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ABSTRACT

Let H be a real Hilbert space and K a nonempty, closed and convex subset of H. Let
T : K — K be an asymptotically nonexpansive map with a nonempty fixed points set.
Let {a,}5°, and {t,}>2, be real sequences in (0,1). Let {z,} be a sequence generated

from an arbitrary zo € K by

Lptl = (1 - an)yn + anTnyna n Z 0.

where Px : H — K is the metric projection. Under some appropriate mild conditions
on {a,}5, and {t,}52,, we prove that {x,} converges strongly to fixed point of 7. No
compactness assumption is imposed on 7" and or K and no further requirement is imposed

on the fixed point set Fiz(T) of T.
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Chapter 1

Introduction

1.1 General Introduction

The theory of fixed points of nonlinear operators has found many powerful and important
applications in diverse fields such as Differential Equations, Topology, Economics, Biology,
Chemistry, Engineering, Game Theory, Physics, Dynamics, Optimal Control, and Func-
tional Analysis . Iterative algorithms for approximating fixed points of some nonlinear
operators belonging to certain classes of mappings that generalize nonexpansive mappings
and defined in appropriate Banach spaces have been flourishing area of research for many
mathematicians. The class of nonlinear mappings we studied in this work, is the class of
asymptotically nonexpansive mappings. This class of asymptotically nonexpansive map-
pings which has engaged the interest of many researchers(for example see [18] and the

references there in ) was first introduced by Goebel and Kirk [10] in the year 1972.

Definition 1.1.1: Let K be a nonempty subset of a normed linear space E. A mapping

T : K — K is said to be nonexpansive if

[Tz =Tyl <z —yl, Vo,y € K.

Definition 1.1.2: Let K be a nonempty subset of a normed linear space E. A mapping

T : K — K is called asymptotically nonexpansive, if there exists a sequence {k,}, k, €

1



[1,00) such that lim,, . k, = 1, and
[Tz = Ty < kallz — y|

holds for each x,y € K and for each integer n > 1. It is clear that every nonexpansive
mapping is asymptotically nonexpansive with k, =1 Vn > 1.
The following example reveals that the class of asymptotically nonexpansive mappings

properly contains the class of nonexpansive mappings.

Example 1 (Goebel and Kirk [10]). Let B denote the unit ball in the Hilbert space [
and let T" be defined as follows:

T : (w1,29,23,...) = (0,22, ay, aszs, ...).

00 1
where {a;} is a sequence of numbers such that 0 < a; < 1 and [[2, a; = 3

Then, T is Lipschitz and ||Tx — Ty|| < 2|z —y||, Vz,y € B.

Moreover,
|7 — T'y|) < 2] ajlle — vl Vi = 2.3, ..
j=2
Thus,
i o = Jim 2] Lo, =1
j=2
But let,
2
=(=,0,0,..
'r (37 ) ? )
and
1
=(=,0,0,..
y (27 ) ) )7

clearly z,y are in B.
4 1 7
Ter—Ty||=|=—-| ==
1Tz =Tyl =15 - 71= 35>

therefore T' is not nonexpasnsive.



1.2 Some Banach Spaces and their Properties.

In this section we give the definition of some special Banach spaces as well as some of their

geometric properties.

Definition 1.2.1 A Banach space F is said to be uniformly convex if for any € € (0, 2],
there exists 6 = d(e) > 0 such that for all x,y € E with ||z|| < 1, ||y|| < 1 and ||z —y|| > ¢,
then ||3(z + y)|| <1 — 8. Geometrically, a Banach space is uniformly convex if the unit
ball centred at the origin is uniformly round. Again, uniform convexity is a property of
the norm on F.

The modulus of convexity of E is defined by

r+y
2

0p(€) = inf {1 — || [ el] = 1= Iyl llx = yll = €},

0<e<2.

Definition 1.2.2 A Banach space F is said to be smooth if for all x € E, x # 0 with
||z|| = 1, there exists f € E* such that (x, f) = 1. Smoothness is a property of the norm.

In fact, E is smooth if and only if Vx,y € E, x # 0

t —
t—0 t

exists. The limit, when it exits, is of the form f,(y) with f, € E* and is called the
Gdteaux derivative of the norm in E. Thus 7" is smooth if and only if the norm is Gdteaux

differentiable.

Definition 1.2.3 A Banach space is uniformly smooth if and only if the limit (1.1) exists

uniformly on the set

U=A{(z,y) € ExE:|lz|| = [lyl] = 1}.
Definition 1.2.4 A Banach space E is said to be an Opial space (see for example [1],
[16]) if for each sequence {x,}2°, in E which converges weakly to a point z € E

lim inf ||z, — z|| < liminf ||z, — y]|,
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forally € E, y # x. It is known (see [17]) that every Hilbert space and every [,(1 < p < 00)
space enjoy the property. Also in [9], D Van showed that any separable Banach space can
be equivalently re-normed so that it satisfies Opial condition. Indeed, for any normed
space E the existence of a weakly sequentially continuous duality map implies that FE is
an Opial’s space, but the converse implication does not hold. Notably, the Lebesgue space

L, is not an Opial space for p # 2.

Definition 1.2.5 A function ® : [0,00) — [0,00) is said to be a guage function if ® is

continuous and strictly increasing with ®(0) = 0 and tlim d(t) = 0.
—00

Definition 1.2.6 Let E be a real Banach space. Let E* denote the topological dual of E
and 2% be the collection of all subsets of E*. Let ® : [0,00) — [0, 00) be a gauge function.

The mapping Jo:E — 27" defined by

Jox={f € E: (z, f) = =[], I/} = @Cll=)}-

is called duality map with gauge function ®, where (.,.) denotes the generalized duality
paring between E and E*. We note that if 1 < ¢ < oo, then ®(¢) = 97! is a gauge
function. The duality mapping J, : E — 2F" with gauge ®(t) = t7~! defined for each

xr € F by

Jow={f € E": (x. f) = |z f]l, IF1l = ll]|"~"}.

is called the generalised duality mapping. If ¢ = 2, we obtain
Jy:=J:E — 2%,
defined for all x € E by
Jow:= J(x) = {f € B": (. f) = |[«|> = [I/]*}.

Jo is known as the normalised duality map. It is well known ( see for instance [2,8]) that
for 1 < ¢ < oo, Jy(x)=|z||92J(z), for x € X,x # 0. The following theorem has been

proved for uniformly convex Banach space.



Theorem 1.2.7(Xu, [30]) Let p > 1 and > 0 be two fixed real numbers.Then a Banach
space X is uniformly convex if and only if there exists a continuous, strictly increasing
and convex function

g:RT =R ¢(0)=0,

such that for all z,y € B, and 0 < A <1,
Az 4+ (1= Nyll” < Mz]]” + (1 = M[[yll” = Wp(N)g(llz = yl). (1.3)

where W,(A) := AP(1 = X) + A(1 = A)? and B, :=={z € X : |z]| <r}.

The next result below establishes the existence of a fixed point for asymptotically nonex-
pansive mapping in a nonempty, closed, convex and bounded subset of a uniformly convex

Banach space.

Theorem 1.2.8([10] Theorem 1) Let K be a nonemtpty, closed, convex and bounded
subset of a uniformly convex Banach space X, let ' : K — K be an asymptotically

nonexpansive mapping,then F' has a fixed point.

Proof For each z € K and r > 0, Let S(z,r) denote the spherical ball centred at x with
radius r. Let y € K be fixed, and let the set R, consist of those numbers p for which there

exists an integer k such that
KN (N2 S(Fy, p)) # 0.

If d is the diameter of K then d € Ry, so R, # 0. Let py = g.l.b.R,, and for each € > 0,
define C. = U2, (N2, S(F'y,p + €)). Thus for each € > 0 the set C. N K are nonempty

and convex, so reflexivity of X implies that

C =No(C.NK) #£ 0.

Note that for x € C' and 7 > 0 there exists an integer N such that if i > N, ||z — Fiy|| <

po+1n.



