a pseudo-contraction,

T
we need to proof that I'(x,y) > 0 for all x,y € K. We only need examine the following
three cases:

(i) x,y € K;: An easy computation shows that (Tx — Ty,z — y) = ||z — y||* so that

[(z,y) = 0; thus we are home and dry for this case.

(il)z,y € Ky: Again, a straight forward calculation shows that

(o =Tyo—y) = |l = el + ol = ol
1 1
=)
21~ Tol
= el = P+ gl = iy

+A(@, y) Cllllllyll = llzll = llyl)-

+(z, ) (2

Hence I'(x;y) = 2||=(* + 2[ly[I* — [zl = [lyll = Az; v) @yl = <l = [lyll)

It is not hard to establish that (4||z||||y|| — ||=]| — |ly||) = OVz,y € K,. Hence, for fixed ||z||
and |ly||,T'(z,y) has a minimum when A(x,y) = 1. This minimum is therefore 2||z||* +
2Nyl = 4zl = 2(z] - 1)

Again, we have that I'(z,y) >0 V z,y € K5 as required.

(ili) € K;,y € Ky: we have

(T — Ty,x —y) = [lz]* + [yl — lylI* — A=, y)llz]l. Hence I'(z;y) = 2[lylI* — [lyll +
(lel = 20D A ). Since [lal] — 20l iyl < 0 for z € Ky and y € Ky, T ) bas its
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minimum, for fixed ||z| and ||y|| when A(z;y) = 1. We conclude that

Lz,y) = 2yl =yl + [zl = 2[=]ly]

= (lyll = llzDEllyll = 1) = OV € K1,y € K.

This complete the proof.

1.4.4 The Ishikawa Iteration Process [19]

In 1974, Ishikawa introduced an iteration scheme which in some sense, is more general
than that of Mann and which converges under this setting, to a fixed point of 7. He
proved the following result.

Theorem 1.4.4.1 (Ishikawa [19]): If K is a compact convex subset of a Hilbert space
H, T : K — K is a Lipschitzian pseudo-contractive map and xg is any point of K, then the
sequence {x, },>o converges strongly to a fixed point of T, where x,, is defined iteratively

for each integer n > 0 by
T = (1 — an)rn + @ TYn, Y = (1 — Br)xn + BTz, (1.15)

where {a,}, {5,} are sequences of positive numbers satisfying the conditions

(i) 0 < ay, < By, < 1 (i) limy, o0 B, = 0; (iii) Z@o QB = 0.

The iteration method of Theorem 1.4.4.1 which is now referred to as the Ishikawa iterative
method has been studied extensively by various authors.The important thing here is that
Ishikawa yielded strong convergence (Normal Mann only yields weak convergence). But it
is still an open question whether or not this method can be employed to approximate fixed
points of Lipschitz pseudo-contractive mapping without the compactness assumption on
K or T (see, e.g., [13,22,21]).

In order to obtain a strong convergence theorem for pseudo-contractive mappings without
the compactness assumption, Zhou [43] established the hybrid Ishikawa algorithm for

Lipschitz pseudo-contractive mappings as follows:
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Yn = (1 —ap)xy + Ty,

Zy = (1 - ﬁn)xn + B, TyYn,

K,={z€ K : |z, — 2|> < ||z — 2||* — anfn(1 — 200, — L?a?) ||z, — Tz, ||*}
Qn={z€ K:{(x, — 2,20 — x,) >0},

Tpt1 = Py, [ Qnzo,n = 1.

He proved that the sequence {z,} defined by (1.3.0) converges strongly to Pyxq, where Py
is the metric projection from H into K.

In [31] Rhoades compared the performance of these two iteration processes and showed
that despite they are similar, they may exhibit different behaviours for different classes of
nonlinear mappings. In its original form the Ishikawa iteration process does not include
Mann process as a special case because of the condition 0 < a,, < 3, < 1. In an effort to
have an Ishikawa type iteration process which does include the Mann process as a special
case, several authors have modified the inequality condition to read 0 < «,,3, < 1.

In 1995, Liu [23] introduced the Ishikawa and Mann iteration processes with ”errors” as

follows:

1.4.5 Mann Iteration Process with Errors in the Sense of Liu

Let T : E — FE be a given map. Then the Mann iteration process with errors in the sense
of Liu is given by

Tpr1 = (1 — an)zy + Ty, + upyn >0

where {a,}22; is a suitable real sequence in [0, 1] and {u, }°°, is a summable sequence in

B (ice, 3 [lun]| < 00).

1.4.6 Ishikawa Iteration Process with Errors in the Sense of Liu

LetE be a real Banach Space, T': D(T') C E — E and xy € D(T'). The Ishikawa iteration

process with errors is given by
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Tpr1 = (1 —ap)x, + Ty, + vy,n >0

where {a, }22 o, {£n}22, are suitable sequences in [0, 1] and {u, }5°,, {v, }52, are summable

sequences in F.

Several authors have studied these iteration processes with errors and observed that it is

unsatisfactory because the conditions

oo oo
D ]| < 00, and Y " [Jv,]| < oo
n=0 n=0

imply that error terms tend to zero. This is incompatible with the randomness of the
occurence of errors. Furthermore, if the operator T is defined on a nonempty convex
subset K of a normed linear space F, then the Mann and Ishikawa iteration process with

errors are not in general well defined.

1.4.7 The Agarwal-O’Regan-Sahu Iteration Process

The sequence {z,} is defined by

T € K,
Yn = Qny + (]— - an)TJ:na
Tptl1 = ﬁnTxn + (1 - ﬁn)Tyna n 2 1

where {a,} and {f,} are sequence in [0,1] is known as Agar-O’Regan-Sahu [19] iteration
scheme.

Theorem 1.4.7.1 [37] Let K be a non empty closed convex subset of a real Hilbert space
H,S: K — K be non-expansive and T : K — K be Lipschitz strongly pseudo-contractive
mappings respectively such that

FS)NF(T)={x € K: Sz =12=Tz} # @ and satisfying

lz = Syl < [|Sz — Syl|,

|z — Tyl < ||Tz — Ty|| for all z,y € K.

