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ABSTRACT

The word, Boolean, was derived from the name of a British mathematician, George Boole, as a result of his classical
work on logic. Boolean algebra can be defined as a set, whose members have two possible values, with two binary
operators and one unary operator, satisfying the properties of commutativity, associativity, distributivity, existence of
identity and complement. Boolean algebra has important applications to the design of computer hardware and software.
Techniques, like Karnaugh maps, Boolean algebra theorems and laws can be used to simplify and reduce complex
Boolean algebra expressions, while truth table can be used to confirm that the reduced Boolean algebra expression is the
same as the original, complex Boolean algebra expression. Generating the truth table manually is tedious, especially
when the Boolean algebra equation or expression has many Boolean variables. This paper presents three variants of
Boolean algebra, and novel algorithms that can be used to verify Boolean algebra equations and evaluate Boolean algebra
expressions.
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1. INTRODUCTION Each of the three sets satisfies all the properties of
Boolean algebra.
Any set that has two distinct values, which satisfies the
following properties, commutativity, associativity,
distributivity, existence of an identity element, and
existence of a complement can be called a Boolean
algebra. An example of Boolean algebra includes the
following: the set of logical values, with two binary

Suppose X, Y and Z are members of the set of loginal
values, i.e. the two possible values of the variables are
True and False, with these two binary operators, A
denoting AND, V denoting OR and ~ denoting NOT, the
following properties hold:

operators, A, V and one unary operator, ~. Another e XVY=YVX Commutative
example of Boolean algebra is the set of binary numbers, XAY = YAX
with one unary operator and two binary operators, . and +, e XV (YVZ)=(XVY)VZ Associative

defined in table 1 below. XA (YAZ) = (XAY)AZ

e XV(IYAZ)=(XVY)A XYV Z)Distributive

Table 1: Binary Operators of Boolean Algebra XA(YVZ)=XAY)V (XAZ)
e XVF=X Identity
O 1 + O 1 XAT=X
e XV-X=T Complement
0 0|0 0 0 |1 XA~X =F
0 1 1 1 1 Similarly, suppose X, Y and Z are members of the set of
binary numbers, i.e. the two distinct values of the

elements of the set are 0 and 1, with these two binary

Th tor, ¢, is defined as: ‘0 =1, ‘1 =0. .
© unary operator, -, 15 delimed as operators, . and + as defined in table 1, and one unary

Another example of Boolean algebra is a set, whose operator, ‘, the following properties of Boolean algebra
elements are the universal set and empty set, together with hold:

these two Cbmary operators, N and U, and one unary . XY - VX Commutative
operator, . X+Y — Y+X

e X.(Y.Z2)=XY)Z Associative
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X+(Y+X) = (X+Y)+Z
e X.(Y+Z) = X.Y+XZ Distributive e XVEXAY)=X
X+(Y.Z) = (X+Y).(X+Z) e XV(EXAY)=XVY
e X+0=X Identity e (XAY)V (~XAZ) V (YAZ) = (XAY) V
X.1 =X (~XAZ)
o X+X=1 Complement XAXVY)=X
X.X=0

Furthermore, suppose X, Y and Z are members of a set,
whose two distinct values are the universal set and the
empty set, with these two binary operators, N and U, and
one unary operator, ¢, the following properties of Boolean

algebra hold:
e XNY=YNnX
XUY = YUX Commutative
e Xu(YUZ)=(XuUY)uUuZ
XN(YNZ) = (XNY)NZ Associative

o Xu(YNZ)=(XuY)N(XUZ)
XN(YUZ) = (XNY) u(XN7Z) Distributive

e Xup=X
XNU=X Identity

e XuX‘=U Complement
XAXE =0

2.SURVEY OF RELATED LITERATURE

In [1], the author presented Boolean algebra as a set of
binary numbers, with two binary operators and one unary
operator, satisfying some properties. It did not identify
Boolean algebra as any of the other two sets that this
paper has identified. On the applications of Boolean
algebra, [2] identified an application outside computer
science, psychiatry. The author pointed out that the
operations of Boolean algebra could be seen to correspond
to the operations of nervous system. On the other hand,
[3] emphasized that the rules and laws of Boolean algebra
were essential for the simplification of long and complex
logic equations that were based on the AND and OR logic
equations. In [4], the author identified a variant of
Boolean algebra, as a set with two binary operators, union
and intersection operators, the author argued that such set
could be fuzzy sets; therefore, the arguement was that
fuzzy sets could satisfy the properties of Boolean algebra,
and thus could be Boolean algebra. The author of [5] used
truth table to evaluate logical expressions with the aim of
comparing the result of the truth table with the arithmetic
version. Two variants of Boolean algebra were identified
in [6], the set of logical values and the set of binary
numbers.