Now let x € C and suppose the sequence {F"z} does not converge to z (i.e., suppose

Fx # z). Then there exists € > 0 and a subsequence {F™iz} of {F"z} such that
|F"x — x| >€ i=1,2,...

For m > n,

|F"x — F"x| < ky|lx — F™ "z,

where k, is the Lipschitz constant for F™ obtained from the definition of asymptotic

nonexpansiveness. Assume py > 0 and choose v > 0 so that (1 —d(--5))(po + @) < po.

Select n so that ||z — F™z|| > € and also that k,(po + %) < po+a. If N > n is sufficiently

large, then m > NN implies
!

e = Fryl < po+ 5

and we have

[F" 2 — F™y|| < klle = F™ "yl < po + a,
|z = F™yll < po + a.
Thus by uniform convexity of X, if m > n,

x4+ F'x m
— )~ Myl < (1 -4
2 Po +

It

) (po + a) < po,

and this contradicts the definition of py. Hence we conclude py = 0 or Fx = x. But py =0
implies {F"y} is a Cauchy sequence yielding F"y — x = Fx as n — oco. Therefore the set
consists of a single point which is a fixed point under F.

Kirk, Yanez and Shin [13] improved the result of Goebel and Kirk [10]. They proved that
if a reflexive Banach space E has the property that each of its closed, bounded and convex
subset has the fixed point property for nonexpansive maps, then it will also have the
fixed point property for asymptotically nonexpansive mapping which has a nonexpansive

iterate.

Theorem 1.2.9 Let H be a real Hilbert space and C' a nonempty closed and convex
subset of H. Let T': C'— C be an asymptotically non expansive map. Then Fiz(T) =

{r € C: Tx =z} is closed and convex.



Proof:
Convexity.

For any z,y € Fiz(T) and a € (0,1). Let z, := (1 — a)x + ay. Then,

1772 = zal* = IT"20 — [(1 — @)z + ay]”
= (1= a)(T"2 — 2) + (T" 20 — y)|I”
= (1=a)|T"z — 2]* + &l T"20 — yl* — a1 — )|z — y]I*
< (1=a)kllza — 2l* + akillza — ylI* — a(l — )|z — y|*
= (1-a)k(1—a)z+ay — 2|’ + aky[|(1 — a)z + ay — y[* — a(l — a)llz — y|*
= (I —a)klle —yl* + ak7 (1 — o)z + (1 — a)yl* — a(l — a) ||z — yl|*
= (I —a)klle —yl* + a(l — a)*killz — ylI* — a(l — o)z — y|*
= ol —a)lok; + (1 - a)k; —1llz —y]*

= a(l—a)(k; = 1llz —ylI* = 0.

Therefore,
IT" 20 — 24l — 0.
Now,
0 < |ITza — 24l
< |[Tza = T"%al| + 1T 20 — 2|
< killza = T 20l + 1T 20 — 24| = 0.
Hence

Tz, = 24.

We now show that Fiz(T') is closed. Let {z,} C Fiz(T) be arbitrary and let x, — = as

n — oo, we show that z is in Fiz(T).

Tr =T lim z,, = lim Tx, = lim z, = =.
n—o0 n—0o0 n—oo

7



Two other definitions of asymptotically nonexpansive maps has also appeared in the lit-
erature. One of the definitions which is weaker than Definition 1.1.2 was introduced by

Kirk[12] and requires that

lim sup sup([| 7"z — T"y|| — [l — y[|) < 0.

n—oo yeK

for every 2 € K and that T be continuous for some integer N > 1.

The other definition which has appeared require that

limsup(| 7" — T"y|| - ||e — y])) < 0 Va,y € K.

n—0o0

This, however, has been shown to be unsatisfactory from the point of view of fixed
point theory. Tingly [24] constructed an example of a closed convex set K in a Hilbert
space and a continuous map 7 : K — K which actually satisfies the following condition

lim,, o0 || 7"z — T"y|| = 0 Vz,y € K but has no fixed point.

1.3 Iterative Algorithms for Asymptotically Nonex-
pansive Mappings

1.3.1 Modified Mann Iterative Algorithm
The averaging iteration process,
T = (1 —ap)x, + o, Tz, n > 1,

where T' : K — K is asymptotically nonexpansive in the sense of definition 1.1.2, K a
closed, convex and bounded subset of a Hilbert space was introduced by Schu[23].

In [21] Schu used the modified Mann iteration method,

Tpi1 = (1 —ap)x, + a,T"xp,n > 1

and proved the following theorem.



Theorem(1.3.1): Let H be a Hilbert space, K a nonempty closed convex and bounded
subset of H. Let T': K — K be a completely continuous asymptotically nonexpansive map
with sequence {k,, }>°; with k, € [1,00) for all n > 1,lim,, yoo b, = L and > oo (k2 —1) <
oo. Let {a,}5°, be a sequence in [0,1] satifying the condition € < «,, < 1 — € for some

e > 0. Then the sequence {z,} generated from an arbitrary z; € K by
Tpr1 = (1 —ap) xy + 0, Ty, n > 1,

converges strongly to a fixed point of 7.

1.3.2 Iterative method of Schu

In this subsection, consider algorithm for approximating fixed points of asymptotically

nonexpansive mappings which deals with almost fixed points,
Tp = T x,

of an asymptotically nonexpansive mappings 7. Schu [24] proved the convergence of this
sequence {x,} to some fixed point of 7" under additional assumption that 7" is uniformly
asymptotically regular and (I — T is demiclosed. These assumptions had actually been
made by Vijayaraju[27] to ensure the existence of a fixed point of T" By strengthening
the asymptotic regularity of T', Schu established the convergence of an explicit iteration
scheme,

e n
Zn+l = /J%T Zn

to some fixed point of T

1.3.3 Halpern-type process

One of the most useful results concerning algorithms for approximating fixed points of non-
expansive mappings in real uniformly smooth Banach spaces is the celebrated convergence

theorem of Riech[29] who proved that the implicit sequence {z,} defined as,

1 1
T, =—u+(1——
n n

VT,



converges strongly to a fixed point of T'. Several authors have tried to obtain a result
analogous to that of Reich [19] for asymptotically nonexpansive mappings. Suppose K
is a nonempty bounded closed convex subset of a real uniformly smooth Banach space E
and T : K — K is an asymptotically nonexpansive mapping with sequence k,, > 1 for all
n > 1. Fix u € K and define, for each integer n > 1, the contraction mapping S,, : K — K
by, (see [6]),

ln

tn
= (1 — )y + 27m
Sul) = (1= 3+ 17,

where {t,} C [0,1) is any sequence such that ¢, — 1.Then by the Banach Contraction

Mapping Principle, there is a unique point z,, fixed by 5, i.e. there is z,, such that

ty ty

For some existing results on asymptotically nonexpansive maps, an interested reader

should see [4,7,14,18,20,22] and the references there in.

1.4 Organization of Thesis

We have introduced in this chapter (Chapter One), various iteration methods for asymp-
totically nonexpansive maps and some existing results on them. We also studied some of
the important Banach spaces which are encountered in this work and their properties.

In Chapter Two (the Preliminaries), we presented most of the classical results on the se-
quences of real numbers encountered in Operator Theory. We also looked at projection
maps and some other results vital to this work.

In Chapter Three, we study certain averaging iterative algorithm for approximating the

fixed point of asymptotically nonexpansive mappings introduced by Goebel and Kirk [10].

10



Chapter 2

Preliminaries

2.1 Some Classical Results on Sequences of Real Num-
bers

We now state and prove the following important results concerning sequences of real

numbers.

Lemma 2.1.1 Let {a,}2, be a real sequence of real numbers with a, > 0 V n. Let
liminfa, = 0 > 0. Then there exists ng such that a, > gVn > ng. Consequently there

exists a subsequence {ay,, }72; C {a,};2, such that a,, — § as j — oo.
Proof: Define M,, := inf;>, a;, then M, < a,Vn. Now,
§ =liminfa, = lim (infae,;) = lim M,,.
n—00 n—o00 j>n n—00
Hence for e = % > 0, 34 ng such that

| M, — 0| < gVn > ny.