Let {an }ns1, {Bn}ns1 € [0, 1] be such that

(1) an < Bn

(ii) D>, n = 00 and
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(i) 32,51 Bn < 00.
For arbitrary 1 € K let {z,},>1 be iteratively defined by

Tpi1 = (1 —ay)Syn + ayTxp,n > 1.
Then {z,}, > 1 converges strongly to the common fixed point p of S and T
corollary 1.4.7.2 [37] Let K be a nonempty closed convex subset of a real Hilbert
space H and T,S : K — K be two Lipschitz pseudo-contractive mappings such that
pe F(II)NF(S) ={x e K:Tx =z = Sx}. Let {a,} and {8,} be sequences in [0,1]
satisfying lim,, o (1 — ;) = 0. For arbitrary z; € K, let {x,}22, be the sequence defined

iteratively by

Un = Bnn + (1 = Bp)Txp,n > 1
Tnt+1 = a”Txn + (1 - an)Sym

Then the following are equivalent:

(a) {z,}o2, converges strongly to the common fixed point ¢ of 7" and S.

(b) {Tx,}2, and {Sy,}o2, are bounded.

1.5 ORGANIZATION OF THESIS

We have introduced in Chapter one, various iterations methods for Lipschitz pseudo-
contractive maps and some existing results on them. We have also considered various
non-linear operators studied in this project.

In Chapter Two (the preliminary section), we presented most of the technical results about
convergent sequences of real numbers encountered in Operator Theory. We also considered
projection maps and some other results vital to this work.

Chapter Three featured the main results of this project. Using a modified Ishikawa it-
eration method we proved strong convergence theorem for Lipschitz pseudo-contractive
maps in Hilbert spaces. Our result extended the work of Yao and Li [20] from the class
of A - strictly pseudo-contractive operators to the more general class of Lipschitz pseudo-

contractive operators.
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Chapter 2

Preliminaries

In this Chapter we present mostly geometric conditions ensuring that convergence is
strong. Most of the properties will be established in the frame work of Hilbert spaces.
Although a lot of results can be extended to larger classes of spaces, we will only do so in

some specific cases, since our aim is to emphasize unity in terms of tools and approach.

2.1 Definitions and Technical Results About Conver-
gent Sequences of Real Numbers.

2.1.1 Definition (Strong Convergence)

Let H be a Hilbert space. We say that {z,} converges (strongly) to x if lim, . ||z, — 2| =

0. This is written lim,,_,o x, = 0 or simply z,, — =.

2.1.2 Definition (Weak Convergence)

Let H be a Hilbert space. We say that the sequence {x,}>°, of elements of a Hilbert
space H converges weakly to x € H if there is an x € H such that for every f € H*,
lim, o f(x,) = f(x). We call the point z a weak limit of the sequences {z,}>°, and
write x,, — x.

Proposition 2.1.3 A sequence {z,} in a real Hilbert space H converges weakly to a point

xr € H if and only if lim(x,,, z) = (z,2) V z€ H.
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Proof:
Suppose z, — z, then f(x,) — f(x) V f € H*. Let z € H be arbitrary (but fixed).
Then define g: H — f =R or C by g(z) = (x,z). Then g € H*, since

glax + By) = {ax + By, z) = (ax, z) + (By, 2) = afz, z) + By, 2) = ag(x) + Bg(y)

Also, | g(x) |=| (x, z) |< ||z||||z]|. This implies that g is bounded and ||g|| < ||z]|.

Since g € H* and z,, — z then g(z,) — g(z)

= (zp,2) = (x,2)

<) Suppose (z,,z) — (x,z) V z € H then we prove that x, — x.

Let f € H* be arbitrary. Then by the Riez Representation Theorem, there exists a unique
z € H such that f(z) = (z,2) V o € H. Thus f(z,) = (x,, 2) and since (x,, z) — (z, 2),
we have that f(x,) — f(z), which implies that z,, — x

Definition 2.1.4 A sequence {a,} is said to be monotone increasing if a,.1 > a, for all
n > 1, and monotone decreasing if a,,1 < a, for n > 1. We say {a,} is monotone (or
monotonic) if it is of one of these two types.

We now state and prove the following important results concerning sequences of real
numbers.

Lemma 2.1.1 [19] Let {a,} and {b,} be two sequences of a normed space X and {t,} a
sequence of real numbers. If the following conditions

(a) 0<t,<t<land > 7 t, =00,

(b) aps1 = (1 —t,)a, + t,b, for all n > 1,

(c) limsup,,_, ||bn|| < 400, are satisfied, then limsup,,_, . ||a,| < limsup,,_, [|bx]|-
proof. From (b) we obtain

an = ay H?:_f(l - ti) + Z?:_f ?;111(1 - tj)tibz‘-

Thus we have
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n—1 n—1

] S\MmIll—t +> [T a—t)ulbl

le i+1

\mmI]1—t +§: [[1—t t11—t )16

=1 j=1+1

From (c) we have that for each £ > 0 there exists ny; € N such that for n > ny
[bn]| < d +e,

holds, where d = limsup,,_, . ||b,]|-

On the other hand, from (a) we have that for each € > 0 there exists ng € N such that
forn > ng + nq

- m(l —t) < o~ Tt bi < ,

holds, here we use the following inequality 1+ x < e*, x € R.

Thus for n > ng + n; we have

1

—_

n

S

n—1 n—1 n—1
(TL 0=t -TLO-tDlbd < HbHe( [T - 1) - [T - 1)
j=i j=1

i=1 j=i+l J=n1
n—1
+Hd+e)(1— [T -t))
Jj=ni

< 2ef{bn}leo + (d +€),

where ||{b,}||co = sup;en ||{0n}||-From (c) we have ||{b,}||cc < co. From all of the above
we have ||a,|| < e|lai|| + 2¢||{bn}||oo(d + €) for n = ng + ny.

Since ¢ > 0 is arbitrary we obtain the result.

Lemma 2.1.2 [44] Let {a,}, {b,} and {d,} be sequences of non-negative numbers satis-
fying

a1 < (1+6,)a, +byy,n > 1.

If .6, < oo and Y o b, < oo then lim, o a, exists. If in addition {a,} has a

subsequence which converges strongly to zero then lim,, .., a,, = 0.
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proof. Observe that

Ant1 S (1+5n)an+bn
< (T4 6,)[(1+ 6p1)an- 1+bn 1]+b
< <[Ja+s a1+H (1+4;) Zb
j=1 7j=1 ]1
j:l g=1 j=1

Hence {a,} is bounded. Let M > 0 be such that a, < M,n > 1. Then

i1 < (14 6n)an + b, < ap + Moy, + b, = a, + Vn

where v,, = Mo, +b,. It now follows from lemma 2.1.1 of [37] that lim,, ., a,, exists. Con-
sequently, if {a, } has a subsequence which converges strongly to zero then lim,, . a, =0
completing the proof.