3. STANDARD
THEOREMS

BOOLEAN ALGEBRA

Consider the set of logical values, suppose X, Y and Z
are members of the set, the following Boolean algebra
theorems/equations hold:

XA (<X VY) = (XAY)

XVY)A XV~-Y)=X

(XVY) A (*XVZ) = XAZ V ~XAY
(XVY) A (~<XVZ) A (YVZ) = (XAY) A (~
XVZ)

~ (XAY) = ~XV~Y

e ~(XVY)=~XA~Y

Similarly, consider the set of binary numbers, suppose X,
Y and Z are members of the set, the following Boolean
algebra theorems/equations hold:

e X+(XY)=X

X+(XY)=X+Y
XY)+(XZ2)+XY.2)=XY) +(X.2)
X.(X+Y)=X

X(X+Y)=XY

X+Y).X+Y)=X

X+Y).( ‘X+Z) = (X.Z) + (‘’X.Y)
(X4Y).( ‘X+Z).(Y+Z) = (X+Y).( ‘X+Z)
‘(XY) = X+Y

‘(X+Y) = ‘XY

Furthermore, consider the set, whose elements are the
universal set and empty set. Suppose X, Y and Z are
members of the set, the following Boolean algebra
theorems/equations hold:

e XuXNY)=X
e XU (XNY)=XuY

o XNY)u XNZ)u (YNZ)=(XNY) U
(XNZ)

XNnXuY)=X

XN (X°UY)=XNnY
XuUuY)NnXuY9) =X

X UY) N (XUZ) = (XNZ) U (X°NY)
XUY) N (XUZ) N (YUZ) = (XNY) N
(XUzZ)

e (XNY)¢=XUY®

(XUY) ¢ = XNY®

4. OTHER OPERATORS OF BOOLEAN
ALGEBRA

Boolean algebra has other operators, apart from the basic
two binary operators, and one uniary operator. The other
operators of Boolean algebra are the imply operator, —,
and the equivalent operator, <.
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Consider the set of logical values as Boolean algebra,
suppose X and Y are members of the set, the imply
operator, which is written as X—Y = imply(X,Y) can be
defined as:

FALSE, If X =TRUE, Y =FALSE (1)
TRUE, Otherwise

In a similar manner, consider the set of binary numbers as
Boolean algebra, suppose X and Y are members of the set,
the imply operator, which is written as X—Y =
imply(X,Y) can be defined as:

1, Otherwise

Furthermore, consider the set, whose elements are the
universal set and empty set as Boolean algebra. Suppose
X and Y are members of the set, the imply operator,
which is written as X—Y = imply(X,Y) can be defined as:

X—>Y={¢’ rx=u,Y=¢ 3)

U, Otherwise

On the otherhand, consider the set of logical values as
Boolean algebra, suppose X and Y are members of the set,
the equivalent operator, which is written as X«<>Y can be
defined as:

XHY:{True, IfX=Y (4)

False, Otherwise

Similarly, consider the set of binary numbers as
Boolean algebra, suppose X and Y are members of the set,
the equivalent operator, which is written as X«<>Y, can be
defined as:

XY = 1, IfX=Y (5)
0, Otherwise

Finally, consider the set that consists of universal set and
empty set as Boolean algebra. Suppose X and Y are
members of the set, the equivalent operator, which is
written as X«>Y , can be defined as:

xoy=)Us IfX=Y (6)
@, Otherwise
5. ALGORITHMS FOR EVALUATING
COMPLEX BOOLEAN ALGEBRA
THEOREMS/EQUATIONS

Having  stated the basic  Boolean  algebra
theorems/equations, and other Boolean algebra operators,
like, imply and equivalent operators, for each type of
Boolean algebra, these Boolean algebra operators will be
combined  with the basic Boolean algebra
theorems/equations to state complex Boolean algebra
theorems/equations, and novel algorithms for verifying
these theorems/equations will be stated.