This implies that

< M, < an,Vn > no.

N S

Consequently, {M,,}>°, C {a,}>2, and

0 =liminfa, = lim (inf a;) = lim M,,.
n—00 n—o0 j>n n—o00

11



An important application of lemma 2.1.1 can be seen in the following lemma.

Lemma 2.1.2 Suppose a,, @, >0V n, > «, =00, Y. a,a, < oo. Then liminfa, = 0.

n=1 n=1 n—00

Proof: Suppose that liminfa, = § > 0, then by Lemma 2.1.1 there exists ng such that

n—oo

an > g V¥ n > ng. Hence,

AUy > anz,v n > ng.

This implies that,
Zlanan > ;Z&n = Z;an =

This contradiction implies that liminfa, = 0.
n—oo

Lemma 2.1.3 Let a,,b, > 0, Vn. Let a € [0,1), and lim b, = 0. If a,,.1 < aa, + by,

n—o0

then lim a, =0
n—0o0

Proof:

any1 < aay, + b, = a, — (1 — a)a, + by,.

Claim : liminfa, = 0.
n—oo

Proof: Suppose liminfa, = > 0. By Lemma 2.1.1 3 ng such that
n—oo
a, > =,V n>ng.

Also since lim b,, = 0, 3 n; such that
n—oo



Hence,for N = max{ng, n;} we have

)
apy1 < an—(l—a)§+1(1—a),‘v’n>N

n 6 n
= Zz(l —CY) < Zaj Aj+1 = A1 — Qpt1 < a;
j=1 J=1
)
= n[é—l(l—oz)] <@ Vn>1

= lim n[g(l —a)] < lim a; =y

= 00 < a;(contradiction).

Hence liminfa, = 0. From Lemma 2.1.1, there exists a subsequence {a,,} C {a,} such
n—oo

that a,, — 0 as k — oo. Also, lim b, = 0 implies that b,, — 0 as & — oo for all
n—oo

subsequences {b,, }52; C {b,}22,. Therefore there exists ko such that a,, < € b, <

(1 —a)efor all k > ko. Hence ay,, <€, by, < (1 —a)e. We now show that,
gy tm < €,Vm > 1.
We do this by induction. observe that by, +m < (1 — a)e. for all m > 1.Now for m = 1,

ank0+1 S O{anko + bnko

< ae+ (1 —a)e=ce
We assume it is true for m = n, Le., ay, +n» < € and prove for m =n + 1. Now,

ank0+n+1 S aank0+n+bnk0+n

< ae+(l—a)e=ce

Hence a,, 4m < € for all m > 1 so that lim a, = 0.
0 n—oo

Immediate consequences of Lemma 2.1.3 are the following:

Corollary 2.1.1 Let a,, b, > 0¥ n, > b, < co. Let a € [0,1), If a1 < aa, + by, then

n=1

lim a, = 0.
n—o0

13



Proof: Obvious from Lemma 2.1.3.

Alitre: The above result can be proved directly as follows:
a1 < a, — (1 — a)a, + b,

= (1—-a)a, <a, — a1+ by

= (1 — OZ)Z(I]' < Z(aj — Q41 + b])
j=1

j=1

n n
= (1 —a)Zaj < ay — Gpi +ij
j=1 j=1
n n
> (- fim ) o <ot tm )b,
j=1 j=1
oo
:>Zaj§oo, = a; — 0.
7=1

Corollary 2.1.2 Let a, >0V n, a € [0,1). If a,41 < aa,¥Vn > 1, then lim a, = 0.

n—o0
Remark 2.1.1 If we replace o € [0,1) with {a,,} C [0,1), in Lemma 2.1.3 and Corollary
2.1.1, that a,.1 < aya, + by,and lim a, may not be zero can be seen with the following
n—oo

examples.

Example 2.1.1: Take a, = 2 b, = 2 o, = -2, Vn > 1. Then i1 < Qpay + by,

n n+l’ n+l’
lim b, = 0 but lim a, # 0.
n—oo n—oo
Example 2.1.2: Take a, = 15, b, = m, oy, = ‘"i;”, VYn > 1. Then a,+1 < apa,+by,

S b, < 0o but lim a, # 0.
n—oo
Lemma 2.1.4 Let ® : [0,00) — [0,00) be a continuous strictly increasing function with

®(0) =0. If Y ®(an) < oo then lim a, = 0.

n=1 n—o0

Proof: Let ) ®(a,) < oo, then lim ®(a,) = 0. Also, since ® is continuous we have

n=1 n—oo

lim ®(a,) = ®(lim a,) =0.

n—oo n—oo

So that



Hence, lim a, = 0.
n—oo

Lemma 2.1.5: Let @ : [0,00) — [0,00) be a continuous strictly increasing function. Let

{a,} € [0,1) be such that > «, = oco. If {a,} is such that a, > 0V n > 0 with

n=1
> an®(a,) < oo, then liminf a, = 0.
n=1 n—oo

Proof: Assume for contradiction that liminfa, = 6 > 0, then by Lemma 2.1.1, there
n—o0

exists ng such that a, > 2V > ng. Since ® is strictly increasing, ®(a,) > ®(2) and

a,®(a,) > 0, ®(%) Vn > ng. Hence

ianfb(an) > iaan(g) = 0.
n=1 n=1

The above contradiction implies that lim inf a,, = 0.
n—o0

Lemma 2.1.6: Let a,,b, >0V n, > b, < oco. If a,41 < a, + by, Then lim a, exists.
n=1 n—o0

Consequently, if liminf a,, = 0 then lim a, = 0.

n—00 n—00
Proof:
Aptm S Qp4m—1 + bn+m—1
S Aptm—2 + bn+m—2 + bn+m—1
S Qp4m—3 + bn+m73 + bn+m72 + anrmfl
n+m
< a, + E bj
j=n
Now,
)
liminf a,, = liminf a,, = liminf a,,,, < limsupa,+m < a, + E b;.
n—00 m—o00 m—00 M—00 -
j=n
Hence,

liminf a,, < limsup a,, = limsup a,, < liminf a,.
n—00 n—00 m—00 n—00

15



Therefore, lim a, exists. Consequently, if liminfa, =0, lima, =0
n—o0

since lim a,, = lim inf a,,.
Lemma 2.1.7: Let a,, b, > 0Vn, {0,} C[0,1), >0, =00, > b, < oo. If

an+1 < [1 —6y)an + by, then lima, =0

Proof: Since a,1 < a,, — d,a, + b,, we obtain

= 5nan S Qp — Ap41 + bn
n n
= Z(Sjaj < ZCLJ‘ — Q541 +bj
Jj=1 Jj=1

= iéj@j Sal—anJrl‘i‘ibj < M.

j=1 j=1

Hence ) d,a, < oo so that liminfa, = 0 by Lemma 2.1.2.

n=1

By Lemma 2.1.1, there exists {a,, } C {a,} such that a, — 0 as k — oo. Also,

z_: b, < oo implies that lim b, = 0 so that b,, — 0 for all subsequences {b,, } C {b,}.

n=1 n—o0

It then follows that for every e > 0 there exists ki, ko such that a,, < € Vk > k; and
by, < <5nk2)€ for all k > ko . Let kg = max{ki, k2} then a,, < eV > ko and by, < (5nk0)6
Vk > kg . We then have

Uny,, < €,

and

by, < ((5,%0)6.
Also, by +m < (Ony,+m)€ Ym. We now show that
gy tm < €,Vm.
We do this by mathematical induction. For m = 1,
Ay, +1 < Qny, [1 - 67%0] + bnko
< €[l = by |+ Opy €
= €

16



For m = 2,

ank0+2 S ank0+1[1 - 5”k0+1] + bnk0+1
< 6[1 - 5nk0+1] -+ 6nk0+1€

= €
We assume it is true for m = n that is a,, 4. < € and prove for m =n + 1.

anko+n+1 § ankOJrn[l - 5nk0+n] + bnkOJrn
< 6[1 - 6nk0+n] + 5nk0+n€
= €

Therefore, lim a, = 0.
n—oo

Corollary 2.1.3: Suppose in Lemma 2.1.7 > b, < oo is replaced with lim g’—” = 0, the
n—=1 n—oo "

result still holds.