Lemma 2.1.3 [31] Let {a,}°, be real sequences of real numbers with a,, > 0V n. Let
liminf a,, = § > 0. Then there exists ng such that a,, > g VY n > ng. Consequently there

exists a subsequence {a,, }7>; C {a,};2; such that a,, — J as j — oo,
Proof: Define M, := inf;>, a;, then M, < a,Vn. Now,
§ = liminfa, = lim (infa,;) = lim M,,.
n—o0 n—oo j>n n—o0
Hence for e = g > (0, dng such that

)
|M,, — 0| < §Vn > ng.

This implies that

< M, < ap,Vn > ny.

N

Consequently, {M,,}>°, C {a,}>2, and

§ =liminf a, = lim (inf ¢;) = lim M,.
n—00 n—o00 j>n n—00

An important application of lemma 2.1.3 can be seen in the following lemma.
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Lemma 2.1.4 [6] Suppose a,,a, > 0V n, > 7 a, = 00, Y~ apa, < co. Then
liminf,,_. . a, = 0.
Proof: Suppose that liminf, .. a, = 0 > 0, then by Lemma 2.1.3 there exists ng such
that a,, > g V n > ny Hence,

)
Ay > O‘"Zyv n > nyg.
This implies that,
S>3 T = 30, = o
n=1 n=1 n=1
This contradiction implies that lim inf, . a, = 0.

Lemma 2.1.5 Let a,,b, > 0, ¥ n,a € [0,1), lim b, = 0. If a,41 < aa, + b,, then

n—oo

lim a, =0
n—oo

Proof:
any1 < aay, + b, = a, — (1 — a)a, + by,.
Claim : liminf, ., a, =0

Proof: Suppose liminf, _,, a, = ¢ > 0. By Lemma 2.1.3 3 ny such that

)
an 2 éavnzn()’

Also since lim,,_,o b, = 0, 3 ny such that
J
b, < —(1—«),Vn.
4
Hence,for N = max{ng,n1} we have

b 9
Upy1 < an—(l—a)§+z(1—a),Vn>N

)
= an—z(l—a)
)
= 1(1—a)<an Ani1
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n 6 n

= 1(1—04) Szaj—ajﬂz&l—anﬂ < ax
j=1 j=1
)
= n[zl(l—a)] <@ Vn>1

(contradiction).

Hence liminf,,_, a,, = 0. From Lemma 2.1.3, there exists a subsequence {a,, } C {a,}
such that a,, — 0 as k — oo. Also, lim b, = 0 implies that b,, — 0 as k — oo
n—o0

for all subsequences {b,, }32; C {bn,}3>,. Therefore there exists ky such that a,, < e,

bn, < (1 —a)efor all k > ko. Hence ay,, <€, by, < (1 —a)e. We now show that,
Oy tm < €,Vm > 1.
We do this by induction. Observe that by, +m < (1 — a)e for all m > 1.Now for m = 1,

ank0+1 S aanko + bnko

< ae+(l-—a)e=ce
We assume it is true for m = n, i.e., Uy +n < € and prove for m = n + 1. Now,

anko—&-n—&-l S aank0+n+bnko+n

< ac+(1—a)e=c¢

Hence a,, 4m < € for all m > 1 so that lim a, = 0.
0 n—00

Immediate consequences of Lemma 2.1.5 are the following:

Corollary 2.1 Let a,,b, >0 VY n, > 2 b, <oo. Let o € [0,1), If a1 < @ay, + by,

then lim a, = 0.
n—oo

Proof: Obvious from Lemma 2.1.5

Corollary 2.2 Let a, >0V n, a € [0,1). If a4 < aa, ¥V n>1,then lim a, = 0.

n—oo
Remark 2.1 Corollary 2.1 shows that if we replace lim b, = 0 with Y >, b, < oo in
n—o0

Lemma 2.1.5 the result still holds since 22021 b, < oo implies that lim b, = 0. However,

n—oo
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if an, b, >0, > 7 b, < oo, and we replace a with {a,,} C [0,1), in Lemma 2.1.5 and

Corollary 2.1, i.e. a,41 < aya, + by, then lim a,, may not be zero as can be seen with the
n—0o0

following example.

. _n%+3n
Un = 737305 V n>1. Then a,1 <

Example 2.1: Take a, = *=, b, = —n2+§n+2:

Qpay + by, limy, o b, = 0 but lim a, # 0.
n—0o0

Lemma 2.1.6 ([40]):

Let {an};>, be a sequence of non — negative real numbers satisfying

Ap+1 S (1 - an)an + O‘nﬁn + Tn, T Z 0 (21>

where {a,}o 1, {Butozy, and {y.}oo, satisfy the conditions :

o0

(i) {on}ee, C0,1], > oy, = o0 or equivalently [[ _,(1 —a,) = 0;

(ii) limsupp, < 0;
n—oo

(iii) v, >0,(n>0), Vn < 00,

n=1

Then lim a, = 0.

n—o0

Proof. For any € > 0, let N be an integer big enough so that
Pn<g 2 Wm<gznzN.
n=N
Using equation (2.1) above and mathematical induction, we obtain for n > N
An+1 S (1 - an>an + anﬁn + Tn
S (1 — an)[(l — Oénfl)anfl + anflﬁnfl + f)/nfl] + Oénﬁn + Tn

= (1 - Oén_1>(1 - an)an—l + an—1<1 - O‘n)ﬂn—l + (1 - Oén)’Yn—l
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+n By + T

< (1 =an-1)(1 = an)an-1+ ap-1(1 — an)Bu1 + -1+ Tn
< (= an1)(1—an)[(1 — an-g)an—2 + an2Bn-2 + Yn-2
+an_1(1 — ap)fn-1+ Yn-1 + T
= (I—ap 1)l —an)(1l—ap2)ano+ (1 —a, 1)1 —ay)an_28, 2
+(1 —an1)(1 —an)Vno+ an1(1 — @) Bt + Vo1 + Y
< (I—an-2)(1 —an-1)(1 — an)an-2 + ap—2(l — an1)(1 — an) B2
+Vn—2 + V-1 + M
< 1T—any(l—ang1)..(1 —ay)ay +an(l —ays1)(1 — ayyo)...(1 — an) By
FIN FIN+1--- T+ Tn
- ( [T - o )aN F (1= (1= an)1—ay)(1 = anpe)(1 — an))By
k=N
+ )k
k=N
< H 1 —ag)ay + <1— H(l—ak)>5N+Z%-
k= k=N k=N
Therefore,

ant+1 < Hl—OékCLN—F( Hl—Ozk>
k=N
+Z’Yk

Thus limsup any1 < 0+ 5+ 5 = €. Since € is arbitrary, we have limsupa,, = 0. Thus
n—oo n—oo

NN e

lim a,, = 0.
n—o0

Lemma 2.1.7 Let {a,}32, be real sequences of real numbers with a, > 0 V n. Let

liminf a,, = § > 0. Then there exists ny such that a, > ¢ V n > ng . Consequently there
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exists a subsequence {a,;}°>, C {a,}32, such that a,; — ¢ as j — oc.

proof. Define M,, = inf;., a;, then M, < a,Vn.