5.1 Theorem 5.1

Consider the set of logical values as Boolean algebra,
suppose X, Y and Z are members of the set, the imply and
equivalent operators can be used to state another version
of Boolean algebra theorem as:

(X =Y) «Z2) V({(X=Y) «Z) AY) =(X—=Y) «2)

The algorithm that can be used to verify the boolean
algebra theorem/equation follows below:

Boolean theoremS5.1a(boolean X, Y, Z)
1  Readdata
1.1 Read X
1.2 Read Y
1.3 ReadZ
2 Determine theorem5.1a
2.1 IF X = TRUE AND Y = FALSE
THEN
2.1.1 first = FALSE
ELSE
2.1.2 first = TRUE
2.2 IF first =Z THEN
2.2.1 third = TRUE
ELSE
222 third = FALSE
2.3 fourth = third AND Y
2.4 IF third OR fourth = third THEN

2.4.1 Result = “The Theorem
Holds”
ELSE
242 result = “The Theorem does
not hold
3. Display result

Similarly, consider the set of binary numbers as Boolean
algebra, suppose X, Y and Z are members of the set,
theorem5.1, which has been stated above can be written as
follows:

(X=Y) «Z2) + (X—=Y) «2).Y) =(X—=Y) «2)

The algorithm that can be used to verify the above
boolean algebra theorem/equation follows below:

Boolean theorem5.1b(boolean X, Y, Z)
1. Read data
1.1 Read X
1.2 Read Y



Vol 6. No. 5, December 2013

African Journal of Computing & ICT

© 2013 Afr J Comp & ICT — All Rights Reserved - ISSN 2006-1781

$IEEE

www.ajocict.net

1.3 Read Z
2. Determine theorem5.1b

2.1 IF(X=1).(Y =0) THEN
2.1.1 first =0
ELSE
2.1.2 first =1

2.2 1IF first =Z THEN
2.2.1 third = 1
ELSE
222 third =0

2.3 fourth = third .Y

2.4 IF third +fourth = third THEN

2.4.1 Result = “The Theorem
Holds”
ELSE
242 result = “The Theorem does
not hold”
3 Display result

Similarly, consider the set, whose elements are
universal set and empty set as Boolean algebra, suppose
X, Y and Z are members of the set, theorem 5.1 that uses
the imply and equivalent operators can be written as:

(X =Y) «2) U (X =Y) «2) NY) = (X =Y) «Z)

The algorithm that can be used to prove this theorem
follows:

Boolean theoremS5.1c(boolean X, Y, Z)
1.  Read data
1.1 Read X
1.2 Read Y
1.3 ReadZ
2. Determine theorem5.1c

2.1 FX=U)n(Y=¢)THEN
2.1.1  first= @
ELSE
212 first=U
2.2 IF first = Z THEN
221 third= U
ELSE
222  third= ¢

2.3 fourth = third .Y
2.4 1IF third Ufourth = third THEN

2.4.1 Result = “The Theorem
Holds”
ELSE
2.4.2 result = “The Theorem does
not hold”
3. Display result
5.2 Theorem 5.2

Consider the set of logical values as Boolean algebra,
suppose X, Y and Z are members of the set, the imply

and equivalent operators can be used to state another
version of Boolean algebra theorem as:

(X—=Y) ©Z) V (~(X=Y) <Z)AY) = (X—Y) -Z) VY

The algorithm that will prove this theorem can be stated
below:

Boolean theorem5.2a(boolean X, Y, Z)

1. Read data
1.1 Read X
1.2 Read Y
1.3 Read Z
2. Determine theoremS5.2a
2.1 IF X =TRUE AND Y = FALSE
THEN
2.1.1 first = FALSE
ELSE
2.1.2 first = TRUE
2.2 IF first =Z THEN
2.2.1. third = TRUE
ELSE
222 third = FALSE
2.3 fourth = third OR (NOTthird AND Y)

2.4 fifth = (third OR Y)
2.5 IF fourth = fifth THEN
2.5.1 Result = “The Theorem

holds”

ELSE

252 result = “The Theorem does
not hold”

3 Display result

Consider another variant of Boolean algebra, the set of
binary numbers, suppose X, Y and Z are members of the
set, theorem 5.2 can be stated as:

(X=Y) ©2) + ((X>Y) 2).Y)=(X>Y)Z) +Y

The novel algorithm that can be used to prove this
Boolean theorem/equation can be stated as follows:

Boolean theorem5.2b(boolean X, Y, Z)

1. Read data
1.1 Read X
1.2 Read Y
1.3 Read Z
2. Determine theoremS5.2b
2.1. IF (X =1).(Y =0) THEN
2.1.1. first =0
ELSE
2.1.2. first = 1
2.2 IF first =Z THEN
2.2.1. third = 1
ELSE
222 third =0
2.3 fourth = third + (‘third.Y)
2.4 fifth = third +Y
2.5 IF fourth = fifth
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2.5.1 Result = “The Theorem 1. Read data
holds” 1.1 Read X
ELSE 1.2 Read Y
252 result = “The Theorem does 1.3 Read Z
not hold” 2. Determine theoremS5.3a