Proof: Since a,41 < [1 — d,]a, + b, can be written as

b
Ap+1 S Qp — 5nan + _n5n7
On
we claim that liminfa, = 0, for suppose that liminfa, = § > 0, then there exists n
n—00 n—0o0

such that a, > % for all n > ny so that d,a, > (5n%. Also since g—" — 0 as n — oo there
exists ny such that g—" < % for all n > ny. Let ng = max{n;,ny} then

o o
An1 S Ap — 5571 + Zénavn Z no.

Hence,

Zdn S Qp — Qp41,

gzéjszaj_aj—‘rlgano-

J=no J=no

Taking the limits as m — oo of both sides of the inequality we have

236 <

17



The above contradiction shows that li}lrr_l> glf a, = 0. It then follows that there exists
{an,} C {a,} such that a,, — 0 as n — oco. Consequently, for every € > 0 there exists
ky such that a,, < § for all k& > ki. Also since g—: — 0 as n — oo and §,, is bounded
we have that 5ng—z = v, — 0 as n — oo so that y,, — 0 as k — oo for all subsequences
{7} € {7} Hence, there exists ky such that ~,, < §forall k > ky. Let kg = max{ki, ks }

then an, , Yn,, < 5. It is now easy to show that
Ay +m < e,Vm >1
using mathematical induction since

Ap+1 S Qp — 577,@77, + Tn S ap, + Tn-

Lemma 2.1.8. Let a,,b, > 0, a,, € [0,1) for all n, > «a, = 00, > b, < co. Let
n=1 n=1
® : [0,00) — [0,00) be strictly increasing and continuous with ®(0) = 0. Let a,41 <

a, — a,®(a,) + b,. Then lim a, = 0.

n—oo

Proof:

any1 < ap — ap,®(ay,) + by.

This implies that

an(D(an) S Ap — Gp41 + bn>

so that

Zajq)(aj) <a; — apgr + ij < M.
=1 j=1

Hence, ) a,®(a,) < oo so that liminf ®(a,) = 0 by lemma 2.1.1.

n=1 n—oo

Claim: liminfa, =0
n—oo

Proof: Suppose that liminf,, ,, a, =0 > 0, by Lemma 2.1.1 3 nq such that a, > % for

all n > ng. Since @ is strictly increasing then

O(ay) > cp(g) > 3(0) = 0.

18



which yields,

lim inf ®(a,) > 0.

n—o0

This contradiction implies that lim inf a,, = 0. It then follows from lemma 2.1.1 that there
n—oo

exists a subsequence {a,, } C {a,} such that a,, — 0 as k — oco. Consequently for every

€ > 0 there exists ki, kg, such that a,, < eVk > ki, > b; < e for all k& > ky. Let

J=nk

ko = max{ky, ko, } then a,, <e€, > b; < o, P(ay,) for all &k > k. Hence, py, < €. We
J=nk

now show that

gy tm < €,Vm > 1.

We do this by mathematical induction.

anko—l—m S anko-‘rm—l - ank0+m—1(1)(ank0+m—l) + bnko—f—m—l
S anko-‘rm—Z - ank0+m—2(1)(ank0+m—2) + bnk0+m—2
nko—i-m—l
< (nyy — ankoq)(anko> + E : bj
J=ng,
< €.

Lemma 2.1.9 If )" b, < oo is replaced with z—z — 0 as n — oo in Lemma 2.1.8, the

n=1

result still holds.
Proof: Write b, = o, 2= = o, 8,

Qn

Claim: liminfa, = 0.
n—oo

Proof: Suppose liminfa, = § > 0, there
n—o0

exists ng such that a,, > g, B < %@(g) for all n > ny. Hence,

d(a,) > @(g),v n > ng
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so that

1
ny1 < ap — ozn(I)(E) + §¢(§)an
1.6
Oén[?b(ﬁ)] S Gp = Gpy

~1_ 9
Jim [52(G)ey < a

7j=1
Thus il®(§)an < o0

n:12 2

The above contradiction implies that liminf a,, = 0. Consequently, there exists
{an,} C {a,} such that a,, — 0 as k — oco. That is for every € > 0 there exists ko such

that a,, < € for all k > ky It then follows that ny, < €.

Now for any m > 1,

ankOer S ankOerfl - ank0+mfl[®<anko+mfl) - BnkOerfl]
S ank0+m72 - ank0+m72 [(I)<ank0+mf2) - bnk0+m72]
O‘nkOer*l[q)(ankoerfl) - ﬁnk(ﬁmfl]
ngy+m—1
<y, — Z Qny, [q)(ank0> - Bnko]
j:nko
< apy,
< €.
Lemma 2.1.10: Let 6, € [0,1) Vj > 1. Then [[(14 ;) < o0 < > J; <0
j=1 j=1
Proof: (=) Let ) §; < co. From
7=1
. 2 1'3

then for any d;, 7 > 1

(]_ —I—(%) S e‘sﬂ'.
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Hence,
oo

0 .
H(l +9;) < He‘sf = P25 4 =l <™ < o0,
e =1

(0.9}
where m = > J;
J=1

(<) Let [](1+46;) < co. Then
j=1
j=1 =1
Lemma 2.1.11: Let {a,}22, {b,}22, {an}22, > 0Vn. Let

Ap41 S (1 +&n)an +bnan Z 1.

o0 (e}
If > o, <00, > b, <oo,then lim a, exists.

n=1 n=1 n—0o0
Proof:
An41 S (]- + an)an + bn

S (]- + an)[(l + an—l)an—l + bn—l] + bn

S (]- + an)(]- + an—l)(]- + an—2)a'n—2
+(1+ an))(1 + ap-1)bn—2
+(1 4 an)bp—1 + by,

S (1+Oéj)a1 +ij H(1+aj+1)
=1 1 =1

< M

Y

so that a,, is bounded. We then write

Ap+1 S ap + Tn
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where 7, = ma, + b,. Clearly > v, < 0o so that from Lemma 2.1.6 lim a,, exists.

Lemma 2.1.12 ([30]) :Let {a,}°, be a sequence of non-negative real numbers satisfying
an—l—l S (]- - an)an + anﬁn + Yn, N Z 0 (25)

where {a, }52,, {6,152, and {~,}5°, satisfy the conditions:
(i) {on}ee, C[0,1], > oy, =00 or equivalently [[ _,(1 —a,) = 0;

(ii) limsupp, < 0;
n—o0

(iii) 4, >0,(n >0), Vn < 00,

n=1

Then lim a, = 0.

n—o0

Proof. For any € > 0, let N be an integer big enough so that
Bn<g > m<gzn=N.
n=N

Using equation (2.5) above and mathematical induction, we obtain for n > N

ant1 < (1 —an)an +anfn +9m

< (1 =) = an-1)an-1+ an18n1+ Yn-1] + b + T

= (I—ap1)(1—an)an1+ap (1 —ay)Bar + (1 — an) v
+a, By + T

< (1 =an1)(l —an)an-1+ an1(l — an)Bu1 + Va1 + T

< (I—ap 1)1 —an)[(1 — ap2)an—2+ ay_2Bn_2+ Yoo
a1 (1 — a@n)Bn1 + Yn1 + Tn

= (1—an-1)(1—an)(l —an-2)anr2+ (1 —ap1)(1 —an)an—28,—2
+(1 —ap_1)(1 — ap) Vo + an_1(1 — an)Bn1 + Y1 + Vn

< (—an-2)(1 —ap-1)(1 —an)an-—2 + ap2(l — an1)(1 — an) B2
TYn—2 + Yn—1 + M

< 1T—anv(l—ans).(1 —ay)ay +an(l —ayi1)(1 — ayia)...(1 — an) By

+YN + YN+1-- T T
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= (TT0 - an)ay + (1= (1= an)(1 = ans)(1 = ansa)(1 = an))By

k=N
+ Vi
k=N
< Hl—OékCLN+< Hl—ak>ﬁN+Z%
= =

Therefore,

n

Apr1 < Hl—ozkaN+< Hl—ozk>
k=
+Z%

Thus limsupa,1 < 0+ 5 + 5 = €. Since € is arbitrary, we have limsupa,, = 0. Thus
n—oo n—oo

lim a,, = 0.
n—oo

2.2 Some Definitions and Results Used in the Main
Result

In this section we state some known results and vital definitions which will be needed in
establishing the main result of this work.
Definition.2.2.1. Let E be a normed space; ) # A C E. Amap T : A — A is said to be

uniformly L-Lipchitzian if,
[Tz —T"y|| < Lz —yll, Vo,ye A, Vn>1, L>0.