Now, § = liminf, , a, = lim,,_,(inf;>, a;) = lim,_,o M,.

Hence for ¢ = g > (0, dng such that

| M, — ¢ Sg Vn = ng

This implies that

g < M, <a,,Vn =ng

consequently, {M, }°°, C {a,}>>, and

§ =liminf, o a,, = lim,,_, (inf;>, a;) = lim,_,o M,.

An important application of lemma 2.1.7 can be seen in the following lemma.

Lemma 2.1.8 ([31]) Assume {a,} is a sequence of non negative real numbers such that
ani1 < (1 =7)an + Ynon,n = 0, where {7,} is a sequence in (0,1) and {9, } is a sequence
in R such that

(1) 2ot Yn = 003

(ii) limsup,, . 6, < 0 0r Y2 1 [0,7n] < 00. Then lim,_, a, = 0.

Lemma 2.1.9 Let {a,}, {b.}, {t.},{d,} and {e,} be non negative sequences of real num-
bers such that

(a) t, €10,1],n € NU{0}, and ¢, — 0 as n — o0;
(b) 8, = 0 as n — oc;

(€) T e < o0

(d) {a,} is bounded and lim inf a,, = 0;
(e) limy,—o0(an — by) = 0;

(

(

f) limy, o0 (@n1 — an) = 0;

bn)
g) CLn—&—l S an(]- - tn?gb )) + tn(;n + En,
where f; and f, are non negative increasing function on [0,00) and f5(0) > 0. Then
lim,, o a, = 0.

proof. From the boundedness of the sequences {a,} and (e) it follows that there is a

constant M > 0 such that b, < M for n € N U{0}. From the conditions of the theorem
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we have that for each ¢ > 0 there is an ng € N such that a,g < € and

—e —f — efi(%)
ap — Qpyt 5 a 1 ;ek € 2o (M)
for n > ny.
Using this and (g) we obtain
efi(%) — 2an0f1(bn
Ao S €+tn0( f1<4> Ofl( 0)) +€n0 (21)

2f2(M)
We show that a,911 < € + €,9. Assume the contrary that a,g;1 > € + €,0. Then we have

ano > Gpoy1 — 5 > 5 and consequently bng > ano — § > §. From this and (2.1) we obtain

2.
apor1 < € + €n0, Which is a contradiction. Similarly by induction we can obtain

Anorr < €+ ZIZ; €nori < 2¢. For all k € N. From this the result follows.

The following lemma is a quantitative version of a lemma due to Moore and Nnoli [2]. In
the following, 3t denotes the set of strictly positive real numbers.

lemma 2.2.0 Let ¥ : (0,00) — (0,00) be an increasing function (formally extended to

0 by V(0)=0) and let {a,},{bn} and {c,} be sequences of real non-negative numbers

with modulus N; : (0,00) — N such that:
Ve > 0Vn = Ni(e)(c, < bue) (2.2)

Moreover, let Y >° | b, = oo with rate of divergence N, : (0,00) = N,

N2 ()
Va € (0,00), (Y b > ) (2.3)
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Ifforalln >0

2 2
Apt1 < ap — bn\IJ(CLn_H) + Cp,

then we get a rate of convergence for {a,}:
Ve > 0Vn = ®(Ny, Ny, €)(a, < e),
where ® : N%& x RT — N, with

O(Ny, Naye) = No(C) +1,

proof. Let £ > 0 be given. We split the proof into two claims:

Claims 1: In € [N, No(C) + 1)(a, < €)

proof. Assume on the contrary that

Vn € [N, No(C) + 1](a, > €). We first remark that the above interval is non-trivial since
for

N > Ny(C) + 1, we could get

S by < X5 b0 < S b+ 55 < C

which is a contradiction to assumption (2.3),i.e., to the rate of divergence of ) b,. So

from this we must have N < Ny(C) + 1.

By assumption (2.2), we get

Vn > N(Cpb,t < =U(e)), (2.4)

1
2
and so for all n € [N, Ny(C)] it follows that

ai—kl < ai — by ¥(an1) + Cy

1
< a2 —b,V(e)+ 5\11(5)bn
1

Therefore
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sU(e)b, < al —al,,.

Since this holds for all n € [N, Ny(C)], summing up yields

1 N2(C)
S V() Y e <af —avye <k (2.5)

n=N

Hence after adding 25;11 b, to (2.5) we get
Ny (C N—1 2a2.
SN by < TN b+ 5 < C
which is again a contradiction to (2.3). This proves claim 1. Then for some ng €

[Nl(\pég)), No(C) + 1] we know that a,, < . We now prove the following claim, which will

conclude the result.

Claim 2: Vi(an, 1 < €).

proof. By induction on [. For [ = 0, this is clear. We prove the induction step by contra-
diction.

Assume that for some [ > 0, we have a0y < & but a,oy11 > €. Using (2.2) again we get

e? < CLio+l+1
< aloy; — brost¥ () + Cros
U(e
S aio_l,_l - bnO-H\I](g) + bnO—H%
by,
< 22— 0 y(e)
2
< &

which is a contradiction.

2.2 Projections onto Convex Set

In this section, we introduce some fundamental notions and results of convex analysis in
Hilbert spaces, as well as some metric properties which are vital in our work.
Definition 2.2.1 Let K be a non-empty subset of H. We call

dip : H—> R

x> infreg ||z — K|
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the distance function to K.
If K is closed convex then for every x € H the infimum in the definition of dj, is attained
in an unique point, which we denote P,x. This mapping Pk, which sends every point in

H to its nearest point in K, is called the projection onto K. Py is characterized by

| — Puxl| < [le =k ¥V ke K (2.6)
Lemma 2.2.1 Condition (2.6) is equivalent to

(x — Py, Pz — k) >0 V ke K (2.7)
Proof. (2.7) = (2.6): This is a direct consequence of the identity

lo = Pez|® = llz = kI = [lo = Pez|® = (& — Pox)’ + (Prx — k)|*

= —2(x — Py, Pox — k) — || Pyr — k||? (2.8)

(2.6) = (2.7): Replacing k in (2.8) by &' = Ak + (1 — A\)Pyx € K for A € (0, 1) we obtain
|z — Pux|® — ||z — K[| = —2Ma — Pyx, Pox — k) — \2|| P — K||?