3 Display result

Furthermore, consider another variant of Boolean algebra,
set, whose two elements are the universal set and the
empty set. Suppose X, Y and Z are members of the set,
theorem 5.2 can be stated as:

(X=Y) «Z) U (X=Y) «2Z) ‘NY) = (X-Y) «2)
uY

The algorithm that will be used to prove this theorem can
be stated below:

Boolean theorem5.2¢c(boolean X, Y, Z)

1. Read data
1.1 Read X
1.2 Read Y
1.3 Read Z
2 Determine theoremS5.2¢
2.1. IF(X=U )N (Y= ¢) THEN
2.1.1  first= @
ELSE
212 fist=U
2.2 IF first =Z THEN
221 third=U
ELSE

222.  third= ¢

2.3. fourth = third U (third ‘N Y)
2.4. fifth = third UY
2.5. IF fourth = fifth
2.5.1 Result = “The Theorem

holds”

ELSE

2.5.2. result = “The Theorem does
not hold”

3. Display result

5.3 Theorem 5.3

In a similar manner, consider the set of logical values as
Boolean algebra, suppose X, Y and Z are members of the

set, the imply and equivalent operators can be used to state
another version of Boolean algebra theorem as:

(X=Y) ©Z)AY) V (~(X=Y) <Z)AZ) V (YAZ) =
(X=Y) ©Z)AY) V (~(X—Y) <Z)AZ)

The algorithm that can be used to prove the above
theorem can be stated below.

Boolean theorem5.3a(boolean X, Y, Z)

2.1. IF X = TRUE AND Y = FALSE THEN
2.1.1 first = FALSE
ELSE
212 first = TRUE
2.2 IF first = Z THEN
2.2.1 third = TRUE
ELSE
2.2.2. third = FALSE
2.3 fourth = third AND Y
2.4 fifth = NOT third AND Z
2.5 sixth=Y AND Z
2.6 left = fourth OR fifth OR sixth
2.7 right = fourth OR fifth
2.8 IF left = right THEN

2.8.1 result = “The Theorem
Holds”

ELSE

2.8.2 result = “The Theorem does
not hold”

3. Display result

In a similar manner, consider another variant of Boolean
algebra, the set of binary numbers, suppose X, Y and Z
are members of the set, theorem5.3 can be written as:

(X=Y) ©2).Y) + ((X=Y) ©2).2) + (Y.Z) =
(X=Y) ©2).Y) + (((X=Y) ©2).2)

The algorithm that can be used to prove the above
theorem follows:

Boolean theorem5.3b(boolean X, Y, Z)

1. Read data
1.1 Read X
1.2 Read Y
1.3 ReadZ
2. Determine theoremS5.3b

2.1. IF (X =1).(Y =0) THEN
2.1.1 first=0

ELSE
2.1.2 first =1
2.2 IF first = Z THEN
2.2.1 third = 1
ELSE
2.2.2. third =0
2.3. fourth = third.Y
2.4. fifth = ‘third .Z
2.5. sixth=Y.Z
2.6. left = fourth+fifth+sixth
2.7. right = fourth+fifth
2.8. IF left = right THEN
2.8.1 result = “The Theorem
Holds”
ELSE
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2.8.2 result = “The Theorem does
not hold”
3. Display result

Furthermore, consider the set that contains of the universal

set and empty set as Boolean algebra, suppose X, Y and Z
are members of the set, theorem 5.3 can be written as:

(X=Y) ©Z)NY) U (X—=Y) ©Z)°NZ) U (YAZ) =
(X=Y) ©Z)NY) U (X—Y) <Z)\NZ)

The novel algorithm that can be used to prove the theorem
follows below:

Boolean theorem5.3c(boolean X, Y, Z)

1. Read data
1.1 Read X
1.2 Read Y
1.3 ReadZ
2. Determine theorem5.3¢
2.1. IFX=U)n(Y=¢)THEN
2.1.1 first= @
ELSE
212 fist=U
22 IF first = Z THEN
221 third=U
ELSE
222  third= @
23 fourth = thirdNY
24 fifth = third® N.Z
2.5 sixth=YNZ

2.6 left = fourthUfifthusixth
2.7 right = fourthUfifth
2.8 IF left = right THEN
2.8.1 result = “The Theorem

Holds”
ELSE
2.8.2  result = “The Theorem does
not hold”
3. Display result

Apart from using the algorithms to prove or verify
Boolean algebra theorems/equations, the algorithms can
also be used to evaluate Boolean expressions. Eaxmple,
consider the set of logical values as Boolean algebra,
suooose X, Y and Z are members of the set, the evaluation
of the Boolean expression shown below gives TRUE
result for the various values of Boolean variables.