Obviously, if T' is asymptotically nonexpansive then 7' is uniformly L- Lipchitzian with
L = sup,{k,}

Definition.2.2.2. Let E be a Banach space. A map T with domain D(T') and range
R(T) in FE is said to be demiclosed at a point x € D(T') if whenever {z,,}°, is a sequence
€ E which converges weakly to a point y € E and {T'z, }°, converges strongly to z, then

Ty = .

Lemma 2.2.3 (Demi-closed principle in real Hilbert space). Let H be a real Hilbert space

and K a nonempty closed and convex subset of H. Let T': K — K be an asymptotically
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nonexpansive mapping with a sequence {k,} C [1,00) and k, — 1. then I — T is demi-
closed at zero,i.e.,for each sequence {z,} in K, if the sequence {x,} converges weakly to

r € K and {(I — T)x,} converges strongly to 0, then (I —T)z = 0.
Proof Let L =sup, k,
[0 = T"2n|l < Nwn = Tagl| + [lon — T%2,||

o+ T iy, — T2

< mlL||x, — Tx,| — oo.

Define
f:H —10,00).
by,
f(y) :=limsup ||z, —y]*
n—oo
f(y) = limsup ||z, — yl? (2.2.1)
n—oo
= limsup|jz, +z — 2 — y|?
n—oo
= limsup(|lz, — 2|* + 2{zn — 2,2 — y) + [lz — y||’]
n—oo
= limsup ||z, — | + [z - y|*
n— o0
= fl@)+]lz -yl
f(T™z) = limsup ||z, — T™z|? (2.2.2)
n—oo
= limsup ||z, — T™x, + Tz, — T"z|
n—oo
< limsup|||lz, — Tz |* + 2(x, — T",, T2, — T™x) + k2|2 — 2||*]
n—oo
< limsup(llen — T"@u|* + 2kmlln — T" a2 — 2| + k720 — 2]

n—oo

lim sup ky, ||z, — |}
n—00

ki f ().
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From (2.2.1) and (2.2.2) we have,
f(Tm2) = f(2) + 1T — z||* < by f (@),
which implies,
17"z — 2|* < (ky, — 1) f(2) = 0.
=T"r =,
=Ty > 2,

and by the continuity of 7'

Ty — T

And by the uniqueness of limit we have,

Ty = x.

Lemma 2.2.4([21]lemma 1.3). Let E be a Hilbert space; a € [0, 1]; z,w € E. Then,

locz + (1 = a)w|* + a(1 = a) ][z — w|* = al2]|* + (1 — a)[Jw]*

Proof.

loz+ (1= aJuw|* = o*[z]* + (1 — a)*[w|* + 2a(1 — @) Re{z, w)
= o’[l2]* + (1 = a)*Jw]* + a(l — &) [l 2l* + w]* = ||z — w]}*]
= olz]* + (1 = a)*w]* + a1 — &) |l2]* + (1 — @) w]®

—a(l —a)|lz— wHQ.

Therefore
oz + (1 —a)w|*+a(l —a)lz —wl? = o?||z]*+a(l —a)|z|?
+(1 = a)?||lwl® + a(l — a)[Jw|]?
= ozl + (1 — ) lw|.
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Lemma 2.2.5. Let H be a Hilbert space and let {z,}5°, be a sequence in H, then

{z,} — x if and only if (z,,2) — (z,2), Vz € H.

Proof (=) Suppose — =z, then f(x,) — f(z), Vf € H* where H* is the dual of H.
Now let z € H be arbitrary (but fixed), then define g : H — R or C by g(z) = (z, z), then

ge H . let x;y € H and o, 8 € R or C,

glax + py) = {(azx+ Py, =2)
= afz,z) + By, 2)

= ag(z) + Bg(y).

and

l9(x)] = [z, 2)| < l=[[[[z]] = [|=[[[=]]-

Therefore g € H* and since x, — z then, g(z,) — g(x) which implies (z,, z) — (z, z) or
(xy —x,2) — 0.
(<) Suppose (z,,2) = (z,2), Vz € H, we show that z,, — z. Let f € H* be arbitrary,
then by the Riesz representation theorem there exists a unique z € H such that f(z) =
(x,2), VoxeH.
Thus, f(x,) = (x,, z) and since (x,, z) — (z, z), we have f(z,) — f(x) and since f € H*

is arbitrary,it follows that,

T, — T.

Lemma 2.2.6 Let H be a real Hilbert space,then for all x,y € H,

lz = yll* = ll=l* = 2(z, ) + lly]I* (i),

Iz +ylI* = ll2]* + 2(z, ) + llyl* (i)
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Proof. (i)

lz—yl> = (@—y,z—y)
= (z,7) —(2,9) — (¥, 2) + (¥, )
= (z,2) = 2(z,y) + (¥, v)

1 + llyll* — 2(z, ).

Similarly for (ii).

2.3 Projection on convex subsets of a Hilbert Space

We discuss here the concept of projection operator on convex sets and some of its properties

which are of vital importance in our work.

Definition.2.3.1: Let H be a Hilbert space and K a nonempty closed convex subset of
H. For x € H, by projection of z on K, we mean the element z € K denoted by Pk (z)
such that
| = Pr(z)|| < |z —yl| vy € K
or
lz = 2[| < inf flz —y].
An operator on H into K, denoted by Pk, is called the projection operatorif Pxx = z,where

z is the projection of z on K.

Proposition 2.3.2. Let M be a closed convex subset of a Hilbert space H and p =

inf e ||y||. Then there exists a unique x € M such that ||z| = p.

Proof. Since M is a convex subset of H then for o € [0, 1], ax+ (1 —a)y € M Vx,y € M.
By the definition of p, there exists a sequence of vectors {x,} in M such that ||z,| — p.

1
For x = x,, y = x,, and o = 2 we have,

Ty + T

M
5 €
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and

Hence

[0 + @] = p.

By the parallelogram law for elements z,, and z,,,

1 + Zwll® + 120 — 2ll* = 2llzall® + 2]| 21

Or
20 — 2ml® = 2l|zall® + 2)|zml® = llzn + 2wl
< 2lwnl? + 2l |? — 407,

Since,

2]z, l* — 2p°
and

2|z [|* — 207,
we have

2|z — 2 ||? — 20 + 20% — 4py = 0,n,m — o0.

Hence {z,} is a Cauchy sequence sequence in M. Since M is a closed subset of a Banach
space H it is complete(every closed subset of a complete metric space is complete). Thus
{z,} is convergent in M i.e. there exists a vector x € M such that lim,, . =, = x. Since

the norm is a continuous function, we Have,
p = lim [z,[| = || lim ]| = [|l]].
n=oo n=oo

Thus, x is an element with the desired property.Now we show that z is unique. Let x; be
T+ T

another element of M such that p = ||z1]|. Since z, 27 € M and M is convex, € M.

By the parallelogram law for the elements g and %, we have,

2

£ I 2_2 2, 2
L = 2+ 2l

Ty T,
12+ 21+ 15
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P GO o G
2 > " .
- H:I;H +Hx;\| L
Or
IZEE R <

Which contradicts the definition of p hence x is unique.