If (2.6) is satisfied we have

0> —2\Nz — Pyz, Pux — k) — N?|| Pox — k|

Dividing by A and letting A — 0 we get (2.7).

Lemma 2.2.1 ([1]) Let K be a closed convex subset of a real Hilbert space H. Given

x € H and y € K, then y = P,z if and only if there holds the relation
(x—y,z—y) <0,Vz € K.

Proof. (=) Let y = Pyz,2 € K and 2y, = y + A(z —y) for A € (0,1). Obviously, 2y € K

because K is convex. By y = P,z and by the properties of the inner product, we have
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lz =yl < llo—al’=lz-y -zl

= |lz =yl = 2Mz —y, 2 — y) + X[z — y|?

since A > 0, the above inequality yield

(x—y,z—y) < gll> =yl

and for A — 0 we obtain (x — y, 2z — y) < 0 in the limit.

(<) By properties of the inner product and by the fact that (z —y, z — y) < 0 we obtain

for any z € K

lz==* = le—y+y—al’
= le=yllP+lly—21* +2(z —y,y — 2)

>y -l

which by the definition of the metric projection, gives y = Pyx.

Lemma 2.2.2 ([24]) Let K be a closed convex subset of a real Hilbert space H. Let
{z,} be a sequence in H and u € H. Let ¢ = Pyu. If {x,} is such that w,(x,) C K and
satisfies the conditions ||z, —u|| < |ju —¢|,Vn > 1. Then {z,} converges strongly to g.
Definition 2.2.2 A normed vector space X is called uniformly convex if for any € > 0 there
exists 6 > 0 such that whenever ||z|| = |ly|| = 1 and ||z — y|| > € then ||z +y| < 2(1 — ).
Example 2.1 Any Hilbert space is uniformly convex.

proof. Let ¢ > 0 and z,y € H such that ||z|| = |ly]| = 1 and ||z — y|| = €. Then the

parallelogram law implies
lz+yll* = 2ll=l* +2[lylI* — ll= — y|*
= 4=z -yl
< 4 —g?
With § = 1 —1/1 — £ > 0 we obtain thus ||z + y|| < 2(1 — ) and hence H is uniformly
convex.
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2.3 Some Definitions and Results Used in the Main
Work

Definition 2.3.1 Let K C H be a closed convex set of a Hilbert space H. A mapping
T : K — H is said to be demi-closed (at y) if the conditions that {z,} converges weakly
to x and that {T'z,} converges strongly to y imply that z € K and Tz = y.

We say that a Banach space X satisfies Opial’s condition if liminf, . ||z, — z| >
liminf,, . ||z, — xo|| whenever

Ty — T # T (2.9)

where — denotes weak convergence.
Lemma 2.3.1(29). If x, — y € H, then for any y!' € H,yl # y, the following
inequality holds

liminf ||z, — y/|| > lim inf ||z,, — y/| (2.10)

proof. Let z,, =y and y/ # y. Denote § := ||y — y/||? since a weakly convergent sequence

is bounded, both lower limits in (2.10) are finite. The properties of the inner product yield

2o —y/|* = |lzw—y+y—yl?
= @, —yl* + ly — wII> + 2(x0 — v,y — )

= [lzn =yl + 0+ 2(z0 —y,y — y/)
By assumption, (z, —y,y — y/) — 0,

consequently, liminf |z, — y/||* = liminf ||z, — y|* + § > liminf ||z, — y||?,

i.e., lirrhinf |z, — yt|] > liH%Iinf |zn — yll

Lemma 2.3.1 was proved by Zdzislaw Opial in [31, lemma 1]. The property described
in this lemma is known under the name Opial property. A Banach space for which the
property holds is called an Opial space. Therefore, lemma 2.3.1 can be formulated as
follows: any Hilbert space is an Opial space.

The following lemma, also proved by Opial in [29, Lemma 2], is a consequence of the Opial
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property.

Lemma 2.3.2 Let T : K — H be non-expansive and y € K be a weak cluster point of a
sequence {x,}> . If ||[Tx, —x,|]| — 0, then ye F(T).

Proof. x,; — y for a subsequence {x,x}5°, of {z,}5°, and || Tz, — z,|| — 0. Suppose

that Ty # y. Then, by the triangle inequality and by lemma (2.3.1), we have

liminf ||z, —y|| > liminf ||Tx,, — Ty
n— 00 n—r00
= liminf || T2k — Tk + T — TY||
n—oo
> liminf([lzn, — Tyll = 172k — znkl])

= liminf ||z — Ty||
n—oo

> lim inf ||z — ||
n—oo

A contradiction proves that y € F(T).

Definition 2.1.6 We say that an operator S : K — H is demiclosed at 0 if for any
sequence x, — y € K with Sz, - 0. Sy =0

If we replace the weak convergence x,, — y € K by the strong one in definition 2.3.2 then
we obtain the definition of the closedness of S at 0. If H is finite dimensional, then a
weakly convergent sequence is convergent. Therefore, the notions of a demiclosed operator
and a closed operator coincide in a finite dimensional Hilbert space.

The property expressed in lemma 2.3.2 is known under the name demiclosedness principle
(see, e.g., [8, fact 1.2]). This lemma enables us to prove the following useful property of
non-expansive mappings.

proposition 2.3 Let K C H be a closed convex set. For every non-expansive mapping
T : K — H, the mapping I — T is demi-closed.

Proof. Let {z,,} C K be a sequence which satisfies z,, — o and (x,,—Tx,,) — yo. Suppose

that yo # xg — T'xg. Then we have by Opial’s condition
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liminf ||z, —yo — Txo|| > liminf ||z, — x|
n—00 n—0o0
> liminf || T, — Tzl
n—oo

> liminf ||z, — yo — Txol|
n—oo

which yields a contradiction. Hence yo = (I — T')zo.

As a direct consequence if yy = 0 we obtain the so-called demiclosedness principle:

2.4 Corollary (Demiclosedness Principle)

Let K C H be a closed convex set and T': K — H a non-expansive mapping. If {z,} is
a sequence in K and x € K then

{r, =~ z,2, — Tx, —» 0} =z € F(T).

It is well known that if T': K — K is a strict contraction mapping, i.e. if there exists
k € (0,1) such that

|Tx —Ty|| < k|lz—y| V z,y € K, then T has a unique fixed point.

The following example shows that, in general, this is not true for non-expansive mappings.
Example 2.4.1 Let H = [2. Let K = [ and define T : K — K by Tz = (1,9, 2o, ...)
for © = (x1, 29, ...). It is clear that 7" is non-expansive. But 7" has no fixed points since
(1,1,1,...) ¢ I?