X=Y)A(Y—>Z) >(X—Z)

Such a Boolean expression that gives TRUE result always
is called a tautology.

Similarly, Consider the set of binary numbers as Boolean
algebra, suppose X, Y and Z are members of the set, the
above tautology can be written as:

X—Y)(Y—>Z) —>(X—7Z)

The evaluation of this Boolean expression always gives 1
result for different values of the Boolean variables.
Furthermore, consider the set that contains the universal
set and empty set as Boolean algebra, suppose X, Y and Z
are members of the set, the tautology can be written as:

(X=Y) N (Y—Z) >(X—Z)

The evaluation of this Boolean expression always gives

U result for different values of the Boolean
variables.

Algorithms that are similar to the algorithms used to
verify Boolean theorems/equations can be designed to
evaluate each of the tautologies, for each variant of
Boolean algebra.

Consider the set of logical values as Boolean algebra,
suppose X, Y and Z are members of the set, the novel
algorithms that will evaluate the tautology follows below:

Boolean tautology1(boolean X, Y, Z)
1. Read data
1.1. Read X
1.2. ReadY
1.3. ReadZ
2. Determine tautology1
2.1. IF (X =TRUE) AND (Y = FALSE) THEN
2.1.1.  first = FALSE
ELSE
2.1.2 first = TRUE
2.2 IF (Y =TRUE) AND (Z = FALSE) THEN
22.1 second = FALSE
ELSE
222 second = TRUE
2.3. F(X=TRUE) AND (Z = FALSE) THEN
2.3.1 third = FALSE
ELSE
23.2 third = TRUE
2.4 fourth = first AND second
2.5 1IF fourth = TRUE AND third = FALSE
THEN
2.5.1  result = “Not Tautology”
ELSE
2.5.2  result=“TRUE”
3.  Display Result

In a similar manner, consider the set of binary numbers as
Boolean algebra, suppose X, Y and Z are members of the
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set, the tautology can be evaluated using the algorithm
below:

Boolean tautology2(boolean X, Y, Z)
1. Read data

1.1 Read X

1.2 Read Y

1.3 Read Z
2. Determine tautology2

2.1 IF (X =1).(Y =0) THEN

2.1.1. first=0
ELSE
212 first=1

2.2 IF(Y =1).(Z=0) THEN
2.2.1 second =0
ELSE
22.2 second = 1

23. F(X=1).(Z=0) THEN
2.3.1 third = 0
ELSE
232 third=1

2.4 fourth = first.second

2.5 IF (fourth = 1).(third = 0) THEN
2.5.1  result = “Not Tautology”
ELSE
25.2 result = “TRUE”

3.  Display Result

Furthermore, consider another variant of Boolean algebra,
set, whose elements are the universal set and empty set.
Suppose X, Y and Z are members of the set, the algorithm
that can be used to eveluate the tautology follows below:

Boolean tautology3(boolean X, Y, Z)
1. Read data

1.1 Read X

1.2 Read Y

1.3 Read Z
2. Determine tautology3

21 IFX=U)n(Y= ¢)THEN
2.1.1.  first= @
ELSE
2.1.2  first=U

22 IFR(Y=U)n(Z= ¢)THEN
22.1 second= ¢
ELSE
222 second=U

23. FX=U)n(Z= ¢) THEN
23.1  third= ¢
ELSE
232 third=U

2.4 fourth = firstn second
2.5 IF (fourth= U ) N (third = ¢ ) THEN

2.5.1  result = “Not Tautology”
ELSE

252 result=U
3. Display Result

6. IMPLEMENTATION OF THE
ALGORITHMS

Java programming language can be used to implement all
the algorithms that have been designed in this paper. Java
provides Boolean data type, together with all the relevant
Boolean operators that can be used to implement the
algorithms. Each algorithm has been implemented in a
Java class, and tested separately.

7. RESULT OF THE IMPLEMENTED
ALGORITHM

All the Boolean theorems are correct and the tautology

gives TRUE or 1 or U result always, for the appropriate
variants of Boolean algebra.

8. CONCLUSION

This paper has been able to identify three variants of
Boolean algebra. It has also designed algorithms that can
be used to verify the Boolean algebra theorems/equations
and evaluate Boolean algebra expressions for each
variant of Boolean algebra. The algorithms have been
implemented and tested using Java programming
language.
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