Proposition 2.3.3. Let M be a closed subspace of a Hilbert space H. Let ¢ M and
p be the distance between x and M i.e. p = inf,cps || — u||. Then there exists a unique
vector w € M such that ||z — w| = p

Proof: The set N = 2+ M = {x +v : v € M} is a closed convex subset of H, and
p = inf, e |0 — (z 4 v)]| is the distance of 0 from N. Since —v € M for all v € M,
p = inf,epr |0 — (2 +v)||. By proposition(1), there exists a unique vector u € M such that
p = ||lu]|. The vector w = x—u = —(u—=z) belongs to M (Aswehave M = N—x = {z—x:
z € N,x ¢ M} and M is a subspace therefore —(u — x) € M thus ||z —w|| = ||ul]| = p. w
is unique, for if w is not unique, wy; # w is a vector in M such that ||x — w;|| = p. This
implies that u; = (z —w;) is a vector in N such that ||u|| = || —w;|| = p.This contradicts
that u; is unique. Hence, w is unique.

Remark 2.3.1: proposition(2.3.3) can be rephrased as follows: Let M be a closed convex
subset of a Hilbert space H and for a any x € H, let p = inf,c)/ ||z — u|| then there exists

a unique element w € M such that p = ||z — w]].

Proposition 2.3.4. Let K be a closed convex subset of a Hilbert space H. Then for any
r € H, there is a unique element in K closest to x; that is a unique element Pxx = 2z € K
such that,

[ =2l < flz =yl Vy € K

—z|| < inf ||z — y||.
lz = 2[| < Inf flz — ]|
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Proof: Since the set x — K consisting of all elements of the form z — y for all y € K
is a closed convex set, it follows from proposition(2) and remark(1)that there is a unique
z € K such that

[ =2l < flz =y, Vy € K.

Proposition 2.3.5 (Variational characterization of projections). Let K be a closed convex
set in a Hilbert space H and let Px : H — K be the projection of H onto K. Then for

any x € H, Pkx = z € K if and only if Re(z — z,y — z) < 0,Vy € k.

Proof: Let z be the projection of x into K. Then for any «,0 < a < 1, since K is convex,

v=oay+ (1 —a)z € K for all y € K.Therefore,
[l — vl = [l — =],
and since,

lz=2l* = llz = (ay + (1 — a)2)|

= o — 2"+ a’lly — 2l — 2Re(z — 2,y — 2).

1 «
R _ o - _ 2 _ 2 - _ 2
e(r — 2,y — 2) 5 Uz =217 = llo = vlI") + S lly — 2|
«
< —|ly — 2|
< Sy

Taking limit as a — 0 we have,
Re(x — z,y — z) <0.

Conversely, assume that z € K satisfies the condition Re(z — z,y —2) <0 Yy € K.,
then

lz = ylI* = llz = 21> + lly — 2| = 2Re(w — 2,y — 2) > ||z — 2||*.
ie.

|lrt — z|| =inf ||z —y|| Vye K.
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Which means that z = Pxx

Proposition 2.3.6 The projection map Pk defined on a Hilbert space H onto its non

empty closed convex subset K is non-expansive i.e.

|Pic(u) = Pio)]| < llu—vll,  Vuv € K.

Proof: In view of proposition(2.3.4)
Re(Pk(u) —u, Pg(u) —v) <0, YveK (2.4.1)
Put u = uy in (2.4.1) to get
Re(Pk(u1) —uy, Px(uy) —v) <0, YoekK (2.4.2)
Put u = uy (2.4,1) to get
Re(Pg(ug) — ug, P (ug) —v) <0, YveK (2.4.3)

Since Pk (ug) and Pg(uy) € K, choosing v = Pk (ug) and v = Pg(u;) respectively in

(2.4.3) and (2.4.2) we get
Re( Py (u1) — w1, P (u1) — Pr(ug)) <0, (2.4.4)
R6<PK(1L2) — U9, PK(UQ) — PK(U1)> S 0, (245)
From (2.4.4) and (2.4.5) we get,

RG(PK<U1) — Uy — PK(UQ) + U2, PK(Ul) — PK(U2)> S 0.

Re(Pr(u1) — P (u2), Px(u1) — Pg(ug)) < Re{uy — ug, Px(u1) — Pk (ug)).

| Prc(ur) — Prc(ug)||” < Re{ur — ug, Pc(ur) — Pr(uz)).
and by the Cauchy Schwartz Bunyakowski inequality we

1Pk (wr) = Prc(u2) || < ur — ||| Px (ur) — Pr(uz)]].
Or

1Prc (ur) = Prc(ug) || < Jlur — ual|
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Chapter 3

Strong Convergence of Modified
Averaging Iterative Algorithm for
Asymptotically Nonexpansive Maps

3.1 Main Result

In this section we introduce a modified Mann iteration scheme for asymptotically nonex-
pansive map and prove the strong convergence to a fixed point of asymptotically nonex-
pansive map in real Hilbert spaces.

Algorithm: Let H be a real Hilbert space and let K be a nonempty, closed and convex
subset of H. Let T : K — K be a non linear map. Let {«,} and {t,} be two sequences

in[0,1]. For any given zg € K let the sequences {z,} and {y,} be generated iteratively by,

Yn = Pr[(1 — tn)zn]
{ Tptr1 = (1 — an)yn + @ T"yn,n > 0. (3.1.1)

Theorem 3.1.1: Let H be a real Hilbert space and K a nonempty closed convex subset
of H. Let T : K — K be an asymptotically nonepansive map with k, € [1,00) and
lim, o0 k, = 1 and Fiz(T) # 0, and let {«,} and {t,} be sequences of real numbers in
[0,1]. Suppose the following conditions are satisfied,

(D)l o0 £ = 0,

(ID)Y " t, = o0,
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(Il v, € (a,b) C (0,1),
(V)Y oo (kn — 1) < oo,

k2 —1
then the sequences {z, } and {y,} generated by (3.1.1) converges strongly to a fixed point
of T'.
: k2 —1 1
A prototype example of {t,} is the sequence { 12 + kT}’ where k = sup,, k, and a
2 n
2
prototype of {a,} is the sequence {0.9 — 1 1}.
n p—

Proof of Theorem

First we establish the boundedness of {x,} and {y,}. Let p € Fix(T) be arbitrary,

|Tnir =2l = (1= an)(yn —p) + an(T"yn — p)||

IN

(1 = a)|lyn — Pl + nknllyn — pl|

= Ny = pll + an(kn = Dy — 1l

< [T+ (ke = D]llyn — 2l
< e® Dy, —pll.
But
lyn =2l = 1Pkl = tn)zn] — p
< (1 = tn)zn = pll
< (L =to)llwn = pll + tallp
< max{]lz, — pl|, llpll}-
Therefore,
[2nss = pll < eV max{fja, — pll [Ip]}¥n > 0. (3.12)
Claim,

2041 = pl| < =0 max{]|z, — pll, lpl[}vn > 0.
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We now establish our claim by induction, for n=0, from (3.1.2) we have,
21 = pll < eV max{[|zo — pll, [lp]}-
then assume true for n=i, that is,
I7is1 — pll < S0 mas{llay — gl [Ipl}

Then for n=i+1,

|22 —pll < e® Y max{ i — pll, o]}
< e~ max{eXi=o 5D max{||zo — pl, |Ipll}, Ipll}
< X550 Y max{max{||zo — pll, Ipll}. lIpl}
= X508 max{ |l — pll, [Ip]1}-
Thus,
i —pll < X550 B max{||zo — pll, IIpll}
< X005 max{ |l — pll, [Ip]1}-
But,
o — pl < eZ=0 &= max{||zo — p]|, [Ip]}-
Therefore,

lan = pl < €S0G5~ max{lfa — pll, [p)}¥n > 0.
Hence {x,} is bounded and,

lyn =Pl < max{|[z, —pll, [Ipl}
< max{e>=0 &Y max{|Jao — pll. Ipll}, 12}

= X0t~ Y max{||zo — pl|, pl}-
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s0, {y,} is also bounded. Now,
[T 20 = pl| < Fnllzn — pl|

And,

1Ty, — pl| < knllyn — |-

Therefore {T"xz,} and {T"y,} are bounded.