Nevertheless, if K is closed and bounded there are fixed points.

The following result can be found in [35, proposition 5.3]

Proposition 2.4.2 The subset of fixed points of a non-expansive operator T': X — H is
closed and convex.

Proof. (cf. [10, proposition 5.3|) Let z, = F(T) and x,, — x. We have z € X because X

is closed. By continuity of T,

r=limz, =limTx, = Tx.
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i.e., F(T) is a closed subset. Now we show the convexity of F/(T). Let z,y € F(T),z #
y and z=(1—=XNz+ Xy for M€ (0,1). By non-expansivity of 7" and by the positive

homogeneity of the norm we have
| = Tz|| = [[Te = Tz[| < [l =z = Allz =y (2.11)

and

1Tz = yll = IT= = Tyl| <[]z = yll = (L = N[z = yl| (2.12).

Now, the triangle inequality yields

le =yl < o =Tz + Tz -yl

< Alle =yl + 1 =Mz -y

[l = yll

Consequently, ||z —y|| = ||z — Tz|| + [|Tz — y]|.
By strict convexity of the norm, the vectors * — Tz and Tz — y are positive linearly
dependent. Therefore, a(z — Tz) + f(y — Tz) =0 for some a,fp = 0..

Since = # vy, it follows that o+ 3 > 0, and hence, Tz = -2z + —£2_y. Now, the non-

a+ a+p8

expansivity of T" and inequality (2.11) and (2.12) yield

B =yl = o —Te) = T2 -T2

a+p

< lz—z| = Az -y (2.13)

and

eyl = Tz -yl =Tz~ Ty|

x — = z—yll =Tz —
at B Yy Yy Yy
< Jlz—yll=0 =Nz -yl (2.14)

If at least one inequality in (2.13) and (21.4) is strict, then by summing up (2.13) and (2.14)
we would obtain a contradiction. therefore, a%, =\ and ﬁ =1-\, consequently Tz =

(1—=Nz+ Ay =z

39



Lemma 2.3.3 ([25]) Let H be a real Hilbert space. K a closed convex subset of H
and T': K — K a continuous pseudo-contractive mapping, then
(i) F(T) is closed convex subset of K.
(ii) I — T is demi-closed at zero, i.e., if {x,} is a sequence in K such that z, — z and
(I —T)x, — 0, then (I —T)z =0.
Lemma 2.3.4 Let H be a real Hilbert space. Then there holds the following well known
results:
() llz =yl = |zl = 2(z, y) + Y|V, y € H;
(i) [l +ylI* < fl2]* + 2{y, = + y)Va,y € H.
Lemma 2.3.5 ([34]) Let H be a real Hilbert space. Then for all z,y € H,« € [0, 1] the
following equality holds:
low + (1 = )yl = aflz|* + (1 = &) [y[* — (1 = &) |z — y|*.
Proof.

laz + (1 —a)y* = ollz[I* + (1 = )*[lyl* + 2a(1 — o) Re(w, y)
= ozl + (1 = )*[lyll* + a1 = ) [l[=[* + lylI* = ll= — yII*]
= ozl + (1 = a)*[lyl* + a(1 = )[|=[* + (1 — ) [ly|I*

—a(l—a)|lz -yl
Therefore

lax + (1= a)yl* +a(l =)z —yI* = o*[lz]* + a1l - a)|z]
+(1 = a)?[lyll* + a1 — ) Jyl?

= ozl + (1 - a)lyl*.

Lemma 2.3.6 ([24]) Let H be a real Hilbert space. If {z,} is a sequence in H weakly
convergent to z, then limsup,,_, ||z, — y||* = limsup,,_, ||z, — 2> + ||z — y||*Vy € H.

Lemma 2.3.8 Let K be a nonempty convex subset of a real Hilbert space H. Let
T, : K — K,i =1,2,....,N, be a finite family of Lipschitz pseudocontractive mappings

with constants L;, respectively. Let T' = 0,1 + 60515+ ...08TN where 01+ 605+ ...+ 60y = 1.
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Then T is Lipschitz pseudocontractive mapping on K.

Proof. Let x,y € K. Then

(T —Ty,x—y) = 0(Thw—-Tyx—y)
+02(Tox — Toy,x —y) + ... + On(Tyx — Tyy, z — y)
< Oiflz =yl + ol =yl + o+ Ol —yl)?

_ 2
= llz—yl"
Hence T' is pseudocontractive. Moreover, since

||T.T — Ty” = ||(@1T1 + 92T2 + ...+ GNTN).T - (01T1 + GQTQ + ...+ QNTN)yH
< 0| Tvr — Tyyl]? + 0]|Tox — Thy||* + ... + On|lz — y|?

< Llz -y’

where L := max{L; :i=1,2,..., N}, we get that T is L-Lipschitz. The proof is complete.
Lemma 2.3.9: Let H be a real Hilbert space, and let K be a nonempty closed convex
subset of H. Let P, be the convex projection onto K. Then, convex projection is charac-
terized by the following relations;

(i) z* € K satisfies x* = Py(v) < o* € K satisfies (x — 2",y —2*) <0, forall y € K

(i) Py is firmly nonexpansive with F(FP;) = k

(iii) Py is nonexpansive

(iv) Projection P, restricted to K is identity (i.e., P|, = I)

(v) Py is idempotent on K.

Proof of Lemma 2.3.9

i) ||l — Pex|| < ||z —yl|, for all y € K

Let y = (1 = N)Pex + Au, A € (0,1),u € K. Then, (1 — NPz + \u € K, for all u € K.

Furthermore,
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|z — Pezl|* < [lz = [(1 = A)Pex + Au|)?
= ||z — Pyx + AN(Prz — u)H2

= ||z — Puz||® + 2\ 2 — Pux, Pow — u) + V|| Pex — ul|?.

Thus, (x — Pyz,u — Pyz) < \||Pyx — ul)®

Letting A — 0, we obtain
(x — Pyr,u — Pex) <0, forallue K
(ii) Let z € H, then z = Pyx if and only if (x — 2,2 —y) > 0, for all y € K. In particular,
(x — Pyx, Pyx — Py) > 0 (2.16)

In a similar argument, z = Py if and only if (y — Py, Py — Pyx) > 0, for all z € K.
That is,
(Pey —y, By — Pry) > 0 (2.16)

Adding equation (2.15) to equation (2.16) yields
(x — Py + Pry — vy, Pox — Pry) > 0.
This implies that
( =y, Pux — Ppy) — (Pex — Pry, Pex — Pry) 2 0

and so

(x —y, Pox — Pry) > || Prr — PkyHQ. (2.17)

This shows that P is firmly nonexpansive.

(iii) By Cauchy-Schwartz inequality and from equation (2.17), we have

|Pex — Pey|” < (z—y, Pz — Puy)

IN

(z — vy, Prx — Pry)|

<z = yllll Pz = Pryll-
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It follows that,

[1Per — Peyl| < |z —yll, Yo,yeH

(iv) Let € H, we have that
|z — Ppx| = inf lo —y|| <[z —yll, Vye K. (2.18)
yeK
If z € K, and in particular if y = z, then equation (2.18) becomes
|z — Pyzx|| = 0.

Thus, Pyx = x and this implies that Py is an identity on K.
(v) Let z € H, and let P,z = z. Then,

Plx = Py(Pyx) = Ppz = 2,

since z € K. Therefore P2z = Pyx and so P} = Fj.

Lemma 2.4.0 If z,, = z € H, then liminf, ||z,| > ||z

Proof. Let x,, — x. The lemma is clear for x = 0. Let now assume x # 0. By the Cauchy
Schwartz inequality, we have

liminf, ||z||.]|z,] = liminf(z, z,) = ||z|?

ie., iminf, ||z,] > ||z||.

Note that a sequence which is weakly convergent needs not to converge strongly.
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Chapter 3

Weak and Strong Convergence of an
Iterative Algorithm for Lipschitz
Pseudo-Contractive Maps in Hilbert
Spaces

3.1 Main Result

In Chapter 2, we presented mostly geometric, conditions ensuring that the convergence is
strong.

In this Chapter, we introduce a modified Ishikawa iteration for Lipschitz pseudocontractive
map in real Hilbert spaces.

Algorithm 3.1.1 Let H be a real Hilbert space and K be a closed convex subset of H.
Let T : K — K be a Lipschitz pseudo-contractive mapping such that F(T) # 0. Let
{an}, {Bn} and {7,} be real sequences in (0, 1). For given z; € K, let {x,} be generated

iteratively by

Theorem 3.1.2 Let H be a real Hilbert space and K be a closed convex subset of H. Let
T : K — K be a L-Lipschitz pseudo-contractve mapping such that F(T) # (. Assume
the sequences {a, }, {7}, {8} € (0,1) satistying

(i) Bn(l — ) > 7, Yn > 1 (ii) lim, o v, = 0 and Y, = 00
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i) 0<a<y <B, <p< WEQH] for all n > 1. Then the sequence {z,} generated
by (3.0) strongly converges to a fixed point of T'.

Proof of Theorem 3.1.2

Since F(T) # 0, we can take p € F(T'). From (3.0) we have

[Zn41 = ol = [Pe[(1 — = v)2n + 1T yn] — p|
< Q= —)xn + 7 Tyn — pll
= (1 = an = 7) (@0 —p) + (Tyn — p) — anp|
< Q= an =) (@0 —p) + % (Tyn — D)
+au||pl| (3.1)

Now consider

0= @ =) = B) + 30Ty =B = (1= @)1 =700 ) + 70 (T~ p)]
[t + 1 Tyn] |
By Lemma 2.3.5 we have
= (1= a)ll(1 = 7)(@n = p) + Ty — )|

I = (1 = an)llzn — pI?

+an|yn (Tyn — 2n)

= (1= a)[(1 = y)llzn = pI* + 3l Ty — plI?
(1 = y) 2 = Tyall*] + ol Ty — 2l
—a (1 = o) ||z — plI*

= (1 —a)llzn = pl* = (1 — )|z — pl*
+9n(1 = o) | Ty — plI*

I*

_Vn(l - Vn)(l - O‘n)Hxn — Ty,

+n | Ty — 2l = (1 — ) [l — p]®

IN

(1 - an)2|lxn - p”2 - ’Vn(l - O‘n)”‘rn - p”2
+7n(1 - a/n)[Hyn _p||2 + Hyn - Tyn||2]
(1 = 0t = V)| T — 2| (3.2)
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But

1y — 2

Also,

||yn - Tyn||2

IN

IN

IN

11 = Ba)(@n = p) + Ba(Twn — p)|*

(1= Ba)llan = plI* + Ball Tz — pl?

—Ba(1 = Bu)llwn — Ta®

(L= B)llzn = plI* + Ballzn — plI*

+Bullzn = Tall* = Ba(l = Bu)llwn — Twal|*

1z = pII* + Ballen — T (3.3)

11 = Bu) (@0 = Tyn) + Bu(@n — Tyal?
(1= Bu)llzn = Tyall® + Bul Tz — Tyl
—Bn(1 = Bu)|wn — Ty

(1= Bo)llzn = Tynll® + BuL?||2n — ynll?
—Bn(1 = Bu)|n — Ty ||

(1= Bo)llzn — Tynll® + By L |20 — T
—Bn(1 = B) w0 — Ty ||

(1= Bo)llzn — Tynl®

+Bal L2 + B — Ullan — Ty (3.4)

substituting (3.3),(3.4) in (3.2) we have,

(1 = an —y)(@n = P) + ¥ (TYn — p)

I# = (1= an)?llzn —plI* = 3l — o) ||z — pl®

+7n(1 - O‘n)[HIn - p”2 + ﬂ?@“xn - T"EnHQ]
+(1 - 671)”1:71 - Tyn||2
+6N(L2/B7’2L + Bn — D7y — Txn||2]
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V(1 = ) (1 = ) |20 — Tyull® + a2 [ Ty — 0|
= (1= o)z —pl*

~ValBa(l = ) = Ylllzn — Tynll”

9Bl — @) [L?B; + 28, — 1Jon — Tu®
= (1-ap)?[lzn —p?

~TalBa(l = ) = Ylllzn — Tynll*

~YnBn(1 — an)[1 — LQ@% — 2Bn]llzn — T"EnHQ

Therefore, by condition (iii) and (i) we have that 1 — 243, — L?82 > 0 and 3,(1 —

= ||(1 - Qp — ’Yn>(xn —p) + 'YnTynH2 < (1 - O‘n>2||xn - pH2

S (1 - an)Hxn _p”

Combining (3.5) and (3.1) we have

[enis —pl < (1= am)llen —pll + anllpl]

< maz{||z, —pl, I/}

By induction, we have

|zns1 —pll < max{||zo —pl, |Ipl|},

which implies that {x,} is bounded.

an) > Y

(3.5)

(3.6)

Furthermore, from (3.0), Lemma 2.3.3, and following the methods above, we get that

||In+1 _pH2 ||Pk[(1 — Qp — '7n)xn + '7nTyn] - p”

IN

||xn —P— /yn(xn - Tyn) - anxn||2
< ||xn 2 ’Vn(mn - Tyn)||2 - Qan(xn, Tpt+1 — p>

(1 = ) Zn + YT Yn — PII* = 2000 (T, Tnip1 — D)

Now, consider

(3.7)

[Ty + (1 = )ze — I = llTyn — plI* + (1 = v )20 — 2I* = (1 = %) | Ty — z0)?
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From (1.1.3),(3.3) and (3.4) we have

1% Ty + (1= v)ze — 2P < Yalllyn — 21> + v — Tynll®] + (1 = 30) ||z — pl?