From (3.1.1) we have,

1
Yn — Tnyn = _(yn - xn+1)' (313)

Qp

In Lemma 2.2.4, if we let, z = T™y,, — p and w = y,, — p, we deduce that

Zns1 = Dl + n(1 = )Ty = yull> = anl| Ty — T"plI* + (1 — )y — plI?
< anklllyn — I+ (1 = an)llyn — plI?
=y =2l + an(k: = 1)llyn — plI?
= ||Pk[(1 = tn)zn] — plI?
+an (k2 — 1| Pg[(1 = tn)xa] — pl1?
< (= t)zn = plI? + an(kl = DI = tn)zn — plf?
= |lzw —p = taza|* + an(ky = Dz, —p — tyz,?
= lon —pl* = 2tp (20 — p, 25)
+tol|wnl® + an (ki — 1)]l2n — pll®

IN

kiHﬂﬁn - p||2 + tn[_2<xn - D, xn)

—20, (k2 — 1) (2 — p, 1) + tok2||2,]]?].
Since {z,} is bounded, there exists M > 0 such that

—2(z = P, Tn) — 200 (ky — 1)(@n = P, Tn) + taky|zal* < M.
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Therefore,

1 = pI* = Kpllzn = pI* + (1= an) lyn — @ngal* < M.

(3.1.4)

Now we consider two cases, to prove that {z,} converges strongly to a fixed point p of T.

Case 1. Suppose that the sequence {||x,, —p||} is monotonically decreasing sequence. Then

{||z, — p||} is convergent. Clearly,
1 = pII* = Kpllzn — plI* = 0.
this together with condition (I) and (3.1.4) imply that
14n = 2nial| = 0.
Also, we note that

[yn = wnll = 1 Pr[(1 = tn)an] — ]

< (A = tp)zn — 24|

= tullzall — 0.
Hence,
[Zns1 = @all = [[Tnr1 = Yn + Yo — T
< 2ngr = Ynll + [[yn — 20l = 0,n — o0,
and

1
Hyn - TnynH = _Hyn - xn—&-l” — O7n — Q0.
«

From (3.1.6) and (3.1.8), we have

lzn =Tzl < M2 = yall + lgn = T ynll + 1 T"yn — T2
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< (IT+k)lzn = yull + lyn = T"ynl| — 0,n — 0.

(3.1.5)

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)



Now,
Tz, — .|| = ||Tx,—T "z, + T "z, — x,]
< lawp — T @, + L||T™ 2, — 24|
< lon = T2l + L2||l2n — zpeall + LI T 201 — 24|
< lon = T2l + L2||l2n — 2ol + LI T 201 — 2|
+L||xp—1 — x| = 0,n — o0. (3.1.10)

Since I — T is demiclosed, we now prove that {z,} and {y,} converge weakly to a fixed

point p of T'. First we prove that w,(x,) is a nonempty set and,

Wy (z,) C Fiz(T). (3.1.11)

where w,(x,) is the weak w-limit set of {x,} defined by w,(z,) == {y € H : y =
w — limy_,o0 @y, for some ny, — oo.
Now since {z,}, {yn}, {T"x,}, and {T"y,} are all bounded sequences,there exists r > 0
such that {z,} U{y,}U{T"z,} U{T"y,} C B(p,r)NK := C,where B(p,r) is a closed ball
of H with center p and radius r and so C' is a nonempty bounded closed convex subset of
K. Since H is a Hilbert space,it is uniformly convex and C' is a nonempty bounded closed
convex subset of K and so C' is weakly compact and weakly closed subset of K. This
implies that there exists a subsequence {z,,} of {x,} such that {x,,} converges weakly to
a point p € w,(z,), which shows that w,(z,) is nonempty. For any p € w,y(z,), there
exists a subsequence {z,,} of {z,} such that {z, } — p. Again by (3.1.10), we have
limy o0 |72, — 2, || = 0. Therefore, it follows from lemma(2.2.3) that (I —7)p = 0, that
is p € Fiz(T). The conclusion (3.1.11) is proved. Taking any p € wy(z,) C Fiz(T), there

exists a subsequence {z,,} of {z,} such that as n; — oo,
T, — D- (3.1.12)

Hence, from (3.1.9)and (3.1.12), it follows that as n; — oo,

Tz, = (T"T,, — Tp,) + Tn, — P
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Again from (3.1.1),condition(I) and (3.1.12), it follows that as n; — oo,
Yn, = Pr[Tn, — tn,xn,] — -

. On the other hand,from (3.1.8) and (3.1.12),we have as n; — oo,

Ty, = (T"yp, — Tp,) + Ty, — P (3.1.13)
By the same way, from (3.1.1),(3.1,8) and (3.1.12),

Tp1 = Yn;, — Oy (Yn, — T™0Yn,) — P (3.1.14)
Therefore, it follows from (3.1.9) and (3.1.14) that as n; — oo,

T, = (T 2 0 — Tpi1) + Tpye1 — D (3.1.15)

By (3.1.1),(3.1.14) and condition(I),

Ynit1 = Pr[Tnq1 — tn,11Tn,11] — P (3.1.16)

Therefore, from (3.1.8) and (3.1.16) it follows that as n; — oo,
Tm+1ym+1 = (TniJrlmerl - merl) + Yn;+1 — P <3117>

Continuing in this way, we obtain by induction that,for any m > 0,

Tni+m — Py Ynj+m — p(n% — OO)

Tni +m Tni—i—m

Tpi+m — P, Yni4m — p(nz — OO)
Next we prove that z,, = p as (n; — 00).

Observe that,

{on}otn, = Jim Up_o{@nam 2y (3.1.18)

Since the sequences {z,,} and {x,,+1} both converge weakly to p as n; — 0o, the sequence
U} _o{Zn,4m} converges weakly to p. By induction, we have that, for any positive integer

k,

Ufn:O{xm-‘rm}?il — D
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Letting k — oo it follows from (3.1.18) that the sequence {z,} converges weakly to p and
consequently {y,} converges weakly to a fixed point p of T

Next we prove that {z,,} and {y,} converge strongly to p.

lnes = pl* = (1 = an)yn + nT"yn — plI*

= (1= o) (n — p) + Ty — p)|I?

< 1A = an) (e — )| + lan(T "y — p)II]”
< (1= an)lyn — pll + nknlly. — pll]*
< (1= an)kallyn — pll + kil (g — P)[I]?

k2 llyn — plII?

= kallPx[(1 = ta)z.] — pl?
< ka1 = ta)z, —pl?

= k(1 —tn)?|lzn — pl?

=2k (1 = ta) (@ — p), tap) + Kty Ipll?

IN

(1 - tn)Hxn - sz - 2tnk121<$n - p,p>
202k x, — p,p) + Kkita||pl?
= (1 - tn)”"pn - p||2 + tn[_2k721<xn _p7p>

12tk (2 — 1) + K2t D)) (3.1.19)

Since {x,} converges weakly to p, thus by Lemma 2.2.5, we have that (x, —p,p) — 0 and
also we have t,||p||* — 0.

Hence,

Oy, = —Qki(xn —p,p) + 2tnki<xn —p,p) + kithpH2 — 0.

Therefore applying Lemma 2.1.12 to (3.1.19), we obtain that x,, — p and consequently

Yp — D-
Case 2.

Assume that ||z,, — p|| is not monotonically decreasing sequence. Set Z, = ||z, — p||* and

39



let u : N — N be a map for all n > ng (for some ng large enough) given by,

u(n) =max{k e N: k <n, 2y < Zpi1}.

Clearly u is non decreasing sequence such that u(n) — oo as n — oo and Zym) < Zym)+1
for all n > ng.

From (3.1.4) and (3.1.6), we have that,

tu(n)M
1— Oéu(n)
and
Hyu(n) - xu(ﬂ)” — 0.
Thus,

[Zumy+1 — Tugm)ll < NTumy+1 = Yue) | + [[Yum) — Tumyll = 0.