_’Vn(l - ’Yn)HTyn - anZ

IN

Vullln _pH2 + /82”51771 - Txn||2] + (1 = Bo)l|zn — Tyn||2
+ﬁn(L26721 + Bn — Dy — TanQ] + (1 =) |0 — sz
— (1 =) [ Tyn — anQ

= |lzn — p||2 — YnBu[l — 280 — LQ@%]H% - Tanz

+ 9 (Y — Bo) lzn — Tyn||2
Since from (iii), we have that (y, — 3,) <0 and 1 — 28, — L?32 > 0¥n > 1, we have that
19Ty + (1= ya)zn = plI* < Nlzn = plI* = WBall = 280 — L2B3]llwn — Ta|?
substituting (3.8) in (3.7) we have that,
||xn+1 - pH2 S ||xn - p”2 - /Ynﬁn[l - 25n - Lzﬁi]nxn - T:L'nH2 - 2an<$naxn+l - p>
Since {z,} is bounded, so there exists a constant
M >0 such that —2{x,,x,1) <MV n>0

Consequently, from (3.9), we get
ns1 =Pl = [[2n = plI* +AmBall = 28, — LB |20 — Tanl* < Ma,

We now consider the following two cases:
Case 1: Suppose that there exists ng € N such that {||z,, — p||} is non increasing. Then,
we get that {||z, — p||} is convergent. Clearly we have that ||z,.1 — p||* — ||z, — p||*> = 0.

This together with (ii) and (3.10) imply that
|xn — Tz,|| = 0 (3.11)
By lemma 2.3.2 and (3.11), it is easy to see that w,(x,) C F(T), where

We(y) = {x: Jop — 2}
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is the weak w—limit set of {z, }. This implies that {x,} converges weakly to a fixed point
x* of T. Indeed, if we take z*,Z € w,(x,) and let {x,,;} and {x,,;} be sequences in {z,}
such that z,; — 2* and z,,; — Z, respectively.

Since lim,,_, ||z, — z|| exists for z € F(T'). Therefore by lemma 2.3.6, we obtain

lim ||z, —2*[* = lim [lzy,; —2"|*
n—00 j—o0
= lim [z — 2" + ||z — 27
—00
= lim [Jon; — 2"|* +2[|7 — 27|
1—00

= lim ||z, — 2*|* + 2|z — 2*|]?
n—oo

Hence, z = xx.

Next, we prove that {z,} strongly converges to z*. Let z, = 7,7y, + (1 — v,)2,. Then
from (3.0) we get that z,,,1 = Pi[z, — apx,],Vn >0

It follows that

Tpr1 = Piel(1 — ap)zn + an(z, — x,)] (3.12)

At the same time, we note
20 — 2| = l|zn — 2" = V(20 — Tyn) ||

using the same approach as in (3.8) we have

2o = 2*[* < Nww — 2"|* = WBall = 28, — LBl l|lwn — T, f?
< lzn — 2¥)|? (3.13)
Furthermore, from (3.0) and (3.11) we get that
o~ 2all = Bull T = 2l < [T — )] = 0

as n — 0o. Also, since T is Lipschitz imply that,

HZn - an = ||7n(Tyn — ) + Yu(Txy — Txn)”

IN

7nL||yn - xn” + 'Vn”Txn - xn”

< v L| Tz, — x| + || TTn — 0| = 0 (3.14)
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Applying lemma 2.3.4 to (3.12), we have

1 — 2|

It is clear that;

IN

IN

IN

IN

1Pe[(1 = an)zn + (2 — 20)] — 277

11 = ) (20 — 2") + (20 — 20) — ™|
11 = an) (20 — @) + (20 — )
—2a, (", Ty — )

(1= a)lln — 2| + a0 — 2

—an (1 — ap)||zn — %)% = 200 (2%, 2y — %)
(1= an)llon — 2" |* + 120 — 2all?

—an(1 = ap)||zn — 2¥||? — 200 (2", Tpyq — %)

(1= an)?[lzn — 2*[1* + lzn — 2a]l* = 20 (2", 241 — 27)

20 — Zoll* < (VL T2 — 20| + Y| T20 — 24]|)* = 0 as n— 0o and

lim (z*, 2z, — ") =0
n—oo

= [lzne — 27 < (1= an)llwn —2"|"

=20, (z*, Xy — T¥) (3.15)

Since  lim (z*, x4 —2") =0
n—oo

= [Znsr — 2" < (1= an) |z — 27

Applying lemma 2.1.8 to (3.15) we immediately deduce that z,, — x*.

Case 2. Assume that {||z, — p||} is not a monotonically decreasing sequence. Set I';, =

|z, — p||* and let 7 : N — N be a mapping for all n > ny (for some ny large enough)

defined by

7(n) = max{k € N:k <n,T) <Tii1}.
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clearly, 7 is a non decreasing sequence such that 7(n) — oo as n — oo and Irny) < iyt
for n > nyg

From (3.10), it is easy to see that

M T(n
Hx'r(n) _Txﬂ'(n)H2 = ) 212 —0
Ve Brm L = 2Br(n) — L2B2 )]

Thus ||z-(n) — Tz || — 0.

By the same similar argument as above in case 1, we conclude immediately that x,)
weakly converges to z* as 7(n) — co. At the same time we note that, for all ng > n,
0 < @1 — 22 = 2r) — 27|

< arm)[2(a", 2F = Trmy1) — |Zr@) — 27|

Hence, we have that

T

therefore,

limy, o0 I'r(n) = limy 00 rny41 = 0.

Furthermore, for n > ny, it is easily observed that

oy = Dy, if n # 7(n) (that is 7(n) < n), because I'; > I'; 44 for

7(n) +1 < j <n. As a consequence, we obtain for all n > ng

0 < Tty < mar{l ), Iy} = Frgya

Hence lim,, ., I';, = 0, that is, {x,} converges strongly to z*.

This complete the proof.
A prototype example for our parameters is

n®—1 n 1

T e+ ) T s r ) " T st

Tn =
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