By the same argument as (3.1.5)-(3.1.10) in case 1, we conclude immediately that .,

and y,(n) converge weakly to p as u(n) — oo. At the same time, we note that for all

n > ng
0 < qu(n)-l-l _pH2 - qu(n) _p”2
< tU(n) [2k2(n) <p - Iu(n)7p> + 22fu(n)ki(n) <xu(n) - p,p>
k5 oy tum I117] = |2 ug) — pI1%)-
Therefore,

[Zumy —PI* < 2K%00 (P — Zum), P) + Kby tu) 1211
We deduce that,
[@u(my — pll =0,
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therefore,

lim Zu(n) = lim Zu(n)+1 = 0.

n—00 n—00
Furthermore, for n > ng,it is easily observed that Z, < Z,my41 if n # u(n) (that is
u(n) < n ), because Z; > Z;4q for u(n) +1 < j < n. As a consequence, we obtain for all
n 2 no,

0<2Z7, < maX{Zu(n)7 Zu(n)'i‘l} = ZU(”)+1'

Therefore, lim,, .o, Z,, = 0,that is {x,,} converges strongly to p and consequently {y,} also

converges strongly to p. This concludes the proof.

3.2 Applications

Corollary 3.2.1: Let H be a real Hilbert space and K a nonempty closed convex subset
of H. Let T : K — K be a nonepansive map with Fix(T) # (), and let {a,} and {¢,} be
sequences of real numbers in [0,1]. Suppose the following conditions are satisfied
(Dlimy, 00 t, = 0,

(I3t = oo,

(I, € (a,b) C (0,1).

Then the sequences {z,} and {y,} generated from an arbitrary z; € K

Yn = Pg[(1 = tn)ay]
{ xn-{-l = (1 - an)yn + anTym n Z 0 (321>

converges strongly to a fixed point of 7.

Corollary 3.2.2: Let H be a real Hilbert space and K a nonempty, closed and convex
subset of H with 0 € K. Let T : K — K be an asymptotically nonepansive map with
Fiz(T) # 0, and let {a,} and {t,} be sequences of real numbers in [0,1]. Suppose the
following conditions are satisfied

(Dlimy, 00 t, = 0,

(ID)> ">ty = o0,
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(ID e, € (a,b) C (0,1),
k2 —1
kz -
Then the sequences {z,,} and {y,} generated from an arbitrary z; € K

(V) tn, >

{ Tpr1 = (1 — an)yn + @ Tyn,n > 0. (3.2.2)

converges strongly to a fixed point of T

Corollary 3.2.3: Let H be a real Hilbert space. Let T': H — H be an asymptotically
nonepansive map with Fiz(T) # (), and let {«,} and {t,} be sequences of real numbers

in [0,1]. Suppose the following conditions are satisfied

e, € (a,b) C (0,1),
k2 —1
V)t 2 ==

Then the sequences {z,} and {y,} generated from an arbitrary z; € K

Yn = (1 —t,)xy
{ xn—&-l - (1 - an)yn + anTyn7n Z O (323)

converges strongly to a fixed point of 7.

42



REFERENCES

10.

11.

12.

13.

. E. Asplund, Positivity of duality mappings, Bull. Amer. Math. Soc., 73 (1967),
200-203

F. E. Browder, Nonexpansive nonlinear operators in Banach Spaces, Proc. Nat. Acad.
Sci, 54 (1965), 1041-1044.

R.E. Bruck, A simple proof of the mean ergodic theorem for nonlinear contractions
in Banach spaces, Isreal J.math 32(1979),107-116.

. S5-S. Chang; Some results for asymptotically pseudocontractive mappings and asymp-
totically nonexpansive mappings, Proc. Amer. Math. Mechanics 129(2000),845-853.

S-S. Chang,Y.J Cho, and H. Zhou,Demi-Closed principle and weak convergence prob-
lems for asymptotically nonexpansive mappings,.J. Korean Math.soc. 38(6)(2001),1245-
1260.

C.E. Chidume; Geometric properties of Banach spaces and nonlinear iterations, Lec-
ture Notes in Mathematics series 1965 Springer Verlag,(2009).

. C.E. Chidume , J. Li, and A. Udemene, Convergence of paths and approximation
of fixed points of asymptotically nonexpansive mappings, proc. Amer.Math.Soc.
133(2)(2005)473-480.

J. Diestel, Geometry of Banach Spaces - Selected Topics,Lecture Notes in Mathe-
matics Series 485, Springer -Verlag, (1975).

D. Duist Van. Equivalent norms and the fixed point property for nonexpansive map-
pings, J. London Math. Soc., 2 (25) (1982), 139-144.

K. Goebel and W.A.Kirk, A fixed point theorem for asymptotically nonexpansive
mappings, proc. Amer. Math.Soc. 35(1972),171-174.

7. Huang, Mann and Ishikawa iterations with errors for asymptotically nonexpansive
mappings, Computer Math. Appl.37(1999)1-7.

W.A. Kirk; Fixed point theorems for non-Lipschitzian mappings of asymptotically
nonexpansive type,Isreal J. Math 17(1974)339-346.

W.A. Kirk,C.M. Yanez,S.S. Shin, Asymptotically nonexpansive mappings, Nonlin-
ear Anal. 33(1998) 1-12.

43



14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

T.C. Lim, and H.K.Xu;Fixed point point theorems for asymptotically nonexpansive
mappings, Nonlinear Anal. 22(1994),1345-1355.

L.S. Liu, Ishikawa and Mann iterative process with errors for nonlinear strongly ac-
cretive mappings in Banach spaces,J. Math. Anal. 194(1995)114-125.

S. C. Moore and B. V. C. Nnoli, Iterative solutions of nonlinear equations involving
Set- valued accretive operators, J. Computers Math. Appl., 42 (2001), 131-140.

Z. Opial, Weak convergence of successive approximations for nonexpansive map-
pings, Bull. Amer. Math. Soc. 73 (1967),591-597.

M.O. Osilike, S.C. Aniagbasor, weak and strong convergence theorems for fixed
points of asymptotically nonexpansive mappings, Math. and Compt. Modelling
32(2000)1181-1191.

S. Riech, Fixed points of contractive functions, Boll. Un.Mat.Ital. 5(4)(1972),26-42.

B.E. Rhoades, Fixed point iteration for certain nonlinear mappings,.JJ. Math. Anal. Appl.
183(1994)118-120.

J. Schu, Iterative construction of fixed points of asymptotically nonexpansive map-
pings,J. Math. Anal. Appl. 158 (1991)407-413.

J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpan-
sive mappings, Bull. Austral. Math.soc. 43(1991)153-159.

J. Schu, Approximation of fixed points of asymptotically nonexpansive mappings, Proc.
Amer. Math. Soc. 112(1),(1991),143-151

J. Schu, Approximating fixed points of Lipschzian pseudocontractive mappings, Houston
j.Math. 19(1993),107-115.

J. Schu; Approximating fixed points of Lipschzian pseudocontractive mappings, Lehrstuhl
C fur Mathemtik, preprint No. 17(1989).

D. Tingly; Noncntractive uniformly Lipschitzian semigroups in Hilbert space,Proc.
Amer. Math. Soc. 92(1984),255-261.

P. Vijayaraju; Fixed point theorems for asymptotically nonexpansive mappings,
Bull.Calcuta Math.Soc. 80(1988),133-136.

H.K. Xu;lterative algorithms for nonlinear operators,.J. Lond. Math.Soc.2(2002)240-
256.

Y .Xu, Ishikawa and Mann iterative methods methods with errors for nonlinear ac-
cretive operator equations,J. Math, Anal. Appl. 224(1998)91-101.

H.K. Xu;Inequalities in Banach spaces with applications, Nonlinear Analysis 16(12),(1991),

1127-1138.

Y. Yao, H. Zhou and Y-C Liou, strong convergence of a modified Krasnoselski-Mann
iterative algorithm for non-expansive mappings; J. Appl.Math.Comput.(2009)29:383-
389 DOI 10.10071s12190-008-0139-2.

44



